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PREFACE. 



Tb^ opinions of the Modems concerning the anther of the ElenrantB of 
Geooietry, which go under £aclid*s name, are very different, and contrary 
to one another. Peter Ramus ascribes the Propositions, as well as their 
Demonstrations, to Theon ; others think the Propositions to be Euclid's, but 
that the Demonstrations are Theon's ; and others maintain, that all the Pro- 
positions and their Demonstrations are Euclid's own. John Buteo and Sir 
Henry Savile are the authors of greatest note who assert this last, and 
the greater part of geometers have ever since been of this opinion, as they 
thought k the most probable. Sir Henry Savile, after the several arguments 
he hi'iDgB to prove it, makes this conclusion (page ItS^, Prelect) **That, ex- 
ceptmg a very few interpolations, explications, and additions, Theon altered 
nothing in Euclid." But, by often considermg and comparing together the 
Definitionrand Demonstrations as they are in the Greek editions we now 
have, I found that Theon, or whoever was the editor of the present Greek 
text, bv adding some things, suppressing others, and mixing his own with 
Euclid 8 Demonstrations, hkd changed more things to the worse than is com- 
monly supposed, and those not of small moment, especially in the fifth and 
eleventh ^ooks of the Elements, which this editor has greatly vitiated ; for 
instance, by substituting a shorter, but insufficient Demonstration of the 16th 
Prop, of the 5th Book, in place of the legitimate one which Euclid had given ; 
and by taking out of this Book, besides other things, the good definition which 
Eudoxus or Euclid had fi^iven of compound ratio, and givinfir an absurd one 
in place of it, in the 5tn Definition of the 6th Book, which neither Euclid, 
Archimedes, Appolkmius, nor any geometer before Theon's time, ever made 
use of, and of which there is not to be found the least appearance in. any of 
their writings ; and, as this Definition did much embarrass beginners, and is 
quite useless, it is now thrown out of the Elements, and another, which, wdh- 
out doubt, Euclid had given, is put in its proper place amon^ the Definitions 
of the 5th Book, by which the doctrine of compound ratios is rendered plain 
and easy. Besides, among the Definitions of the 11th Book, there is Uiis, 
which is the 10th, viz. " Equal and similar solid figures are those which are 
contained bjr similar planes of the same number and magnitude.'* Now this 
Proposition is a Theorem, not a Definition ; because the equality of figures 
of any kind must be demonstrated, and not assumed ; and therefore, thouffh 
this were a true Proposition, it ought to have been demonstrated. But, in- 
deed, this Proposition, which makes the 10th Definition of the 11th Book, is 
not true universally, except in the case in which each of the solid angles of 
the figures is contained by no more than three plane angles ; fbr in other 
cases, two solid figures may be contained by similar planes of the same num- 
ber and magnitude, and yet be unequal to one another, ad shall be made evi- 
dent in the Notes subjoined to these Elements. In like manner, in the De- 
monstration of the 26th Prop, of the 11th Book, it is taken for granted, that 
those solid angles are equal to one another, which are contained by plane 
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angles of the same number and magnitude, placed in the same order; but 
neither is this universally true, except in the case in which the solid angles 
are contained b)r no more than three plane angles; nor of this case is there 
any Demonstration in the Elements we now have, though it is quite neces- 
sary there should be one. Now, upon the 10th Definition of this Book depend 
the 25th and 28th Propositions of it; and upon the 25th and S6Ui depend 
other eight, vir, the 27th, Slst, S2d, d3d, 34th, 36th, 37th, and 40th, of the 
same BM>k; and the 12th of the 12th Book depends upon the 8^ of the 
same ; and this 8th, and the Corollary of Propositbn 17th and Proposition 
18th of the 12th Book, depend upon the 9th Definitioo of the 11th Book, 
which is not a right definition, because there may be solids contained by the 
same number of similar plane figures, which are not similar to one another, 
in the true sense of similarity received by all ffeometisrs; and all these Pro- 
positions have, for these reasons, been insumciently demonstrated since 
Theon*s time hitherta Besides, there are several other thmgs, which have 
nothing of Euclid's accuracy, and which plainly show, that his Elements 
have been much corrupted by unskilfiil geometers ; and, though these are 
not so gross as the others now mentioned, they ought by no means to remain 
uncorrected. 

Upon these accounts it appeared necessary, and I hope will prove accept^ 
able, to all lovers of accurate reasoning, and of mathematical learning, to re- 
move such blemishes, and restore the principal Books of the Elements to their 
original accuracy, as far as I was able ; especially since these Elements are 
the foundation of a science by which the investigation and discovery of use- 
ful truths, at least in mathematical learning, is promoted as fiir as the limited 
powers of the mind allow ; and which likewise is of the greatest use in the 
arts both of peace and war, to many of which geometry is absolutely neces- 
saiy. This I have endeavoured to do, by takmg away the inaccurate and 
false reasonings which unskilful editors have put into the place of some of 
the genuine Demonstrations of Euclid, who has ever been justly celebrated 
at £e most accurate of geometers, and by restoring to him those things 
which Theon or others have suppressed, and which luive, these many ages, 
been buried in oblivion. 

In this edition, Ptolemv's Proposition concerning a property of quadrilateral 
figures in a circle, is added at the end of the sixth Book. Also the Note on 
the 29th Proposition, Book Ist, is altered, and made more explicit, and a 
more general Demonstration is given, instead of that which was in the Note 
on the 10th Definition of Book 11th ; besides, the Translation is much amend- 
ed by the friendly assistance of a learned gentleman. 

To which are also added, the Elements of Plane and Spherical Trigono- 
metry, which are commonly taught after the Elements of Euclid. 
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BOOK I. 



DEFINITIONS. 



A POINT is that which hath no parts, or which hath no magni- 
tude. 

II. 
A line ia length without breadth. 

in. 

The extremities of a line are points. 

IV. 
A straight line is that which lies evenly between its extreme points. 

V. 
A superficies is that which hath only length and breadth. 

VL 
The extremities of a superficies are lines. 

VIL 
A plane superficies is that in which any two points being takent* the 
straight line between them lies wholly in that superficies. 

vm. 

** A plane angle is the inclination of two lines to one another* in 
a plane, which meet together, but are not in the same direc- 
tion.- 

IX. 
A plane rectilineal angle is the inclination of two straight liiM to 
ofie another, which meet together, but are not in the same straight 
Use. 

A D 
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• Sec Noten. 
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N. B. * When several angles are at one point B, any one of them 

* is expressed by three letteHs, of which the letter tlttt is at ^le 

* vertex of the angle, that is, at the point m which the straight lines 
^ that contain the angle meet one another, is put between the other 

* two letters, and one of these two is somewhere upon one of those 

* straight lines, and the other upon the other line : Thus the angle 
'which is contained by the straight lines AB, CB, is named the 
' angle ABC, or CBA ; that which is contamed by AB, DB, is named 
' the angle ABD, or DBA; and that which is contained by DB, CB 
' is called the angle DBC, or CBD ; but, if there be only one angle 
' at a point, it may be expressed by the letter placed at that point ; 
' as the angle at E.* 

X. 
When a straight line standing on another 
straight line makes the adjacent angles 
equal to one another, each of the angles 
fa caUed a right angle : and the straight 
line which stands on the other is called 

a perpendicular to it 

■ 

XL 
An obtuse angle is that which is greater than a right angle 




XII. 
An acute angle is that which is less than a right angle. 

xni. 

" A terra or boundary is the extremity of any thing." 

XIV. 
A figure is that which is enclosed by one or more boundaries. 

XV. 
A circle is a plane figure contained by one line, which is called 
the circumference, and is such that all straight lines drawn from 
a certain point within the figure to the circumference, are equal 
to one another : 
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XVI. 
Ajid tbia pofai la called the centre of the circle. 

XVII. 
A diameter of a circle is a straight line drawn through the centre, 
and terminated both ways by the circumference. 

xvra. 

A semicircle is the figure contained by a diameter and the part of 
the circumference out off by that diameter. 

XIX. 
*^ A segment of a ch-cle is the figure contained by a straight Hne, 
and the circumference it cuts off.** 

XX. 
Rectflhieal figures are those which are contained by straight lines. 

XXL 
Tribteral figures, or triangles, by three straight lines. 

xxn. 

ftoadraateral, by four straight lines. 

xxm. 

MuHflateral figures, or polygons, by more than four straight lines. 

XXIV. 
Of tliree sided figures, an equilateral triemgle is that which haa tlu'ee 
equal sides. 

XXV. • 
An isosceles triangle, is that which has only two rides equal. 






XXVI. 
A scalene triangle, is that which has three unequal sides. 

xxvn. 

A right-an^^ triangle, is that which has a right angle. 

XXVffl. 
All olitiiSMmgled triangle, is that which ttas an obtuse an^e. 






XXIX. 
An acut»«Dgled triangle, is that which has three acute angles. 

XXX. 
Of kmMUied figures, a square is that which has all its sides equal, 
and an its angles right angles. 
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An oblong, is that which has all its angles ri^^t angles, but has not 
all its sides equal. 



A rhombus is that which has its sides equal, but iU angles are 
not right ahgles. 



f 




xxxm. 

A rhomboid, is that which has its opposite sides equal to one 
another, but all its sides are not equal, nor its an^^ right an- 
gles. 

XXXIV. 
All other four sided figures besides these, are called trapeziums. 

XXXV. 

Parallel straight lines, are such as are in the same plane, and which 
being produced ever so &r both ways, do not meet. 



POSTULATES. 



I. 
Let it be granted that a straight line may be drawn from any one 
point to any other point 

n. 

That a terminated straight line may be produced to any length in a 
straight line. 

m. 

And that a circle may be described from any centre, at any distance 
from that centre. 

AXIOMS. 

I. 
Things which are equal to the same are equal to one another. 

IL 
If equals be added to equals, the wholes are equals. 
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DL 
If equals be taken from equals, the remainders are equal. 

IV. 
If equals be added to unequals, the wholes are unequal. 

V. 
If equals be taken from unequals, the remainders are unequal. 

VI. 
Things whkh are double of the same, are equal to one another. 

vn. 

Things which are halves of the same, are equal to one another. 

vin. 

BCagnitudes which coincide with one another, that is, which exactly 
M the same space, are equal to one anothen 

IX. 
The whole is greater than its part. 

X. 
Two straight lines cannot enclose a space; 

XI. 
AD right angles are equal to one another. 

xn. 

«* If a straight lUie meet two straight lines, so as to make the two 
^ interior angles on the same Me of it taken together less than 
**two right angles, these straight lines being continually pro- 
^ dttced, shall at length meet upon tliat side on which are the angles 
^ which are less than two right angles. See the notes on prop. 
-29. of Book I." 
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PROPOSITION I. PROBLEM. 

To describe an equilateral triangle upon a given finite straight 
line. 

Let AB be the given straight line ; it is required to describe an 
equilateral triangle upon it. 

V c 

From the centre A, at the distance 
AB, describe (3. Postulate.) the cir- /^ /T^^\\ ^\ 

cleBCD, and from the centre B, at ' // \\ 

the distance BA, describe the circle 

ACE; and from the point C, in I"*' -^^ ^^ '^' 

which the circles cut one another, 
draw the straight lines (2. Post.) CA, 
CB to the points A, B ; ABC shall be 
an equilateral triangle. 

Because the point A is the centre of the circle BCD, AC Is equal 
(15. Pefinition.) to AB; and because the point B is the centre of the 
circle ACE, BC is equal to BA : but it has been proved that CA is 
equal to AB ; therefore CA, CB are each of them equal to AB ; but 
things which are equal to the same are equal to one another; (1st. 
Axiom.) therefore CA is equal to CB ; wherefore CA, AB, BC are 
equal to one another ; and the triangle ABC is therefore eqnflateral, 
and it is described upon the 'given straight line AR Which was 
required to be done. ^ 

PROP. n. PROB. 

From a given point to draw a straight line equal to a given 
straight line. 

Let A be the given point, and BC the given straight line ; it is re- 
quired to draw from the point A a straight line equal to BC. 

From the point A to B draw (1. 
Post.) the straight line AB; and 
upon it describe (1. I.) the equilate- 
ral triangle DAB, and produce (2. 
Post.) the straight lines DA, DB, 
to E and F; from the centre B, at 
the distance BC, describe (3. Post.) 
the circle CGH, and from the cen- 
tre D, at the distance DG, describe 
the circle GKL. AL shall be equal 
toBC. 

Because the point B is the centre 
of the circle CGH, BC is equal (15. 
Def.) to BG ; and because D is the centre of the circle GKL, DL 
is equal to DG, and DA, DB, parts of them, are equal : therefore 
the remainder AL is equal to the remainder (3. Ax.) BG ; but it 
has been shown, that BC is equal to G, wherefore AL and BC 
are each of them equal to BG ; and things that are equal to the 
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flune are equal to one another; therefore the straight line AL isr 
equal to BC. Wherefore from the given point A a straight line AL 
hag been drawn equal to the given straight line BC. Which waa to 
be done. 

PROP. in. PROB. 

From th^ greater of two given straight lines to cut off a part 
equal to the kss. 

Let ABand C be the two given 
straight lines, whereof AB is the 
greater. It is required to cut off 
fiom AB, the greater, a part equal 
to C, the less. 

From the point A draw (2. 1.) the 
straight line AD equal to C; and 
from the centre A, and at the dis- 
tance AD, describe (3. Post.) the 
circle DEF; and because A is the 
centre of the chrde DEF, A£ shall be equal to AD ; but the straight 
line C is likewise equal to AD ; whence A£ and C are each of tlmm 
equal to AD ; wherefore the straight line AE is equal to (1. Ax.) C, 
and from AB, the greater of two straight lines, a part AE has been 
cot off equal to C the less. Which wa3 to be done^ 

PROP. IV. THEOREM. 

Ir two triangles have two sides of the one equal to two sides 
of the other, each to each ; and have likewise the angles con- 
tained by those sides equal to one another, they shall likevrise 
have their bases, or third sides^ equal; and the two triangles 
shall be equal ; and their other angles shall be equal, each to 
each, viz. those to which the equal sides are opposite. 

Let ABC, DEF be two triangles which have the two sides AB, 
AC equal to the two sides DE, DF, each to each, viz. AB to DB^ 
and AC to DF ; and the angle A D 

BAC equal to the angle EDF, 
the base BC shall be equal to 
the base EF; and the triangle 
ABC to the triangle DEF ; and 
the other angles, to which the 
equal sides are opposite, shall 
be equal each to each, viz. the 
angle AB9 to the angle DEF, 
and the angle ACB to DFE. B • C E F 

For if the triangle ABC be applied to DEF, so that the point 
A may be on D, and the straight line AB upon DE ; the point B 
shaO coincide with the point F«, because AB is equal to DE; and 
AB coinciding with DF^ AC shall coincide with DF; because 
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the angle BAG Is equal to the angle EDF ; wherefore also the point 
C shall coincide with the point F, because the straight line AC Is 
equal to DP : but the point B coincides with the point E ; wherefore 
the base BC shall coincide with the base £F, because the point B 
coinciding with E, and C with F, if the base BC does not coincide 
with the base EF, two straight lines would inclose a space, which is 
impossible. (10. Ax.) Therefore the base BC shall comcide with 
the base EF, and be equal to it. Wherefore the whole triangle ABC 
shall coincide with the whole triangle DEF, and be equal to it ; and 
the other angles of the one shall coincide with the remaining angles 
of the other and be equal to them» viz, the angle ABC to the angle 
DEF, and the angle ACB to DFE. Therefore, if two triangles have 
two sides of the one equal to two sides of the other, each to each, 
and have likewise the angles contained by those sides equal to one 
another, their bases shall likewise be ^ual, and the triangles be equal, 
and their other angles to which the equal sides are opposite shall be 
equal, each to each. Which was to be demonstrated. 

PROP. V. THEOR. 

The angles at the base of an isosceles triangle are equal to 
one another : and, if the equal sides be produced, the angles upon 
the other side of the base shall be equal. 

Let ABC be an isosceles triangle, of which the side AB Is equal 
to AC, and let the straight lines AB, AC be produced to D and B, 
the angle ABC shall be equal to the angle ACB, and the angle CBD 
to the angle BCE. 

In BD take any point F, and from AE the greater, cut off AG 
equal (3. 1.) to AF, the less, and join FC, GB. 

Because AF is equal to AG, and AB to AC, the two sides FA, 
AC, are equal to the two GA, AB, each to each ; and they con-> 
tain the angle FAG common to the two 
triangles AFC, AGB; therefore the base 
FC is equal (4. 1.) to the base GB, and the 
triangle AFC to the triangle AGB; and 
the remaining angles of the one are equal 
(4. 1.) to the remaining angles of the 
other, each to each, to which the equal 
sides are opposite; viz. the angle ACF to 
the angle ABG, and the angle AFC to the 
angle AGB ; and because the whole AF is F^ 
equal to the whole AG, of which the parts 
AB, AC, are equal: the remainder BF 
shall be equal (3. Ax.) to the remainder f) E 

CG; and FC was proved to be equal to 
GB; therefore the two sidfis BF, FC are equal to the two CG, 
GB, each to each : and the angle BFC is equal to the angle CGB, 
and the base BC is common to the two triangles BFC, CGB; 
wherefore the triangles are equal (4. 1.) and their remaining an- 
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each to each, to which the equal sides, are opposite; there- 
fore the angle FBC is equal to the angle GOB, and the angle BCF 
to the angle CBG ; and, since it has been demonstrated, that the 
whole angle AB6 is equal to the whole ACF, the parts of whkh, 
the angles CBG, BCF are also equal; the remaining angle ABC 
is therefore eqmd to the remaining angle ACB, which are the 
angles at the basepf the triangle ABC : and it has also been proved 
that the angle FbC is equal to the angle GCB, which are the an- 
gles upon the other side of the base. Therefore the angles at the 
base, iic Q. £. D. 

Corollary. Hence every equilateral triangle is also equian- 
gular. 

PROP. VL THEOR, 

Ir two angles of a triangle be equal to one another, the sides 
also which subtend, cr are apposite to^ the equal angles, shall be 
equal to one another. 

Let ABC be a triangle having the angle ABC equal to the angle 
ACB; and the side AB is also equal to the side AC. 

For if AB, be not equal to AC, one of them is greater than the 
other; let AB be the greater, and from it cut (3. 1.) off DB equal 
to AC the less, and jdin DC ; therefore, because A 

in the triangles DBC, ACB, DB is equal to AC, 
and BC common to both, the two sidies DB, BC 
are equal to the two AC, CB, each to each ; and 
the angle DBC is equal to the angle ACB; 
therefore the base DC is equal to the base AB, 
and the triangle DBC is equal to the triangle 
(4. 1.) ACB, the less to the greater; which is 
absuid. Therefore AB is not unequal to AC, 
that is, it is equal to it. Wherefore, if two angles / 
Ac. Q. £. D. i- 

Cor. Hence every equiangular triangle is also equilateral. 

PROP. Vn. THEOR. 

Upoif the same base, and on the same side of it, there cannot 
be two triangles that have their sides which are terminated in 
one extremity of the base equal to one another, and likewise 
those which are terminated in the other extremity. * 

If it be possible, let there be two triangles ACB, ADB, upon the 
same base AB, and upon the same side of it, which have their 
sides CA, DA, terminated in the extremity A of the base equal 
to one another, and likewise their sides, CB, DB, that are terminated 
in& 

• Sec Note. 
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Join CD; then, in the case in which the C D 

vertex of each of the triangles Is without the 
otlier triangle, because AC is equal to AD, 
the an^ ACD is equal (5. 1.) to the angle 
ADC : but the angle ACD is greater than the 
angle BCD ; therefore the angle ADC is great- 
er also than BCD; much more then is the 
angle BDC greater than the angle BCD. 
Again, because CB is equal to DB, the angle 
BDC is equal (5. 1.) to the angle BCD; but '^ 
it has been demonstrated to be greater than 
it ; which is impossible. 

But if one of the vertices, as D, be within the other triangle. 
ACB; produce AC, AD to E, F; there- E 

fore, because AC is equal to AD in the 
triangle ACD, the angles ECD, FDC upon 
the other side of the base CD are equal 
(5. 1.) to one another, but the angle ECD is 
greater than the angle BCD ; wherefore the 
angle FDC is likewise greater than BCD; 
much more then is the angle BDC greater 
than the angle BCD. Again because CB 
is equal to DB, the angle BDC is equal 
(5. 1.) to the angle BDC ; but BCD has been 
proved to be greater than the same BCD ; A B 

which is impossible. The case in which the 
vertex of one triangle is upon a side of the other, needs no demon- 
stration. 

Therefore upon the same base, and on the same side of it, there 
cannot be two triangles that have their sides which are terminated 
in one extremity of the base equal to one another, and likewise 
those which are terminated in the other extremity. €1. E. D. 

PROP. VIII. THEOR. 

Ir two triangles have two sides of the one equkl to two sides 
of the other, each to each, and have likewise their bases equal; 
the angle, which is contained by the two sides of the one shall 
be equal to the angle contained by the two sides equal to them, 
of the other. 

Let ABC, DEF be A 
two triangles, havhig 
the two sides AB, AC, 
equal to the two sides 
DE, DF, each to each, ', 
viz: AB to DE, and 
AC to DF; and also 
the base BC equal to 
the base EF. The an- 
gle BAC is equal to 
the anple EDF. 




B 



C E 
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For, if the triangle ABC be applied to DBF, so that the point B 
be on E, and the straight line BC upon £F ; the point C shall also 
coincide with the point F. Because BC is equal to EF ; thekiefore 
BC coinciding with EF, BA and AC shall coincide with ED and 
DF ; for, if the base BC coincides with the base EF, but the sides 
BA, CA do not coincide with the sides ED, FD but have a different 
situation, as EO, FG; then upon the same base EF, and upon the 
same side of it, there can be two triangles that have their sides 
which are terminated in one extremity of the base equal to one 
another, and likewise their sides terminated in the other extremity ; 
but this is impossible ; (7. 1 .) therefore, if the base BC coincides 
with the base EF, the sides BA, AC cannot but coincide with the 
sides, ED, DF ; wherefore likewise the angle BAC coincides with 
the angle EDF, and is equal (8. Ax.) to it Therefore, if two trian- 
gles, &C. €1. E. D. 

PROP. IX, PROB. 

To bisect a given rectilineal angle, that is, to divide it into two 
equal angles. 

Let BAC be the given rectilineal angle, it is Required to bisect it. 

Take any point D in AB, and from AC cut (3. 1.) off AE equal 
to AD ; join DE, and upon it describe (1. 1.) 
an equilateral triangle DEF ; then join AF ; 
the straight line AF bisects the angle BAC. 

Because AD is equal to AE, and AF is 
common to the two triangles DAF, EAF; 
the two sides DA, AF, are equal to the two 
sides, EA, AF each to each ; and the base 
DF is equal to the base EF; therefore the 
angle DAF is equal (8. 1.) to the angle EAF ; 
Dirherefore the given rectilineal angle BAC is 
bisected by the straight line, AF, which was ^ 
to be done. ^ 

PROP. X. PROR 

To bisect a given finite straight line, that is, to divide it into 
two equal parts. 

Let AB be the given straight line : it is required to divide it hito 
two cqud parts. 

Describe (I. L) upon it an equilateral triangle ABC, and bisect 
(0. 1.) the angle ACB by the straight line CD. AB is cut into two 
equal parts in the point D. 
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Because AC is equal to CB, and CD com- 
mem to the two triangles ACD, BCD; the 
two tides AC, CD are equal to BC, CD, each 
to each ; and the angle ACD is equal to the 
angle BCD ; therefore the base AD is equal 
to the base (4. 1.) DB and the straight line 
AB is divided into two equal parts In the point 
D. Which was to be done. 

PROP. XI. PROB. 

To draw a straight line at right angles to a given straight 
line* from a given point in the sam6. 

Let AB be a given straight line, and C a point given in it : it is re- 
quired to draw a straight line from the point C at right angles to AB.* 
^ Take any point D in AC, and (3. 1.) make CE equal to CD, and 
upon DE describe (1. 1.) the equilateral F 

triangle, DFE, and Join PC; the 
straight line FO drawn from the given 
point C is at right angles to the given 
straight line AB. 

Because DC is equal to CE, and FC 
common to the two triangles DCF, 
BCF ; the two sides, DC, CF, are equal 
to the two EC, CF, each to each ; and 
the base DPis equal to the base EF ; therefore the angle DCF is 
equal (8. 1.) to the angle ECF ; and they are adjacent aisles. But, 
when the adjacent angles which one straight line makes with another 
straight line are equal to one another, each of them is caUed a right 
(10. De£ 1.) angle; therefore each of the angles DCF, ECFt is a 
right angle. Wherefore, from the given pokit C, in the given 
straight Une AB, FC has been drawn at right angles to AB. Which 
was to be done. 

Cor. By help of this problem, it may be demonstrated, that two 
straight lines cannot have a common segment 

If it be possible, let the two straight lines ABC, ABD have the seg- 
ment AB common to both of them. From the point B draw BE at 
right angles to AB ; and because ABC is a straight l^e, the angle 




CBE is equal (10. Def. I.) to the 
an^e EBA ; in the same manner, 
because ABD is a straight line, the 
angle DBE is equal to the angle 
E^; wherefore the angle DBE 
is equal to the angle CBE, the less 
to the greater ; which is impossible; 
therefore two straight Imes cannot 
have a common segment. 



E 



B 



• See Note. 



BOOK L 



THE ELBMENTS OP EUCLID. 



17 




PROP. Xn. PROB. 

To draw a straight line perpendicular to a eiven straight line 
of an unlimited length, from a given point without it 

Let AB be the given straight line, which may be produced to 
apy length both ways, and let C be a point without it It is re- 
quired to draw a straight line per- C 
pendicular to AB from the point C. 

Take any point D upon the other i 
side of AB, and from the centre C, \ 
at the distance, CD, describe (3. Post) 
the circle FDG meeting AB in F, G; 

and, bisect (10. 1.) FG in H, and join . ^ 

CP, CH, CO; the straight line CH,^ ^ 
drawn from the given point C, is per- 
pendicular to the given straight line AB. 

' Because FH is equal to HG, and HC, common to the two trian- 
gles FHC, GHC, the two sides FH, HC are equal to the two GH, 
HC, each to each ; and the base CF is equal (15 Def. 1.) to the base 
CG ; therefore the angle CHF is equal (8. 1.) to the angle CHG; and 
they are adjacent angles ; but when a straight line standing on a 
straight line makes Uie adjacent angles equal to one another, each 
of them is a right angle, and the stndght Une which stands upon the 
other is called a perpendicular to it ; therefore from the given point 
C a perpendicular CH has been drawn to the given straight line AK 
Which was to be done. 

PROP. Xm. THEOR. 

Thb angles which one straight line makes with another upon 
the one side of it, are either two right angles, or are together 
^ual to two right angles. 

Let the straight line AB make with CD, upon one side of it, the 
angles CBA, ABD ; these are either two right angles, or are together 
^qual to two right angles. 

For, if the angle CBA be equal to ABD, each of them is a right 

A E A 




D B C 

D B C 

(ded 10.) angle ; but, if not, from the point B draw BE at right an- 
gles (11. 1.) to CD; therefore the angles CBE, EBD, are two right 
angles ; (def. 10.) and because CBE is equal to the two angles CBA, 

3 
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ABE, together, add the angle EBD to each of these equals ; there- 
fore the angles CBE, EBD are (2 Ax.) equal to tlie three angles CBA, 
ABE, EBD. Again, because the angle DBA is equal to the two an- 
gles DBE, EBA« add to these equals the angle ABO ; therefore the 
angles DBA, ABC are equal to the three angles DBE, EBA, ABC ; 
but the angles CBE, EBD have been demonstrated to be equal to 
the same three angles ; and things that are equal to the same aie 
equal (1. Ax.) to one another ; therefore the angles CBE, EBD are 
equal to the angles DBA, ABC: but CBE EBD arc two right angles: 
therefore DBA, ABC are together equal to two right angles. Where- 
fore, when a straight line, 4tc CI. £. D. 

PROP. XIV. THEOR. 

If, at a point in a straight line, two other straight lines, upon 
the opposite sides of it, make the adjacent angles together equal 
to two right iangles, these two straight lines shall be in one and 
the same straight line. 



/ 



C 




At the point B in the straight line 
AB, let the two straight lines BC, BD 
upon the opposite sides of AB make 
the adjacent angles ABC, ABD equal 
together to two right angles, BD is 
in the same straight line with OR 

For, if BD be not in the same 
straight line with CB, let BE be in 
the same straight line with it ; there- 
fore, because the straight line AB 
makes angles with the straight line CBE, upon one side of it, the 
angles ABC, ABE are together equal (13. 1.) to two right angles ; 
but the angles ABC, ABD are likewise together equal to two right 
angles ; therefore the an^es CBA, ABE are equal to the angles CBA, 
ABD : take away the common angle ABC, the remaining angle ABE 
is equal (3. Ax.) to the remaining angle ABD, the less to the greater, 
which is impossible; therefore BE is not in the same straight line 
with BC. And, in like manner, it may be demonstrated that no 
other can be in the same straight line with it but BD, which there- 
fore is in the same straight line with CB. Wherefore, if at a point, 
&c Q. E. D. 

PROP. XV. THEOR. 

If two straight lines cut one another, the vertical cr opposite 
angles shall be equal 

Let the two straight lines AB, CD cut one another in the pcmit E; 
the angle AEC shall be equal to the angle DEB, and CEB to 
AED. 
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Because the straight line AE makes 
with CD the angles C£A, A ED, these C 
angles are together equal (13. 1.) to 
two right angles. Again, because the 



E 



B 



straight line DE makes with AB the A 
angles AED, DEB, these also are to- 

geSier equal (13. 1.) to two right an- "^ 

gies; and CEA, AED have been de- D 

monstrated to be equal to two right angles ; wherefore the angles 
CEA, AED are equal to the angles AED, DEB. Take away the 
common angle AED, and the remaining an^^e CEA is equal (3. Ax.) 
to the remaining angle DEB. In the same manner it can be de- 
monstrated that the angles CEB, AED are equal. Therefore, if two 
straight lines, &c. Q. E. D. 

Cor. 1. From this it is manifest, that if two straight lines cut one 
another, the angles they make at the point where they cut, are to- 
gether equal to four right angles. 

C!or. 3. And consequently that all the angles made by any num- 
ber of lines meeting in one point, are together equal to four right 
angles. 



PROP. XVI. THEOR. 

If one side of a triangle be produced, the exterior angle is 
greater than either of the interior opposite angles. 

Let ABC be a triangle, and let its side BC be produced to D, the 
exterior angle ACD is greater than either of the interior opposite 
81^^ CBA, BAC. . 

Bbect (10. 1.) AC in E, join BE ^ 

and produce it to F, and make EF 
equi to BE; join also FC, and pro- 
dooe AC to G. 

Because AE is equal to EC, and 
BB to EF; AE, EB are equal to 
(^ EF, each to each ; and the an- 
ge AEB is equal (15. 1.) to the an- 
gle CEF, because they are opposite 
vertical angles ; therefore the base 
AB is equal (4. 1 .) to the base CF, 
and the triangle AEB to the triangle 
CEF, and the remaining angles, to 
the remaining angles, each to each, 
to which the equal sides are opposite; wherefore the angle BAE is 
eqoal to the angle ECF ; but the angle ECD is greater than the an- 
^ ECF ; therefore the angle ACD is greater than BAE : in the same 
manner, if the side BC be bisected, it may be demonstrated that the 
an^ BCG, that is, (15. 1.) the angle ACD, is greater than the angle 
ABC. Therefore, if one side, dtc Q. E. D. 
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PROP. XVn. THEOR. 

Any two angles of a triangle are together less than two right 
angles. 

■ 

Let ABC be any triangle ; any two of 
its angles together are less than two right 
angles. 

Produce BC to D ; and because ACD is 
the exterior angle of the triangle ABC, ACD 
is greater HG. 1.) than the interior and op- 
posite angte ABC ; to each of these add 

the angle ACB; therefore the angles ACD, ^_^ 

ACB are greater than the an^es ABC, B CD 

ACB; but ACD, ACB are together equal (13. 1.) to two right angles; 
therefore the angles ABC, BCA are less than two right angles. In 
like manner, it may be demonstrated, that BAC, ACB, as aJso CAB, 
ABC, are less than two right angles. Therefore any two angles, &c. 
Q.E.D. 

PROP. XVra. THEOR. 

The greater side of every triangle is opposite to the greater 
angle. 

Let ABC be a triangle, of which the A 

side AC is greater than the side AB ; 
the angle ABC, is also greater than 
the angle BCA. 

Because AC is greater than AB, / 
make (3. L) AD equal to AB, and / 
join BD ; and because ADB is the ex- 
terior angle of the triangle BDC, it is B 
greater (16. 1.) than the interior and opposite angle IX^B; but ADB 
is equal (5. 1.) to ABD, because the side AB is equal to the side AD; 
therefore the angle ABD is likewise greater than the angle ACB; 
wherefore much more is the angle ABC greater than ACB. There- 
fore the greater side, &c. Q. E. D. 

PROP. XIX. THEOR. 

The greater angle of every triangle is subtended by the greater 
side, or has the greater side apposite to it 

Let ABC be a triangle, of which the angle ABC is greater than the 
angle BCA; the side AC is likewise greater than the side AB. 




■OOK I. 



THE BLEMEMT8 Of lUCLID. 21 




For, if it be not greater, AG must 
either be, equal to AB, or less than it; 
it is not eqiul, because then the angle 
ABC would be equal (5. 1.) to the an- 
^e ACB ; but it is not ; therefore AC is 
not equal to AB ; neither is it less ; be- 
cause then the angle ABC would be 
less (18. 1.) than the angle ACB; but B C 

H is not ; therefore the side AC is not less than AB ; ahd it has been 
shown that it is not equal to AB; therefore AC is greater than AB. 
Wherefore the greater angle, du;. Q. £. D. 

PROP. XX. THEOR. 

Amr two sides of a triangle are together greater than the 
third side. * 

Let ABC be a triangle ; any two sides of it together are greater 
than the third side, viz. the sides BA, AC greater than the side BC ; 
and AB, BC greater than AC ; and PC, CA greater than AR 

Produce BA to the point D, and D 

make (8. 1.) AD equal to AC ; and johi 
DC. A 

Because DA is equal to AC, the an- 
gle ADC is likewise equal (5. 1.) to 
ACD; but the ang^ BCD is greater 
than Uie angle ACD ; therefore the an- 
gle BCD is greater than the angle ADC ; ° 
and because the angle BCD of the triangle DCB is greater than 
its ai^ BDC, and that the greater (19. 1.) side is opposite to the 
irreater angle : therefore the side DB is greater than the sidd' BC ; 
but DBis equal to BA and AC; therefore the sides BA, AC are 
greater than BC. In the same manner it may be demonstrated, that 
the sides AB, BC are greater than CA, and BC, CA greater than 
AR Therefore any two sides, 6lc Q. E. D. 

PROP. XXL THEOR. 

If, (rom the ends of the side of a triangle, there be drawn 
two straight lines to a point within the trianele, these shall be 
leas than the other two sides of the triangle, but shall contain a 
greater angle. * 

Lei the two straight lines BD, CD be drawn from B, C, the ends 
of the side BC of the triangle ABC, to the point D within it ; BD 
and DC are less than the other two sides BA, AC of the triangle, 
but contain an angle BDC greater than the angle BAC. 

Produce BD to E; and because two sides of a triangle are 
greater than the third side, the two sides BA, AE of the triangle 

*Sce Noted. 
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ABE are greatar than BK To each of these add £C ; therefore the 

sides BA, AG are greater than BE, A 

EG : again, because the two sides CE, 

ED of the triangle GED are greater 

than CDf add DB to each of these; 

therefore the sides GE, EB are greater 

than GD, DB; but it has been shown 

that BA, AG are greater than BE, EG; 

much more then are BA, AG greater 

than BD, DG. 

Again, because the exterior angle B 
of a triangle is greater than the interior and opposite angle, the 
exterior angle BDG of the triangle GDE is greater than GED ; for 
the same reason, the exterior angle GEB of the triangle ABE is 
greater than BAG ; and it has been demonstrated that the angle 
BDG is greater than the angle GEB; much more then is the angle 
BDG greater than the angle BAG. Therefore, if from the ends oC 
&C. Ct E. D. 

PROP. XXn. PROB. 

To make a triangle of which the sides shall be equal to three 
given strafght lines, but any two whatever of these must be 
greater than the third (20. 1.)* 

Let A, B, G be the three given straight lines, of which any two 
whatever are greater than the third, viz. A and B greater than G ; 
A and G greater than B ; and B and G than A. It is required to 
make a triangle of which the sides shall be equal to A, B, G, each to 
each. 

Take a straight line DE termhiated at the point D, but unli- 
mited towards E, and make 
(3. K) DF equal to A, FG to 
B, and GH equal to G; and 
from the centre F, at the dis- 
tance FD, describe (3 Post) 
the circle DKL : and from the 
centre G, at the distance GH, 
describe (3. Post.) another 
circle HLK: and join KF, 
KG; the triangle KFG has 
its sides equal to the three 
straight lines A, B, G. 

Because the point F is in the centre of the circle BKL, FD is 
equal (15. Def) to FK; but FD is equal to the straight line A; 
therefore FK is equal to A : again, because G is the centre of the 
circle LKH, GH is equal (15. Def.) to GK ; but GH is equal to 
C ; therefore also GK is equal to C ; and FG is equal to B ; there- 
fore the three straight lines KF, FG, GH, are equal to the three 
A, B, G ; and therefore the triangle KFG has its three sides KF, 

* Sec Note. 
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FQ« GK equal to three given straight lines, A, B, C. Which was to 
be done. 

PROP. xxm. PRoa 

At a given point in a given straight line, to make a rectilineal 
angle equal to a given rectilineal angle. 

Let AB be the given straight line, and A the given point in it, 
and DCE the given rectilineal angle ; it is required to make an 
angle at the given point A in C A 

the given straight Une AB, that 
shaU be equal to the given recti- 
lineal an^ DCE. 

Take fai CD, CE, any points 
D, E, and Join DE, and make 
(2S. 1.) the triangle AFQ, the 

tides of which shall be equal / ^ £ 

to the three straight lines D 

CD, DE, CE, so that CD be 

equal to AF; CE to AG: and 

DE to FG; and because DC, 

CB are equal to FA, AG, each to each, and the base DE to the base 

FQ ; the angle DCE is equal (8. 1.) to the angle FAG. Therefore, 

at the given point A in the given straight line AB, the angle FAG 

is made equkl to the given rectilineal angle ;DCE. Whteh was to 

be done. 

PROP. ZXIV. THEOR. 

Ir two triangles have two sides of the one equal to two sides 
of the other, each to each, but the angle contained by the two 
sides of one of them greater than the angle contained by the 
two sides equal to them, of the other ; the base of that which 
has the greater angle shall be greater than the base of the 
other.* 

Let ABC, DEF be two triangles which have the two sides AB, 
AC equal to the two DE, DF, each to each, viz. AB equal to DB, 
and AC to DF ; but the angle BAC greater than the angle EDF ; 
the base BC is also greater than the base EF. 

Of the two sides DE, DF, let DB be the side which is not greater 
than the other, and at the point D, in the straight line DE, make 
CI3. 1.) the angle EDG equal to the angle BAC ; and make DG equal 
(8. L) to AC or DF, and join BG, GF. 

Because AB is equal to DE, and AC to DG, the two sides BA, 
AC are equal to the two ED, DG, each to each, and the angle 

• See Note. 
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BAG is equal to the angle 
EDG; therefore the base 
BC is equal (4. 1.) to the 
base EG; and because 
DO is equal to DF, the 
angle DFG is equal (5. 1.) 
to the angle DGF; but 
the angle DGF is greater 

than the angle EGF ; ^ ' E "^^^^^il '^C — : G 

therefore the angle DFG B C 

is greater than EGF ; and F 

much more is the angle EFG greater than the angle EGF ; and be- 
cause the angle EFG of the triangle EFG is greater than its angle 
EGF, and that the greater (19. 1.) side is opposite to the greater 
angle ; the side EG is therefore greater than the side EF ; but EG 
is equal to BG ; and therefore also BC is greater than EF. There- 
fore, if two triangles, dec. Q. E. D. 

PROP. XXV. THEOR. 

If two triangles have two sides of the one equal to two 
«des of the other, each to each, but the base of the one greater 
than the base of the other ; the angle also contained by the sides 
of that which has the greater base, shall be sreater than the 
angle contained by the sides equal to them, of the other. 

Let ABC, DEF be two triangles which have the two sides AB, 
AC equal to the two sides DE, DF, each to each, viz. AB equal to 
DB, and AC to DF ; but the base CB is greater than the base EF ; 
the angle BAG is likewise greater than the angle EDF. 

For, if it be not greater, it must either be equal to it, or less ; 
but the angle BAG is not equal to the angle EDF, because then 
the base BG would be equal A D 

(4. 1.) to EF; but it is not; 
therefore the angle BAG is not 
equal to the angle EDF, nei- 
ther is it less ; because then 
the base BG would be less (24. 
1.) tlian the base EF ; but it is 
not ; therefore the angle BAG 
is not less than the angle EDF 
and it was shown that it is not equal to it ; therefore the angle BAG 
is greater than the angle EDF. Wherefore, if two triangles, 6lc. 
d. E. D. 

PROP. XXVI. THEOR. 

If two triangles have two angles of one equal to two angles 
of the other, each to each ; and one side equal to one side, viz. 
either the sides adjacent to the equal angles, or the sides opposite 
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to equal angles io each; then shall the other sides be eaual, 
each to each; and also the third angle of the one to the third 
angle of the other. 

Let ABC, DBF be two triangles which have the angles ABC, BCA 

equal to the angles DEF, EFD, viz. ABC to DEF, and BCA to EFD; 

also one side equal to one side ; and first let those sides be equal 

which are adjacent to the A D 

angles that are equal in 

the two triangles, viz. 

BC to £F; the otherG 

sides shall be equal, each 

to each, viz. AB to DE, 

and AC to DF : and the 

third angle BAC to the 

third angle EDF. 
For, if AB be not equal B , C E F 

to DE, one of them must be the greater. Let AB be the greater of 

the two, and make BG equal to DE and join GC ; therefore, because 

BQ Is equal to DE, and BC to EF, the two sides GB, BC are eual 

to the two DE, EF, each to each; and the angle GBC is equal to the 

angle DEF; therefore the base GC is equal (4. I.) to the base DF, 
and the triangle GBC to the triangle DEF, and the other angles to 

the other an^es, each to each, to which the equal sides are opposite; 
therefore the angle GCB is equal to the angle DFE ; but DFE is, by 
the hypothesis, equal to the angle BCA ; wherefore also the aqgle 
BOG is equal to the angle BCA, the less to the greater, which Ji 
impoaslble; therefore AB is not unequal to DE, that is, it is eqmii 
to it, and BC is equal to EF ; therefore the two AB, BC are eqiid to 
the two DE, EF, each to each ; and the angle ABC is equal to the 
angle DEF; the base therefore AC is equal (4. 1.) to the base DF, 
and the third angle BAC to the third angle EDF. 
Next let the sides ^ j^ 

which are opposite to 
equal angles in each tri- 
angle be equal to one 
another, viz. AB to DE; 
Hkewlse in this case^ the 
other sides shall be 
equal, AC to DF, and 
BC to EF ; and also the 
thfard angle BAC to the » H C 

tWrd EDF. 

For, if BC be not equal to EF, let BC be the greater of them, 
and make BH equal to EF, and join AH ; and because BH is equal 
to EF, and AB to DE, the two AB BH are equal to the two DE, 
EF each to each; and they contain equal angles; therefore the 
baae AH Is equal to the base DF, and the triangle ABH to the 
trlang^ DEF, and the other angles shall be equal, each to each, 
to which the equal sides are oppoeite; therefore the angle BHA 

4 
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is equal to the angle EFD ; but EFD is equal to the angle BCA ; 
therefore also the angle BHA is equal to the angle BCA, that is, the 
exterior angle BHA of the triangle AHC is equal to its interior 
and opposite angle BCA; which is impossible; (16. 1.) wherefore 
BC is not unequal to EF, that is, it is equal to it ; and AB is equal 
to DE; therefore the two AB, BC are equal to the two DB» EF, each 
to each ; and they contain equal angles; wherefore the base AC is 
equal to the base DF, and the third angle BAC to the third angle 
EDF. Therefore, if two triangles, &c. O. E. D. 

PROP. XXVIL THEOR. 

If a straight line falling upon two other straight lines makes 
the alternate angles equal to one another, these two straight lines 
shall be parallel. 

Let the straight line EF, which &lls upon the two straight lines 
AB, CD make the alternate angles AEF, EFD equal to one another; 
AB is parallel to CD. 

For, if it be not paraUel, AB and CD bemg produced shall meet 
either towards B, D, or towards A, C ; let them be produced and 
meet towards B, D, in the point G ; therefore GEF is a triangle, and 
its exterior single AEF is greater (16. 1.) than the interior and op- 
posite angle EFG; but it is 
also equfil to it, which is im- 
possible; therefore AB and A 
CD being produced do not 
meet towards B, D. In like 
manner it may be demonstrat- C 
ed that they do not meet to- 
wards A, C ; but those straight 
lines which meet neither way, 

though produced ever so far, are parallel (35. def.) to one another. 
AB therefore is parallel to CD. Whei^efore, if a straight line, dtc 
Q.E. D. 

PROP. XXVni. THEOR. 

If a straight line falling upon two other straight lines makes 
the exterior angle equal to the interior and opposite upon the 
same side of the line ; or makes the interior angles upon the same 
side together equal to two right angles ; the two straight lines 
shall be parallel to one another. 

Let the straight line EF, which falls E 
upon the two straight lines AB, CD, 
make the exterior angle EGB equal to 
the interior and opposite angle GHD A - 
upon the same side ; or make the inte- 
rior angles on the same side BGH, 
GHD together equal to two right an- C 
gles ; AB is parallel to CD. 

Because the angle EGB is equal to 
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the angle OHD, and the angle EGB, equal (15. 1.) to the angle 
AGH, the angle AGH is equal to the angle GHD ; and they are the 
alternate an^es; therefore AB is parallel (27. 1.) to CD. Again, 
because the ai^^ BGH, GHD are equal (by hyp.^ to two right 
angles; and that AGH, BGH are also equal (18. 1.) to two right 
angles ; tiie angles AGH, BGH are equal to the angles BGH, GIU): 
take away the common angle BGH ; therefore the remaining angle 
AGH is equal to the remaining angle GHD ; and they are alternate 
angles : ther^ore AB is parallel to CD. Wherefore, if a straight 
line, dtc. Q. £. D. 

PROP. XXIX. THEOR- 

Ir a straight line fall upon two parallel straight lines, it makes 
the alternate angles equal to one another; and the exterior an^le 
equal to the interior and opposite upon the same side ; and like- 
wise the two interior angles upon the same side together equal to 
two right angles.* 

Let the straight line EF fall upon the parallel straight lines AB, 
CD; the alternate angles, AGH, GHD are equal to one another; and 
the exterior angle EGB is equal to the interior and opposite upon the 
same side GHD, and the two interior 
angles BGH, GHD upon the same 
side are together equal to two right 
angles. 

For if AGH be not equal to GHD, 
one of them must be greater than 
the other; let AGH be the greater; 
and because the angle AGH is great- 
er than the angle GHD, add to each 
of them the angle BGH, therefore 
the angles AGH, BGH are greater ^ 

than the angles BGH, GHD ; but the angles AGH, BGH are equal 
(18. 1.) to two right angles; therefore the angles BGH, GHD are 
less than two right angles; but those straight lines which, with 
another straight line iaUing upon them, make the interior angles on 
the same side less than two right angles, do meet (12. ax.) * together 
if continually produced ; therefore the straight lines AB, CD, if pro- 
dooed fiir enough, shall meet ; but they never meet, since Uiey are 
parallel by the hypothesis ; therefore the angle AGH is not unequal 
to the angle GHD, that is, it is equal to it ; but the angle AGH is 
equal (15. 1.) to the angle EGB; therefore likewise EGB is equal to 
OHD ; add to each of these the angle BGH ; therefore the angles 
EGB, BGH are equal to the angles BGH, GHD ; but EGB, BGH are 
equal (18. 1.) to two right angles; therefore also BGH, GHD are 
equal to two right angles. Wherefore, if a straight line, &c. Ct 
ED. 

* See the Notes to thii Proposition. 
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PROP. XXX. THBOR. 

Straight lines which are parallel to the same straight line are 
parallel to one another. 

Let AB, CD, be each of them parallel to £F, AB is also paraM 
to CD. 

Let the straight line GHK cut AB, EF, CD; and because GHK 
cpts the paraMel straight lines AB, EF, the 
angle AGH is equal (29. 1.) to the angle 
GHF. Again, because the straight line GK . 
cuts the parallel straight lines EF, CD, the 
angle GHF is equal to (29. I .) the angle 
GKD ; and it was shown that the angle AGK E 
is equal to the angle GHF ; therefore also 

AGK is equal to GKD; and they are alter- C / D 

Rate angles ; therefore AB is parallel (27. 1 .) 
to CD. Wherefore straight lines, dec. 
a.K D. 

PROP. XXXL PROB. 

To draw a straight line through a given point parallel to a 
given straight line. 

Let A be the given point, and BC the given straight line ; it is 
required to draw a straight line through E A F 

the point A, parallel to the straight line ^ 
BC. 

In BC take any point D, and join AD ; 

and at the point A, in the straight line AD, ^ s^^ j^ 

make (23. 1.) the angle DAE equal to the ^ ^ ^ 

angle ADC ; and produce the straight line EA to F. 

Because the straight line AD, which meets the two straight lines 
BC, EF, makes the alternate angles EAD, ADC equal to one ano- 
ther, EF is parallel (27. L) to BC. Therefore the straight line EAF is 
drawn through the given point A parallel to the given straight line 
BC. Which was to be done. 

PROP. XXXII. THEOR. 

Ir a side of any triangle be produced, the exterior angle is 
equal to the two interior and opposite angles; and the three in- 
terior angles of every triangle are equal to two right angles. 

Let ABC be a triangle, and let one of its sides BC be produced 
to D ; the exterior angle ACD is equal to the two interior and op- 
posite angles CAB, ABC ; and the three interior angles of the 
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triangle, viz. ABC, BCA, CAB, are together equal to two right 
angles. 

Through the point C draw A 

CE parallel (31. 1.) to the y^ M 

straight line AB; and because 
AB is paralld to CE and AC 
meets them, the alternate an- 
gles BAC, ACE are equal (29. 
1.) Again ; because A is pa- ^ ^ ^ ^ 

ralld to CE, and BD falls upon them, the exterior angle ECD is 
equal to the interior and opposite angle ABC ; but the angle ACE 
was shown to be equal to the angle BAC ; therefore the whole ex- 
terior angle ACD is equal to the two interior and opposite angles 
CAB, ABC ; to these equals add the angle ACB, and the angles 
ACD, ACB are equal to the three angles CBA, BAC, ACB ; but the 
angles ACD, ACB are equal (13. 1.) to two right angles: therefore 
also the angles, CBA, BAC, ACB are equal to two right angles. 
Wherefore, if a side of a triangle, &c. d. E. D. 

CoR. 1. AU the interior angles of any 
rectflineal figure, together with four right D 

angles, are equal to twice as many right 
angles as the figure has sides. 

For any rectilineal figure ABCDE can 
be divided into as many triangles as the 
figure has sides, by drawing straight lines 
fiom a point F within the figure, to each of 
its anises. And, by the preceding proposi- 
tion, aU tlie angles of these triangles are A B 
equal to twice as many right angles as there are triangles, that is, 
as there are sides of the figure ; and the same angles are eqiuil to 
the angles of the figure, together with the angles at the point F, 
which is the common vertex of the triangles : that is, (2 Cor. 15. 1.) 
together with four right angles. Therefore all the angles of the 
fi^re, together with four right angles, are equal to twice as many 
right angles as the figure has sides. 

CoR. 2. All the exterior angles of any rectilineal figure, are to- 
gether equal to four right angles. 

Because every interior angle ABC, 
with its adjacent exterior ABD, is 
equal (13. 1.) to two right angles; 
therefore all the interior, togetlier 
with all the exterior angles of the 
figure, are equal to twice as many 
i^fat angles as there are sides of the 
figure; that is, by the foregoing co- j) 
roUary, they are equal to all the in- 
terior an^^es of the figure, together 
with four right angles ; therefore all the exterior angles are equal to 
four right angles. 






80 THB ELEMBim OF EVIGLID. BOOK I. 

PROP. XXXIU. THEOR. 

The straight lines which join the extremities of two equal and 
parallel straight lines, towards the same parte, are also them- 
selves equal and parallel. 

Let AB, CD be equal and parallel straight ^ q 

lines, and joined towards the same parts by 
the straight lines AC, BD ; AC, BD are also 
equal and parallel. 

Join BC ; and because AB is parallel to 

CD ; and BC meets them, the alternate an- 

gles ABC, BCD are equal (29. 1.) ; and be- ^ D 

cause AB is equal to CD, and BC common to the two triangles ABC, 
DCB, the two sides AB, BC are equal to the two DC, CB; and the 
angle ABC is equal to the angle BCD ; therefore the base AC is equal 
(4. 1.) to the base BD, and the triangle ABC to the triangle BCD, 
and the other angles to the other angles, (4. 1.) each to each, to which 
the equal sides are opposite: therefore the angle ACB is equal to the 
angle CBD ; and because the straight line BC meets the two straight 
lines AC, BD, and makes the alternate angles ACB, CBD equal to 
one another, AC is parallel (27. 1.) to DB; and it was shown to be 
equal to it Therefore straight lines, &c. Q,. EL D. 

PROP. XXXIV. THEOR. 

The opposite sides and angles of parallelograms are equal to 
one another, and the diameter bisects them, that is, divides them 
into two equal parts. 

N. B. j9 parallelogram is a four sided figure, of whieh the oppO' 
site sides are parallel; and the diameter is the straight line joining 
two of its opposite angles. 

Let ACDB be a parallelogram, of which BC is a diameter ; the 
opposite sides and angles of the figure are equal to one another ; and 
the diameter BC bisects it. 

Because AB is parallel to CD, and A B 

BC meets them, the alternate angles 
ABC, BCD are equal (29. 1.) to one ano- 
ther ; and because AC is parallel to BD, 
and BC meets them, the alternate angles 
ACB, CBD are equal (29. 1.) to one ano- 
ther; wherefore the two triangles ABC, 
CBD have two angles ABC, BCA in one, equal to two angles 
BCD, CBD in the other, each to each, and one side BC common 
to the two triangles, which is adjacent to their equal angles; 
therefore their other sides shall be equal, each to each, and the 
third angle of the one to the third angle of the other, (26. 1.) 
viz. the side AB to the side CD, and AC to BD, and the angle 
BAC equal to the angle BDC; and because the angle ABC is 




BOOK t. 



TUB BLBBUMTS OP EUCLID. 



81 



equal to the angle BCD, and the angle CBD to the angle ACE, the 
whole angle ABD is equal to the whole angle ACD : and the angle 
BAG has been shown to be equal to the angle BDC ; therefore Uie 
0|^)O8ite sides and angles of parallelograms are equal to one another ; 
also, their diameter bisects them ; for AB being equal to CD, and 
EC common, the two AB, BC are equal to the two DC, CB, each to 
each ; and the angle ABC is equal to the angle BCD; therefore the 
triangle ABC is equal (4. 1 .) to the triangle BCD, and the diameter 
BC divides the parallelogram ACDB into two equal parts. Q. E. D. 

PROP. XXXV. THEOR. 

PARALLELooRAifs upoD the Same base, and between the same 
parallels, are equal to one another.* 

Let the parallelograms ABCD, EBCF be upon the same base BC, 
and between the same parallels AF, BC ; the parallelogram ABCD 
shall be equal to the parallelogram EBCF.t 

If the sides AD, DF of the parallelo- A D F 

grams ABCD, DBCF opposite to the base 
BC be terminated in the same point D ; it 
is plain that each of the parallelograms is 
double (34. 1.) of the triangle BDC; and 
they are therefore equal to one another. 

Bat, if the sides AD, EF, opposite to B C 

the base BC of the parallelograms ABCD, EBCF, be not terminated 
in the tame point ; then, because ABCD is a paraUelogram, AD is 
equal (84. 1.) to BC; for the same reason EF is equal to BC ; where- 
tee AD is equal (1. Ax.) to EF ; and DE is common ; therefore the 
whole, or the remamder AE, is equal (2. or 3. Ax.) to the whole, 
or the remainder DF; AB also is equal to DC; and the two EA 
AB are therefore equal to the two FD, DC, each to each; and 
A DE FAEDF 







B C B C 

tiie exterior angle FDC is equal (19. 1) to the interior EAB: there- 
fore the base EB is equal to the base FC, and the triangle £^ 
equal (4. 1.) to the triangle FDC ; take the triangle FDC from ihe 
tnpezium, ABCF, and from the same trapezium take the triangle 
EAB; the remahiders therefore are equal, (8. Ax.) that is, the 
parallelogram ABCD is equal to the parallelogram EBCF. There- 
fore, parallelograms upon the same base, &^ Q. E. D. 
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Paralleloorahds upon equal basesi and between the same 
parallels, are equal to one another. 
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Let ABCD, EFX^H be pa- A 
rallelograms upon equal bases 
DC, FG, and between the same 
para]lels AH, BG; the paral- 
lelogram ACiCD is equal to 
EFGH. 

Join BE, CH; and because 

BC is equal to FG, and FG B C F Q 

to (34. 1.) EH, BC is equal to EH ; and they are parallels, and joined 
towards the same parts by the straight lines BE, CH ; but straight 
lines which johi equal and parallel straight lines towards the same 
parts, are themselves equal and paralld ; (33. 1.) therefore EB, CH 
are both equal and paralld, and EBCH is a parallelogram ; and it is 
equal (36. 1.) to ABCD, because it is upon the same base, BC, and 
between the same parallels BC, AD : for the like reason, the paral- 
lelogram EFGH is equal to the same EBCH; therefore also the pa- 
rallelogram ABCD is equal to EFGH. Wherdbre parallelograms, 
&c. €1. E. D. 

PROP. XXXVn. THEOR. 

Triangles upon the same base, and between the same paral- 
lels, are equal to one another. 

Let the triangles ABC, DBC be upon the same base BC, and be- 
tween the same parallels AD, E AD F 
BC : the triangle ABC is equal to \r~ 
the triangle DBC. 

Produce AD both ways to the 
points E, F, and through B draw 
(3L L) BE parallel to CA; and 
through C draw CF parallel 
to BD: therefore each of the 
figures EBCA, DBCF is a parallelogram : and EBCA is equal (35. I.) 
to DBCF, because they are upon the base BC, and between the 
same parallels BC, EF; and the triangle ABC is the half of the pa- 
rallelogram EBCA, because the diameter AB bisects (3i. 1.) it; and 
the triangle DBC is the half of the parallelogram DBCF, because the 
diameter DC bisects it : but the halves of equal things are equal : 
(7. Ax.) therefore the triangle ABC is equal to the triangle DBC. 
Wherefore triangles, dtc. d. E. D. 

PROP. XXXVm. THEOR. 

Triamles upon equal bases, and between the same parallels, 
are equal to one another. 

Let the triangles ABC, DEF be upon equal bases BC, EF, and 
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between the same parallelB BF, AD: the tnallgle ABC is equal to 
the triangle DEF. 

Produce AD both ways to the points G, H, and through B draw 
BG parallel (31. 1.) to CA« and through F draw FH parallel to ED : 
then each of the figures G A D H 

GBCA,DEFH is a paridlelo- 
gram ; and they are equal 
(30. 1.) to one another, be- 
cause they are upon equal 
bases BC, £F, and between 
^ same parallels BF, GH ; 
and the triangle ABC is the 
half (34. 1.) of theparaUelo- 
gram GBCA, because the diameter AB bisects it ; and the triangle 
DEF is the half (34. 1.) of the parallelogram DEFH, because the 
diameter DF bisects it : but the halves of equal things are equal ; 
rr Ax.) therefore tlje triangle ABC is equal to the triangle DEF. 
Wherefore triangles, dtc. Q. K D. 

PROP. XXXDL THEOR- 

Equal trian^es upon the same base^ and upon the same side 
of it, are between the same parallels. 

Let the equal triangles ABC, DBC be upon the same base BC, 
and upon the same side of it ; they are between the same parallels. 

Join AD; AD is parallel to BC : for, if it is Viot, through the pohit 
A draw (31. 1.) AE parallel to BC, and lofai EC ; the triangle ABC 
is equal (37. 1.) to the triangle EBC, because it is upon the same 
base BC, and between the same parallels BC, A D 

AB: but the triangle ABC is equal to the tri^ 
angle BDC ; therefore also the triangle BDC 
is equal to the triangle EBC, the greater to the 
lesst which is impossible ; therefore AE is not 
parallel to BC. In the same manner, it can 
be demonstrated that no other line but AD is 
parallel to BC : AD is therefore paraDd to it. 
Wherefore equal triangles upon, &c Q. E. R 

PROP. XL. THEOR. 

Equal triangles upon equal bases, in the same straijzht line, 
afid towards the same parts, are between the same paraUehu 

Let the equal triangles ABC, DEF be upon equal bases BC, 
EF, in the same straight line 
BP, and towards the same parts ; 
they are between the same pa- 
rallels. 

Join AD; AD is paraDel to 
BC; for if it is not, through A 
draw (31. 1.) AG parallel to 
BF, and join GF : the triangle B 

& 
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ABC is equal (38. 1.) to the triangle G£F, because they are upon 
equal bases BC, EF, and between the same parallels BF, AG : but 
the triangle ABC is equal to the triangle DEF ; therefore also the 
triangle DEF is equal to the triangle GEF, the greater to the less, 
which is impossible ; therefore AG is not parallel to BF : and in the 
same manner it can be demonstrated that there is no other parall^ 
to it but AD ; AD is therefore parallel to BF. Wherefore, equal tri- 
angles, &c Q« E. D. 

PROP. XU. THEOR. 

If a paralellogram and triangle be upon the same base, and 
between the same parallels ; the parallelogram shall be double 
of the triangle. 

Let the parallelogram ABCD and the triangle EBC be upon the 
same base BC, and between the same parallels BC, AE; the paral- 
lelogram ABCD is double of the triangle EBC. A D £ 

Join AC ; then the triangle ABC is equal 
(37. I.) to the triangle EBC, because they 
are upon the same base BC, and between the 
same parallels BC, AE. But the parallelo- 
gram ABCD is double (34. 1.) of the trian- 
gle ABC, because the diameter AC divides it 
into two equal parts; wherrforc ABCD is 
also double of the triangle EBC. Therefore 
if a parallelogram, &e. Q. E. D. 

PROP. XLIL PROR 

To describe a paratlelogranv that shall be equal to a given 
triangle, and have one of its angles equal to a given rectilineal 
angle. 

Let ABC be the given triangle^ and D the given rectilineal angle. 
It is required to describe a psu^elogram that shall be equal to the 
given triangle ABC, and have one of its angles equal to D. 

Bisect (10. 1.) BC in E, join AE, and at the point E in the 
straight line EC make (23. 1.) the angle CEF equal to D; and 
through A draw (SL L) AG parallel to EC and through C draw 
CG (31. L) parallel to EF: therefore A F G 

FECQ is a parallelogram : and be- 
cause BE is equal to EC, the trian- 
gle ABE is likewise equal (38. 1.) 
to the triangle A EC, since they are 
upon equal bases BE, EC and be- 
tween the same paraUels BC, AG ; 
therefore the triangle ABC is double 
of the triangle AEC ; and the paral- 
lelogram FECG is likewise double 
(41. 1.) of the triangle AEC, be- 
cause it is upon the same base, and between the same parallels : 





BOOK I. 



TUB ELEMENTS OP EUCLID. 



35 




therefore the parallelogram FECG is equal to the trian^e ABC, and 
ft has one of its angles CEF equal to the given angle D. Wherefore 
there has been described a parallelogram FECG equal to a given 
triangle ABC, having one of its angles CEF equal to the given angle 
D. Which was to be done. 

PROP. XLin, THEOR. 

The complements of the parallelograms which are about the 
diameter of any parallelogram, are equal to one another. 

Let ABCD be a parallelogram, of which the diameter is AC, and 
EH, FQ the parallelograms about AC, AH D 

that if, through which AC passes^ and 
BK, KD the c^er parallelograms which 
make up the whole figure ABCD, which E 
are therefore called Uie complements : 
the complement BK is equal to the com- 
plement ED. 

Because ABCD is a parallelogram, 
and AC its diameter, the triangle ABC _ 
is equal (34. 1.) to the triangle ADC;^ 
and because EEHA is a parallelogram, the diameter of which is AK, 
the triangle AEK is equal to the triangle AHK : by the same reason, 
the triangle KGC is equal to the triangle KFC : then, because the 
triangle AEK is equal to the triangle AHK, and the triangle KGC to 
KFC ; the triangle AEK, together with the triangle KGC, is equal to 
tiie triangle AHK together with the triangle KFC: but the whole 
trianc^ ABC is equal to the whole ADC ; therefore the remaining 
complement BK is equal to the remaining complement KD. Where- 
Ibre the complements, 6ic Q^ R D. « 

PROP. XUV. PROR 

To a given straight line to apply a parallelojgram, which shall 
be equal to a given triangle, and have one of its angles equal to 
a given rectilineal angle. 

Let AB be the given straight line, and C the given triangle, and 
D the given rectilineal angle. It is required to apply to the straight 
line AB a parallelogram equal to the triangle C, and having an angle 
equal to D. 

Make (42. 1.) the F E K 

parallel<^ram BEFG [ 

equal to the trian- 
gle C, and having i x ^ 

the angle EBG equal | \ , 

to the angle D, so 
that BE be in the 
same straight line 
with AB, and pro- 
dace FG to H ; and 
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through A draw (81. L) AH parallel to BO or £F, and join HB. 
Then, because the straight line HF Ms upon the parallels AH, EF, 
the angles AHF, HFE are together equal (29. 1.) to two right angles : 
wherefore the angles BHF, HFE are less than two right angles : but 
straight lines which with another straight line make the interior 
angles upon the same side less than two right angles, do meet (12. 
Ax.) if produced far enough : therefore HB, FE shall meet, if pro- 
duced ; let them meet in K, and through K, draw KL parallel to EA 
or FH, and produce HA, GB to the points LM : then HLKF is a pa- 
rallelogram, of which the diameter is HK, and AG, ME are the pa- 
rallelograms about HK ; and LB, BF are the complements ; there- 
fore LB is equal (43. L) to BF ; but BF is equal to the triangle C : 
wherefore LB is equal to the triangle C : and because the ,angle 
GBE is equal (15. 1.) to the angle ABM, and likewise to the angle 
D ; the angle ABM is equal to the angle D: therefore the parallelo- 
gram LB is applied to the straight line, AB, is equal to the triangle 
C, and has the angle ABM equal to the angle D. Which was to be 
done. 

PROP. XLV. PROB. 

To describe a parallelogram equal to a given retilineal figure, 
and having an angle equal to a given rectilineal angle.* 

Let ABCD be the given rectilineal figure, and E the given recti- 
Ihieal angle. It is required to describe a parallelogram equal to 
ABCD, and having an angle equal to E. 

Join DB, and describe (42. 1.) the parallelogram FH equal to 
the triangle ADB, and having the angle HKF equal to the angle 
E; and to the straight line GH apply (44. 1.) the parallelogram 
GM equal to the triangle DBG, having the angle GHM equal to 
the angle E ; and because the angle E is equal to each of the an- 
§^ FKH, GHM, the angle FKH is equal to GHM : add to each 
of these the angle KHG ; therefore the angles FKH, KHG, are 
equal to the angles A D F G L 

KHG, GHM; but v r. / / 1 

FKH, KHG are equal \ / \ I / / 

(89. 1.) to two right 

angles : therefore also 

KHG, GHM are equal 

to two right angles ; 

and because at the 

point H in the straight 

line GH, the two 

straight lines KH, HM, upon the opposite sides of it, make the 

adjacent angles equal to two right angles, KH is in the same 

straight Ihie (14. L) with HM, and because the straight line HG 

meets the parallels KM, FG; the alternate angles MHG, HGF 

are equal : (29. 1.) add to each of these the angle HGL; therefore 

• See Note. 
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the angles MHO, HGL are equal to the angles HGF, HGL ; but fbit 
angles HGM, H6L are equal (29. 1.) to two right angles; where- 
fore also the angles HGF, HGL are equal to two right angles, and 
FXjr is therefore in the same straight line with GL : and because KF 
is parallel to HG, and HG to ML ; KF is parallel (30. 1.) to ML ; and 
KM, FL are paraUels ; wherefore KFLM is a parallelogram; and be- 
cause the triangle ABD is equal to the parallelogram HF, and the 
triangle DBC to the paralldogram GM ; the whole rectilineal figure 
ABCD is equal to the whole parallelogram KFLM ; therdbre the 
parallelogram KFLM has been described equal to the given rectilineal 
figure ADCD, having the angle FKM equal to the given angle B. 
Which was to be done. 

CoR» From this it is manifest how to a given straight line to apply 
a parallelogram, which shall have an angle equal to a given rectilineal 
angle, and shall be equal to a given rectilineal figure, viz. by apply- 
ing (44. 1.) to the given straight line a parallelogram equal to the 
first triangle ABD, and having an angle equal to the given angle. 



PROP. XLVL PROB. 

To describe a square upon a given straight line. 

liCt AB be the given straight line; it is required to describe a 
square upon AB. 

From the point A draw (11. 1.) AC at right angles to AB; and 
make (3. 1.) AD equal to AB^ and through the point D draw DB 
parallel (31. 1.) to AB, and through B draw BE parallel to AD; 
therefore ADEB is a parallelogram: whence AB is equal (34. L) to 
DE, and AD to BE; but BA is equal toAD ; there- q 
fore, the four straight lines BA, AD, DE, EB are 
equal to one another, and the parallelogram ADEB 
is equilateral, likewise all its angles are right an- 
gles : because the straight lines AD meeting the 
parallels AB, DE, the angles BAD, ADE are equal D 
(29. I.) to two right angles: but BAD is a rigfat 
angle; therefore also ADE is a right angle; bfji^ 
the opposite angles of parallelograms are eqoali 
(34. 1 .) therefore each of the opposite angles ABB, . 
BED is a right angle; wherefore the figure ADEB 
is rectangular, and it has been demonstrated that it is equilateral ; it 
is therefore a square, and it is described upon the given straight line - V • 
AB. Which was to be done. 

CoR. Hence every parallelogram that has one right angle, has all ^' 
its angles right angles. 
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PROP. XLVn. THEOR. 
Ill any right angled triangle, IIm square which is described 
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upon the side subtending the right angle, is equal to the scares 
described upon the sides which contain the right angle. 

Let ABC be a right angled triangle, having the right angle BAG; 
the square described upon the side EC is equal to the squares de- 
scribed upon BA, AC. 

On BC describe (46. 1.) the square BDEC, and on BA, AC the 
squares GB, HC: and through A draw (31. 1.) AL parallel to BD or 
CE, and join AD, FC : then, because each of the angles BAC, BAG, 
Is a right angle, (30. def.) the q 

two straight lines AC, AQ upon 
the opposite sides of AB, make 
with it at the point A the adjacent 
ang^ equal to two right angles : F 
therefore CA is in the same 
straight line (14. 1.) with AG: 
for the same reason, AB and AH 
are in the same straight Une ; and 
because the angle DBC is equal 
to the angle FBA, each of them 
being a right angle, add to each 
the angle ABC, and the whole an- 
gle DBA is equal (2. Az.) to the 

whole FBC : and because the two t w 

sides AB, BD are equal to the two ^ LB 

FB, BC, each to each, and the angle DBA equal to the angle FBC ; 
therefore^the base AD is equal (4. 1.) to the base FC, and the trian- 
gle ABD to the triangle FBC : now the parallelogram BL is double 
(4L I.) of the triangle ABD, because they are upon the same base 
BD, and between the same parallels BD, AL ; and the square GB is 
double of the triangle FBC, because these also are upon the same 
base FB, and between the same parallels FB, GC. But the doubles 
of equals are equal (6. Ax.) to one another : therefore the parallelo- 
gram BL is equal to the square GB : and in the same manner, by 
joining AE, BK, it is demonstrated that the parallelogram CL is equal 
to the square HC : therefore the whole square BDEC is equal to the 
two squares GB, HC ; and the square BDEC is described upon the 
straight line BC, and the squares GB, HC upon BA, AC : wherefore 
the square upon the side BC is equal to the squares upon the sides 
BA, AC. Therefore, in any right angled triangle, &c. d. E. D. 




PROP. XLVra. THEOR. 




If the square described upon BC, one of the sides of the triangle 
ABC, be equal to the squares upon the other sides BA, AC, the an- 
gle BAC is a right angle. 
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From the point A draw (11. 1.) AD at f^;hl angles to AC, and 
make AD equal to BA, and join DC : then because DA is equal to 
AB, the square of DA is equal to the square of D 

AB : to each of these add the square of AC : 
therefore the squares of DA, AC are equal to the 
squares of BA, AC: but the square of DC is equal 
(47. 1.) to the squares of DA, AC, because DAC 
is a right an^^e; and the square of BC, by hjrpo- 
thesis, is eqiud to the squares of BA, AC; there- 
fore the square of DC is equal to the square of 
BC ; and therefore also the side DC is equal to 
the side BC. And because the side DA is equal B C 

to AB, and AC common to the two triangles DAC, BAC, the two 
DA, AC are equal to the two BA, AC : and the base DC is equal to 
the base BC : therefore the angle DAC is equal (8. 1.) to the angle 
BAC: but DAC is a right angle ; therefore also BAC is a right angle. 
Therefore, if the square, &c. Q. E. D. 
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I. 

EVERY right angled parallelogram is said to be contained by any 
two of the straight lines which contain one of the right angles. 

n. 

In every paraUdogram, any of the paraUelograms about a diameter, 
together with the two complements is E 

called a gnomon. * Thus the paral- A 

* lelogram HQ, together with the com- 
*plements AF, FC, is the gnomon, 

* which is more briefly expressed by 
•the letters AOK, or EHC, which are 
*at the opposite angles of the paral- ^ 
Melograms which make the gnomon.* 

PROP. I. THEOR. 

If there be two straight lines, one of which is divided into 
any number of parts; the rectangle contained by the two 
straight lines, is equal to the rectangles contained by the un- 
divided line, and the several parts of the divided line. 

Let-A and BC be two straight lines ; and let BC be divided into 
any parts in the points D, E ; the rectangle contained by the straight 
lines A, BC is equal to the rectangle B DEC 

contained by A, BD, together with that 
contained by A, DE, and that contained 
by A, EC. 

From the point B draw (II. 1.) 
BF at right angles to BC, and make 
BG equal (3. I.) to A; and through qJ 
G draw (31. 1.) GH parallel to BC; and 
through D, E, C draw (31. 1.) DK, 
EL, CH paraUel to BG: then the I 
rectangle BH is equal to the rect- F 
angles BK, DL, EH; and BH is contained by A, BC, for it is 
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contained by QB, BC, and GB Is equal to A ; and BK is contained 
by A, BD, for it is contained by GB, BD, of which GB is equal to A; 
and DL is contained by A, DE, because DK, that is (34. 1.) BG is 
equal to A ; and in like manner the rectangle EH is contained by A, , 
EC : theriefore the rectangle contained by A, BC is equal to the several 
rectangles contained by A, BD, and by A, DE; and also by A, EC. 
Wherefore, if there be two straight lines, &c. Q. E. D. 

PROP. n. THEOR. 

Ip a straight line be divided into any two parts, the rectangles 
contained by the whole and each of the parts, are together equal 
to the square of the whole line. 

Let the straight line AB be divided into any A 
two parts in the point C; the rectangle contained 
by AB, BC, together with the rectangle* AB, AC, 
shall be equal to the square of AR 

Upon AB describe (46. 1.) the square ADEB, 
and through C draw (31. 1) CF, iMu^lel to AD 
or BE; then AE is equal to the rectangles AF, 
CE: and AE is the square of AB : and AF is the 
rectangle contained by BA, AC ; for it is contain- __ 
ed by DA, AC, of which AD is equal to AB; and D F E 

CE is contained by AB, BC, for BE is equal to AB ; therefore the 
rectangle contained by AB, AC, together with the rectangle. AB, BC, 
is equid to the square of AB. If therefore a straight line, dc«. Q. R D. 

PROP. m. THEOR. 

Ir a straight line be divided into any two parts, the rectangle 
contained by the whole and one of the parts, is equal to the rect- 
angle contained by the two parts, together with the square of the 
foresaid part. 

Let the straight line AB be divided into two parts in the point C; 
the rectan^^e AB, BC is equal to the rectangle AC, CB together with 
the square of BC. 

Upon BC describe (46. I.) the square AC B 

CDEB, and produce ED to F, and 
through A draw (31. 1.) AF parallel to 
CD or BE; then the rectangle AE is 
equal to the rectangles AD, CE; and 
AE is the rectangle contained by AB, 
BC, for it is contained by AB, BE, of 
wb&ch BE is equal to BC; and AD is 
contained by AC, CB, for CD is equal 
to BC; and DB is the square of BC; F D 
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* N. & To tfoid repatting the word contained loo frequently, the recUngle ooo- 
Uined hj two ilniifli^ linet AB, AC if loiiMtiinM nnplj otlltd tbo reelMgl« ABp 
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thereibre,lhe rectangle AB, BC« is equal to the rectangle AC, CB, to- 
gether with the square of BC. lif therefore a straight line, &c. Q. K D. 

PROP. IV. THEOR. 



If a straight line be divided into any two parts, the square of 
the whole line is equal to the squares of the two parts, together 
with twice the rectangle contained by the parts. 

Let the straight Une AB be divided into any two parts in C; the 
square of AB is equal to the squares of AC, CB, and to twice the 
rectangle contained by AC, CB. 

Upon AB describe (46. 1.) the square ADEB, and join BD, and 
through C draw (81. 1.) CGF parallel to AD or BE and through G 
draw HK parallel to AB or DE : and because CF is parallel to AD, 
and BD fells upon them, the exterior angle BGC is equal (29. 1.) to 
the interior and opposite angle ADB ; but ADB is equal (5. 1.) to the 
angle ABD, because BA is equal to AD, being sides of a square; 
wherefore the angle CQB is equal to the A C B 

angle 6BC ; and therefore the side BC is 
equal (6. 1.) to the side CG; but CB is 
equal (34. 1.) also to GK, and CG to BK; „ 
wherefore the figure CGKB is equilateral; 
it is likewise rectangular; for CQ is paral- 
lel to BK, and CB meets them ; the angles 
KBC, GCB are therefore equal to two right 
angles ; and KBC is a right angle ; where- 
fore GCB is a right angle : and therefore D F E 
also the angles (34. 1.) CGK, GKB, opposite to these, are right angles, 
and CGKB is rectangular : but it is also equilateral, as was demon- 
strated ; wherefore it is a square, and it is upon the side CB: for the 
same reason HF also is a square, and it is upon the side HG, which 
is equal to AC : therefore HF, CK are the squares of AC, CB ; and 
because the complement AG is equal (43. 1.) to the complement GE, 
and that AG is the rectangle contained by AC, CB, for GC is equal 
to CB ; therefore GE is also equal to the rectangle AC, CB ; where- 
fore AG GE are equal to twice the rectangle AC, CB ; and HF, CK 
are the squares of AC, CB : wherefore the four figures HF, CK, AG, 
GE are equal to the squares of AC, CB, and to twice the rectangle 
AC, CB, but HF, CK, AG, GE make up the whole figure AD^ 
which is the square of AB: therefore the square of AB is equal to the 
squares of AC, CB, and twice the rectangle AC, CB. Wherefore, 
if a straight line, &c. Q. E. D. 

Cor. From the demonstration it is manifest, that the parallelograms 
about the diameter of a square are likewise squares. 




PROP. V. THEOR. 



If a straight line be divided into two equal parts, and also into 
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two unequal parts: the rectangle contained by the unequal parts, 
together with the square of the line between the points of section, 
is equal to the square of half the line. 

Let the straight line AB be divided into two equal parts in the 
point C, and into two unequal parts at the point D ; the rectangle 
AD, DB, together with the square of CD, is equal to the square of 
CR 

Upon CB describe (40. 1.) the square CEFB, join BE, and 
through D draw (31. 1.) DHQ parallel to C£ or BF; and through 
H draw KLM parallel to CB or EF ; and also through A draw 
AK paraUel to CL or BM ; and because the complement CH is 
equal (43. 1.) to the complement HF, to each of these add DM; 



therefore the whole CM Is equal 
to the whole DP; tmt CM is 
equal (80. 1.) to AL, because AC 
Is equal to CB; therefore also 
AL to equal to DF. To each of 
these add CH, and the whole 
AH is equal to DF and CH: 
bat AH Is the rectangle con- 
tained by AD, DB, for DH Is 
equal (Cor. 4. 2.) to DB, and 
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DP together with CH Is the gnomon CMG; therefore the gno- 
mon CM6 is equal to the rectangle AD, DB : to each of these 
idd LO, which is equal (43. 1.) to the square of CD; therefore 
the gnomon CMQ, together with LG, is equal to the rectangle AD, 
DB, together with the square o€CD : but the gnomon CMQ and LG 
makes up the whole figure CEFB, which Is the square of CB: there- 
fore the rectangle AD, DB, together with the square of CD, Is equal to 
the square of CB. Wherefore, if a straight line, Ac. Q. E. D. 

From this proposition it Is manifest, that the difference of the 
squares oitwo unequal lines, AC, CD, is equal to the rectangle con- 
taJned by their sum and difference. 



PROP. VL THBOR. 

Ir a straight line be bisected, and produced to any point ; the 
rectanjzle contained by the whole line thus produced, and the 
part of it produced, togetlier with the square of half the line bi- 
sected, is equal to the square of tlie straight line which is made 
up of ttie half and tlie part produced. 

Let the straight line AB be bisected in C, and produced to the 
point D; the rectangle AD, DB, together with the square of CB, is 
equal to the square of CD. V 

Upon CD describe (46. 1.) the square of CEPD, join DB, and 
through B draw (31. 1.) BHG parallel to CE or M*, and (kroi«h 
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H draw KLM parallel to AD or £F, and also through A draw AK 

parallel to CL or DM : and be- A C B D 

cause AC is equal to CB, the reo- . 
tangle AL is equal (43. 1.) to CH; I ^ 

but CH is equal (36.' 1.) to HF ; K*— — 
therefore also AL is equal to HF: 
to.each of these add CM ; there- 
fore the whole AM is equal to the 
gnomon CMG: and DM is the ^ 

rectangle contained by AD, DB, for DM is equal (Cor. 4. 2.) to DB : 
therefore the gnomon CMG is equal to the rectangle AD, DB, add 
to each of these LG, which is equal to the square of CB, therefore 
the rectangle AD, DB, together with the square of CB, is equal to 
the gnomon CMG and the figure LG : but the gnomon CMG and 
LG make up the whole figure C£FD, which is the square of CD ; 
therefore the rectangle AD, DB, together with the square of CB, is 
equal to the square of CD. Wherefore, if a straight line, &a 
Q. £. D. 



PROP. Vn. THEOR, 

Ir a straight line be divided into any two parts, the squares of 
the whole fine, and of one of the parts are equal to twice the rect- 
angle contained by the whole and that part, together with the 
square of the oth^r part. ^ 

Let the straight line AB be divided into any two parts in the point 
C ; the squares of AB, BC are equal to tvrice the rectangle AB, BC, 
together with the square of AC. 

Upon AB describe (46. L) the square ADEB, and construct the 
figure as in the preceding propositions : and because AG is equal 
(43. L) to GE, add to each of them CK; the whole AK is therefore 
equal to the whole CE ; therefore AK, CE A C B 

are double of AK: but AK, CE are the 

gnomon AKF, together with the square . 
CK ; therefore the gnomon AKF, together | C; 

with the square CK, is double of AK : but H; 
twice the rectangle AB, BC is double of AK, 
for BK is equal (Cor. 4. 2.) to BC : there- 
fore the gnomon AKF, together with the 
square CK, is equal to twice the rectangle 
AB, BC : to each of these equals add HF, D F E 

which is equal to the square of AC : therefore the gnomon AKF, 
together with the squares CK, HF, is equal to twice the rectangle 
AB, BC, and the square of AC : but the gnomon AKF, together 
with the squares CK, HF, make up -the whole figure ADEB and 
CK, which are the squares of AB and BC, therefore the squares of 
AB and BC are equal to twice the rectangle AB» BC, together with 
the square AC. Wherefore, if a straight line, dbc. CL R D. 
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PROP. VIU. THEOR. 



Ir a straight line be divided into any two parts, four times ths 
rectangle contained by the whole line, and one of the parts, to. 
gether with the square of the oUier part, is equal to the square 
of the straight line which is made up of the whole and that part 

Let the strBtfrht line A6 be divided into any two parts in the point 
C ; four times the rectangle AB, BC, together with the square of AC, 
is equal to the square of the straight line made up of AB and BC 
together. 

Produce A& to D, so that BD be equal to CB, and upon AD de- 
scribe the square AEFD ; and construct two figures such as in the 
preceding. Because CB Is equa] to BD, and that CB Is equal 
(S4.'l.) to GE:, and BD, to KN i therefore GK Is equal to KN; 
Ibr the same reason, PR is equaJ to RO ; and because CB is equa) 
to BD, and GK to KN, the recUngle CK is equal (36. 1.) to BN, 
■nd GR to RN ; but CK Is equal (43. 1.) to RN, because tbey are 
the comidemeDts of the parallelogram CO; therribre also BN Is 
equal to GR; and the four rectangles BN, CK, GR, RN are 
therefore equal to one another, and so are quadruple of one of 
them ex.: again, because CB Is equal to BD, and that M> is 
equal (Cor. 4. 3,) to BK, that is, to CO ; C B 

and CB equal to GK, that (Cor. 4. 3,} A - 
iSitoGP; therefore CG is equal to OP: i 
and because CG Is equal to GP, end PRM - 
to RO, the rectan^e AG is equal to 
HP. and PL to RF: but MP is equalX - 
(43. L) to PL, because they are the 
compleraenta of the pantllelogram ML; 
wherefore AG is equal also to RP: 
thei^bre the four rectangles AG, MP, 
PL, RF are equal to one another, and so 
are quadruple of one of them AG. And it was demonstrated that 
the four CK, BN, GR, and RN are quadruple to CK : therefore the 
eight rectan^es which contain the gnomon AOH are quadruple of 
AK : and because AK Is the rectangle contained by AB, BC, for BK 
is equal to BC, four times the rectan^e AB, BC Is quadruple or AK: 
bat the gnomon AOH was demonstrated to be quadruple of AK: there- 
fore four times the rectangle AB, BC Is equal to the gnomon AOH. 
To each of these add XH, which is equal (Cor. 4. 2.) to the square 
of AC : therefore four tln:>ea the rectan^e AB, BC, together with the 
square of AC, is equal to the gnomon AOH and the square XH : but 
the gnomon AOH and XH'niake up the figure AEFD, which Is the 
aquore of AD : therefore four times the rectangle AB, BC, together 
with tbe square of AC is equal to the square of AD, that is, of AB 
and BC added together in one straight lloe. Wheieforc, if a straight 
line, &«t 4. E. D. 
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PROP. IX. THEOR. 

Ir a straight line be divided into two equal, and also into two 
unequal parts; the squares of the two unequal parts are to- 
gether double of the square of half the line, and of the square of 
the line between the points of section. 

Let the straight line AB be divided at the point C into two eqnal, 
and at D into two unequal parts : the squares of AD, DB are to- 
gether double of the squares of AC, CD. 

From the point C draw (11. 1.) CE at right angles to AB, and 
make it equal to AC or CB, and join EA, EB ; through D draw 
(31. 1.) DF parallel to CE, and through F draw FG parallel to AB; 
and join AF: then, because AC is equal to CE, the angle EAC U 
equal (6. 1.) to the angle AEC ; and because the angle ACE is a right 
angle, the two others AEC, EAC together make one righ t ang^ 
(82. 1.); and they are equal to one another ; each of them therefore 
is half <^ a right angle. For the same A 

reason each of the angles CEB, EBC is 
half a right angle; and therefore the 
whde AEB is a right angle : and because y^ G \ ^^ ¥ 

the angle QEF is half a right angle, and 
EQF a right an^^e, for it is equal (29. 1.) 
to the interior and opposite angle ECB, 
the remaining angle EFG is half a right ^ 
angle ; therefore the angle GEF is equal to the angle EFG, and the 
side EG equal (6. 1.) to the side GF ; again, because the angle at B 
is half a right angle, and FDB half a right angle, for it is equal (20. 
1.) to the interior and opposite angle ECB, the remaining angle BFD 
is half a right angle ; tlierefore the angle at B is equal to the angle 
BFD, and the side DF to (6. 1.) the side DB : and because AC is 
equal to CE, the square of AC is equal to the square of CE ; there* 
fore the squares of AC, CE are double of the square of AC : but 
the square of EA is equal (47. 1.) to the squares of AC, CE, because 
ACE is a right angle ; therefore the square of EA is double of the 
square of AC : again, because EG is equal to GF, the square of EG is 
equal to the square of GF ; therefore the squares of FG, GF are double 
of the square of GF ; but the square of EF is equal to the squares 
of EG, GF ; therefore the square of EF is double of the square of 
GF; and GF is equal (34. I.) to CD; therefore the square of EF is 
double of the square of CD : but the square of AE is likewise double 
of the square of AC : therefore the squares of AE, EF are double 
of the squares of AC, CD; and the square of AF is equal (47. 1.) to 
the squares of AE, EF, because AEF is a right angle ; therefore the 
square of AF is double of the squares of AC, CD : but the squares 
of AD, DF are equal to the square of AF, because the angle ADP 
is a right angle ; therefore the squares of AD, DF are doable of the 
squares of AC, CD: and DF is equal to DB; therefore the squares 
of AD, DA are double of the squares of AC, CD. If therefore a 
straight line, 6lc. d. E. D. 
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PROP. X. THEOR. 

It- a straight line be bisected, and produced to any point, the 
square of the whole line thus produced and the square of the 
part of it produced, are together double of the square of half 
the line bisected, and of the square of the line made up of the 
half and the part produced.' 

Let the straight line AB be bisected in C, and produced to the 
point D ; the squares of AD, DB are double of the squares of AC, 
CD. 

From the point C draw (11. 1.) CE at right angles to AB: and 
make it equal to AC, or CB, and join AE, EB; through E draw 
(81. 1.) EF paralld to AB, and through D draw DP, paraUd to CE: 
tnd because the straight line EF meets the parallels EC, FD, the 
angles CEF, EFD are equal (29. 1.) to two right angles ; and there- 
fore the angles BEF, EFD are less than two right angles: but 
straight lines which with another straight line nmke the interior 
anglet upon the same side less than two right angles do meet (12. 
Ax.) If produced far enough : therefore EB, FD shall meet, if pro- 
duced towards B, D: let them meet in G, and join AG: then, 
because AC is equal to CE, the angle CEA is equal (5. 1.) to the 
ftB^ EAC: and Uie angle ACE is a right angle : therefore each of 
the angles CEA, EAC Is half a right angle (82. 1.) : for the same 
reason, each of the angles CEB, ^C is half a right angle: there- 
fore ABB is a right angle : and because EBC is hdf a right angle, 
DBG Is also (15. 1.) half a right angle, for they are vertleally oppo- 
site; but BDG is a right angle, because it Is equal (29. 1.) to the 
alternate angle DCE; ^erefore the remaining angle DGB is half a 
right angle, and is therefore equal to the angle DBG; wherefore 
also the side BD is equal (0. 1.) to the side DG: again, because 
EGF Is half a right angle, and that the angle at F Is a right ang^, 
because It is equal (34. 1.) to the E F 

opposite angle ECD, the remain- 
lag angle FEG is half a ri^t 
angle, and equal to the angle 
EOF; wherefore also the side 
OF is equal (6. I.) to the side 
FE. And because EC is equal A' 
to C A, the square of EC is equal 
to the square <^ CA; therefore 
the squares of EC, G A are don- G 

ble of the square of CA : but the square of EA Is equal (47. 1.) to 
the squares of EC, GA; therefore the square of EA Is double of the 
mqoBie of AC : again, because GF is equal to FE, the square of 
GF is equal to the square of FE: and therefore the squares of 
GF, FB are double of the square of EF: but the square of EG Is 
equal (47. 1.) to the squares of GF, FE; therefore the square of 
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EG is double of the square of EF : and £F is equal to CD; where- 
fore the square of EG is double of the square of CD : but it was de- 
monstrated, that the square of £A Is double of the square of AC ; 
therefore the squares of AE, EG are double of the squares of AC* 
CD : and the square of AG is equal (47. 1.) to the squares of AE, 
EG ; therefore the square of AG is double of the squares of AC, CD : 
but the squares of AD, GD are equal (47. 1.) to the square of AG ; 
therefore the squares of AD, DG are double of the squares of AC* 
CD : but DG is equal to DB ; therefore the squares of AD, DB are 
double of the squares of AC, CD. 'Wherefore, if a straight line, &c. 
Q. R D. 



PROP. XI. PROB. 



To divide a ffiven straight line into two parts, so that the rect- 
angle contained by the whole and one of the parts shall be 
equal to the square of the other part 

Let AB be the given straight line : it is required to divide it into 
two parts, so that the rectangle contained by the whole and one of 
the parts shall be equal to the square of the other part 

Upon AB describe (46. I.) the square ABDC ; bisect (10. 1.) AC 
in E, and join BE; produce CA to F, and make (3. 1.) EF equal 
to EB; and upon AF describe (46. 1.) the square FGHA; AB is 
divided in H, so that the rectangle AB, BH is equal to the square 
ofAR 

Produce GH to K ; because the straight line AC is bisected in E, 
and produced to the point F, the rectangle CF, FA, together with 
the square of AE, is equal (6. 2.) to the square of EF : but EF is 
equal to EB; therefore the rectangle CF, FA, together with the 
square of AE^ is equal to the square of EB : and the squares of 
BA, AE are equal (47. 1.) to the square of F G 

EB, because the angle EAB is a right angle ; 
therefore the rectangle CF, FA, together 
with the square of AE, is equal to the squares 
of BA, AE : take away the square of AE, 
which is common to both, therefore the re- 
maining rectangle CF, FA is equal to the A ' 
square of AB ; and the figure FK is the rec- 
tangle contained by CF, FA, for AF is equal 
to FG ; and AD is the square of AB ; there- 
fore FK is equal to AD: take away the E 
common part AK, and the remainder FH is 
equal to the remainder HD, and HD is the 
rectangle contained by AB, BH, for AB is 

equal to BD ; and FH is the square of AH : C K D 

therefore the rectangle AB, BH is equal to the square of AH : where- 
fore the straight line AB is divided in H, so that the rectangle AB, 
BH is equal to the square of AH. Which was to be done. 
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PROP. Xn. THBOR. 

Iv obtuse angled triangles, if a peq)endicular be drawn from 
any of the acute angles to the opposite side produced, the square 
of the side subtending the obtuse angle is greater than the squares 
of the sides containing the obtuse angle, oy twice the rectangle 
contained by the side upon which, when produced, the perpen- 
dicular falls, and the straight line intercepted without the trian- 
gb between the perpendicular and the obtuse angle. 

Let ABC be an obtuse angled triangle, having the obtuse angle 
ACB, and from the point A let AD be drawn (12. 1,) perpendicular 
to BC produced : the square of AB is greater than the squares of 
AC CB, by twice the rectangle BC, CD. 

Because the straight line BD is divided intQ.two parts in the point 
C; the square of BD is equal (4. 2.) to 
the squares of BC, CD, and ^twice 
the rectangle BC, CD: to each of 
tfaeae equaL add the square of DA; 
and tlie squares of BD DA are equal 
to the sqof res ci BC, CD, DA, and 
twice the rectangle BC, CD : but the 
sqnare of BA is equal (47. 1.) to the 
aqqarte of BB^ DA , because tfe^ angle 
at D isarigfat angle; and the square 
of CAise^nl (47. 1.) to the squares 
of CD, DA: tberefbre the square of BA is equal to the squares of BC, 
C A, and twice the rectangle BC, CD ; that is, the square of BA is 
greater than the squares of BC, CA, by twice the rectangle BC, CD. 
Therefore, in obtuse angled triangl^ &c. Q. E. D. 

PROP. XnL THEOR. 

It every trianele, the square of the side subtending any of 
the acute angles is less than the squares of the sides containing 
that angle, by twice the rectangle contained by either of these 
aides, and the straight line intercepted between the perpendicu- 
lar let fall upon it from the opposite angle and the acute angle.* 

Let BBC be any triangle, and the angle at B one of its acute 
an^es, and upon BC one of the sides containing It, let &I1 the per- 
pcadkolar (12. 1.) AD from the opposite angle: the square of AC, 
opposite to the angle B, is less than the squares of CB, BA, by twice 
rectangle CB, BD. 

• See Note. 
7 
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let AD fidl within the triangle ABC; and because the 
straight line CD is divided into two parts in A 

the point D, the squares of CB, BD are equal 
(7. 3.) \xi twice the rectangle contained by 
CB, BD, and the square of DC : to each of 
these equals add the square of AD ; there- 
fore the squares of CB, BD, DA are equal to 
twice the rectangle CB, BD, and the squares 
of AD, DC : but the square of AB Is equal / 
(47. 1.) to the squares of BD.'DA, because ^ 
the ang^BDA is a right angle, and the square B D 

of AC is equal to the squares of AD, DC : therefore the squares of 
CB, BA are equal to the square of AC, and twice the rectangle CB, 
BD, that is, the square of AC alone is less than the squares <^ CB, 
BA, by twice the rectangle CB, BR A 

Secondly, let AD &11 without the triangle 
ABC : then, because the angle at D is a 
right angle, the angle ACB is greater (16. 
1.) than a right angle; and therefore the 
square of AB is equal (12. 2.) to the squares 
of AC, CB, and twice the rectangle BC, 
CD : to these equals add the square of BC, 

and the squares of AB, BC are equal to the y / 

square of AC, and twice the square of BC, Q q ' d 

and twice the rectangle BC, CD: but be- 
cause BD is divided into two parts in C ; the rectan^ DB, BC is 
equal (3. 2.) to the rectangle BC, CD and the square of BC : and 
the doubles^of these are equal : therefore the squares of JLB, BC are 
equal to the squares of AC, and twice the rectangle DB, BC : there- 
fore the square of AC alone is less than the square of AB, BC by 
twice the rectangle DB, BC. A 

Lastly, let the side AC be perpendicular to BC ; then 
is BC the straight line between the perpendicular and 
the acute angle at B*, and it is manifest that the square 
of AB, BC are equal (47. 1.) to the square of AC and 
twice the square of BC. Therefore, in every triangle, 
&c. O. R D. 





B C 

PROP. XIV. PROB. 

To describe a square that shall be equal to a given rectilineal 
figure.* 

Let A be the given rectDineal figure ; it is required to describe 
a square that shall be equal to A. 

Describe (45. I.) the rectangular parallelogram BCDE, equal to 
the rectilineal figure A. If then the sides of it BE, ED are 

» Sec Note. 
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equal to one another, 
it is a square, and 
what was required is 
now done : but if they 
are not equal, pro- 
duce one of them BE 
to F, and make £P 
equal to BID, and bi^ 
sect BF in G; and 
from the centre Q, at 
the distance GB, or GF, describe the semicircle BHF, and produce 
DE to H, and johi GH ; therefore because the straight line BF is 
divided into two equal parts in the point G, and into two unequal at 
B, the rectangle BE» EF, together with the square of EG, is equal (5. 
S.) to the square of GF : but GF is equal to GH ; therefore the rect- 
angle BE, EF, together with the square of EG, is equal to the 
square of GH ; but the squares <^ HE, EG are equal (47. 1.) to the 
square of GH ; therefore the rectangle ^E, EF together with the 
square of EG, is equal to the squares of HE, EG, : to take away 
tlMB square of EG, which is common to both ; and the remaining 
rectangle BE, EF is equal to the square of EH : but the rectangle 
ocmtained by BE, EF is the parallelogram BD, because EF is equal 
to ED; therefore BD is equal to the square of EH; but BD is equal 
to tlie rectilineal figure A ; therefore the rectilineal figure A is equal 
to Qie square of EH: wherefore a square has been made equal to 
the give a M i cU lineal figure A» viz. the square described upon EH* 
WUch.lrtift^lie done. 
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DEFINITIONS, 



Equal circles are thoee of which the diameters are eqoal, or fixmi 
the centres of whidi the straight Unes to the circamferences are 
equaL 

' This is not a defibiition, but a theorem, the troth of which is evi- 
dent ; for, if the circles be applied to one another, so that their cen- 
tres coincide, the circles must likewise coincide, since the straight 
lines from the centre are equal.* 

n. 

A straight line is said to touch a 
circle, when it meets the circle, 
and being produced does not 
cut it. 

in. 

Circles are said to touch one ano- 
ther, which meet, but do not cut 
one another. 

rv. 

Straight lines are said to be equally distant 
from the centre of a circle, when the per- 
pendiculars drawn to them from the cen- 
tre are equal. 

V. 

And the straight line on which the greater 
perpendicular &lls, is said to be fiirther 
from the centre. 

VI. 

A segment of a circle is the figure con- 
tained by a straight line and the cir- 
cumference it cuts off. 
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" The angle of a segment is that which is contained by the straight 
line and the circumference.'* 

vm. 

An angle in a s^ment is the angle con- 
tained by two straight lines drawn from 
any point in the circumference of the 
segment to the extremities of the 
straight line which is the base of the 
segment 

IX. 

And an aogle is said to insist ot stand 
upon the circumference intercepted be- 
tween the straight lines that contain 
the angle. 

X 

The sector of a circle is the figure con- 
tained by two straight lines drawn from 
the centre, and the circumference be- 
tween theuL 

XI. 

Similar segments of a circle, are 
those in which the angles are 
equal» or which ccmtain equal 
an^^ ' 

PROP. L PROR 

To find the centre of a given circle.* 

Let ABC be the given drde; it is required to find its centre. 

Draw within it any straight line AB, and bisect (10. 1.) it in D; 
from the point D draw (11. 1.) DC at right angles to AB, and pro- 
duce it to £, and bisect CE in F : the point F is the centre of the 
drde ABC. 

For, if it be not, let, if possible, O be the centre, and join GA, 
GD, GB : then, because DA is equal to DB, and DQ common to 
the twd triangles ADG, BDG, the two sides AD, DG are equal 
to the two BD, DG, each to each ; and the base GA is equal to 
the base GB, because they are drawn from the centre G .-t there- 
fore the angle ADG is equal (8. 1.) to the ang^GDB: but when 
a strai^t line standing upon another straight line makes the ad- 

• See Note. \ 

tN. B. Wbeoefer the eip r eMion ** itreight linee from the eentre,** or ** drtwn 
from the centre,** oocun, it le to be underilood thit they ere dfiwii to the dr- 
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jaoent ttflw equal to one ftnother, each of 
the aiglet ii a right angle: (10. deC 1.) 
thoeibre the angle GDB is a right angle: 
but FDB is likewise a right angle ; where- 
fore the angle FDB is equal to the angle 
QDB, the greater to the less^ which is ^- 
possible: therefore G is not the centre of 
the circle ABC: in the same manner it 
can be ^Mvn, that no other point but F is 
the antS^i that is, F is the centre of the 
dnsla ABCL Which was to be found. 

Cor. Worn this it is manifest, that if in 
a circle a straight line bisect another at right angles, the centre 
of the circle is in the tee Wbich bisects the other. 




E 




E 
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PROP. n. THEOR. 

It any two points be taken in the circumference of a circle, 
the straight line which joins them shall fall within the circle. 

« Let ABC be a drde, and A, B any two points in the drcumfe^ 
ience ; the straight line dra¥ni from A to C 

B shall M within the circle. 

For, if it do not, let it fall, if possible, 
without, as AEB; find (1. 3.) D the centre 
of the circle ABC, and join AD, DB, and 
produce DF, any straight line meeting the 
circumference AB, to E : then because DA 
is equal to DB, the angle DAB is equal 
(5. 1.) to the angle DBA ; and because AE, 
a side of the triangle DAE, is produced to 
B, the angle DEB is greater (16. 1.) than 
the angle DAE : but DAE is equal to the angle DBE : therefore the 
angle DEB is greater than the angle DBE : but to the greater angle 
the greater side is opposite (19. 1.); DB is therefore greater than 
DE: but DB is equal to DF; wherefore DF is greater than DE, 
the less than the greater, which is impossible : therefore the straight 
line drawn from A to B does not fall without the circle. In the 
same manner it may be demonstrated that it does not fall upon the 
circumference ; it fells therefore withhi it. Wherefore, if any two 
points, 4tc €t E. D. 

PROP. m. THEOR. 

Ir a straight Una drawn through the centre of a circle bisect 
a straight hne in it which does not pass through the centre, it 
almll cut it at right angles, and, if it cuts it at right angles, it 
iitmll bisect it. 



Let A0U be a drde ; and let CD, a straight line drawn through 
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the centre, bisect any straight Ihie AB, which does not pMb through 
the centre, in the point F : it cats it aiso at right angles. 

Talce (1. 3.) E the centre of the circle, and join EA, ER Then, 
because AF is equal to FB, and FE common to the two triangles 
AF£, BFE, there are two sides in the one equal to two sides hi the 
other, and the base EA is equal to the base C 

£B: therefore the angle AFE is equal (8. 1.) 
to the angle BFE: but when a straight line 
standing upon another makes the adjacent 
angles equal to one another, each of them is 
a right (10 def) angle: therefore each of the 
angles AFE, BFE is a right angle ; wherefore 
the straight line CD, drawn through th^ cen- 
tre bisecting another AB that does not ptti j^ 
through the centre, cuts the same at rl^t 
angles. 

Let CD cut AB at right angles : CD also bisects it, that is, AF is 
equal to FB. 

The same construction being made, beoRUse EA, £B from the 
centre are equal to one another, the angle EAF is equal (6. 1.) ta 
the angle EBF : and the right angle AFE i^ equal to the right an^ 
BFE: therefore, in the two triangles, EAF, EBF, there are two 
angles in one equal to two angles in the other, and the side EF, 
which is opposite to one of the equal angles, in each, is common to 
both; therefore the other sides are equal (26. 1.): AF therefore is 
equal to FB. Wherefore, H a straight line, ^. Q. E. D. 
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PROP. IV. THEOR. 



IF in a circle two straight lines cut one another which do not 
both pass through the centre, they do not bisect each other. 

Let ABCD be a circle, and AC, BD two straight lines^hi it whidi 
cot one another in the point E, and do not both pass through the 
centre: AC, BD do not bisect one another. 

For, if it is possible, let AE be equal to EC, and BE to ED; if 
one of the luies psss through the centre, it is plain that it cannot 
be bisected by the other which does not 
pass tlurough the centre; but, if neither 
of them pass through the centre, take, (1. 
9.) F the centre of the circle, and join 
' £F: and because FE, a straight line 
through the centre, bisects another AC A 
which does not pass through the centre, 
ft shaD cut it at right (3. 3.) angles; 
wherefore FEA is a right angle: again, 
because the straight line FE bisects 
the straight line BD which does not pass through the centre, 
it shall cut it at right (3. 8.) angles ; wherefore FEB is a right 
angle, and FEA was shown to be a right angle; tbcraftre FBA 
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is equal to the angle FEB, the less to the greater, which is impossi- 
ble; therefore AC, BD do not bisect one another. Wherefore, if in a 
cirde, ^. Q. £. D. 



PROP. V. THEOR. 

If two circles cut one another, they shall not have the same 
centre. 

Let the two drdes ABC, CDO cut one another in the points B, C; 
they have not the same centre. 

For, if it be possible, let E be their centre : join EC, and draw 
any straight line EFG meeting them in C 

F and G ; and because E is £e centre 
of the cirde ABC, CE is equal to EF : 
again, because E is the centre of the 
cirde CDO, CE is equal to EQ: but 
CE was shown to be equal to EF; i 
therefore EF is equal %> EQ, the less A \ 
to the greater, which is impossible: 
ttarefore E is not the centre of the cir- 
cteiB ABC, CDO. Wherefore, if two 
drdes, Ac Q. E. D. B 




PROP. VL THEQR. 

If two circles touch one another internally, they shall not have 
the same centre. 

Let the two circles ABC, CDE touch one another internally in the 
point C : they have not the same centre. 

For, if they can, let it be F ; join FC, and draw any straight line 
FEB meeting them in E and B; and C 

because F is the centre of the circle ABC, 
CF is equal to FB; also, because F is 
the centre of the circle CDE, CF is equal 
to FB : and CF was shown equal to FB; 
therefore FE is equal to FB, the less to . 
the greater, which is impossible: where- 
fore F is not the centre of the circles 
ABC, CDE. Therefore, if two circles, 
&c Q. E. D. 



PROP. Vn. THEOR. 

If any point be taken in the diameter of a circle, which is not 
the centre, of all the straight lines which can be drawn from it 
to the circumference, the greatest is that in which the centre is, 
and the other part of that diameter is tlie least; and, of any 
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others, that which is nearer to the line which passes throi^ the 
centre is always greater than one more remote; and from the 
same point there can be drawn only two straight lines that are 
equal to one another, one upon each side of the shortest line. 

Let ABCD be a circle, and AD its diameter, in which let any point 
H be taken which is not the centre ; let the centre be £ ; of all the 
straight lines FB, FC, FG, &c. th^t can be drawn from P to the 
circumference, FA is the greatest, and FD, the other part , of the 
diameter AD, is the least : and of the other, FB is greater Ann FC, 
and FC than FG. 

Join BE, CE, GE ; and because two sides of a triangle are greater 
(20. 1.) than the third, BE, EF are greater than BF ; but AE is equal 
to £B; therefore AE, EF, that is, AF, Is 
greater than BF: again, because BE is equal 
to CE, and FE common to the triangles 
BEF, CEF, the two sides BE, EF are equal 7 
to the two CE, EF ; but the angle BEF is 
greater than the angle CEF ; therefore the 
base BF is greater (24. 1.) than the base 
FC: for the same reason OF, is greater 
than GF: agahi, because GF, FE, are greater 
(20. 1.) than EG, and EG is equal to ED ; 
GF, FE are greater than ED : take away the 
common part FE, and the remainder GF is 
greater than the remainder YD : therefore FA is the grei^test, and 
FD the least of all the straight lines from F to the circumference; 
and BF is greater than CF, and CF than GF. 

Also there can be drawn only two equal straight lines from the 
point F to the circumference, one upon each side of the shortest line 
FD : at the point E, in the straight line EF, nake (23. 1.) the angle 
FEH equal to the angle GEF, and join FH : then because GE is 
equal to EH, and EF common to the two triangles GEF, HEF ; the 
two sides GE, EF are equal to the two HE EF ; and the angle GEF 
is equal ^o the angle HEF ; therefore the base FG is equal (4. 1.) to 
the base FH : but, besides FH, no other straight Une can be drawn 
from F to the circumference equal to FG, for, if there can, let it be 
FK ; and because FK is equal to FG, and FG to FH, FK is equal 
to FH: that is, a line nearer to that which passes through the centre, 
is equal to one which is more remote : which Is impossible. There* 
fore, if any point be taken, &c. Q. E. D. • 

PROP. Vm. THEOR. 

If any point be taken without a circle, and rtrtight lines be 
drawn from it to the ciifeumference, whereof one passes through 
the centre, of those which fall upon the concave circumference, 
the greatest is that which passes through the centre, and, of the 
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68t, that which is nearer to that through the centre is always 
greater than the more remote : but of those which fall upon the 
convex circumference, the least is that between the point with- 
out the circle and the diameter; and, of the rest, that which is 
nearer to the least is always less than the more remote: and only 
two equal straight lines can be drawn from the point into the 
circumference, one upon each side of the least • 

Let ABC be a circle, and D any point without it, from which let 
the straight lines DA, DE, DF, DC be drawn to the circumference, 
whereof DA passes through the centre. Of those which fall upon 
the concave part of the circumference AEFC, the greatest is AD, 
which passes through the centre ; and the nearer to it is always 
greater than the more remote, viz. DE than DF, and DF than DC ; 
but of those which fall upon the convex circumference HLKG, the 
least is DQ between the fspitit D and the diameter AG ; and the 
nearer to it is always less t6an the more remote, viz. DK than DL, 
and DL than DH. 

Take (L 3.) M the centre of the circle ABC, and join ME, MF, 
MC, MK, ML, MH : and because AM is equal to ME, add MD to 
each, therefore AD is equal to EM, MD ; but EM, MD are greater 
(20. L) than ED; therefore also AD is greater than ED: again, be- 
cause ME is equal to MF, and MD common to the triangles £MD» 
FMD: EM, MD are equal to FM, MD ; D 

but the angle EMD is greater than the 
angle FMD ; therefore the base ED is 
greater (24. I.) than the base FD: in 
like manner it may be shown that FD is 
greater than CD : therefore DA is 
the greatest: and DE greater than 
DF, and DF than DC: and because 
MK, KD are greater (20. 1.) than 
MD, and MK is equal to MG, the 
remainder KD is greater (4 Ax.) than 
the remainder GD, that is, GD is 
less than KD: and because MK, DK, C 
are drawn to the point K within the 
triangle MLD, from M, D, the ex- 
tremities of its side MD ; MK, KD 
are less, (2L I.) than ML, LD whereof 
MK is equal to ML; therefore the re- 
mainder DK is less than the remainder E A 
DL : in like manner it may be shown that DL is less than DH 
therefore DG is the least, and DK less than DL, and DL than DH 
also there can be drawn only two equal straight lines from the poi; 
D to the circumference, one upon each side of the least; 
the point M, in the straight line MD, make the angle DMB eqi 
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to the an^ DMK, and join DB; and because MK is eqfmltti MB^ 
and MD common to the triangles KMD, BMD, the two tidea KM, 
MD are equal to ttte two BM, MD ; and the angle KMD is equal to 
the angle BMD ; therefore the base DK is equal to (4. 1.) the base 
DB : but, besides DB, there can be no straight line drawn from D 
to the circumference equal to DK : for, if there can, let it be DN ; 
md because DK is equal to DN, and also to DB ; therefore DB is 
equal to DN, that is, the nearer to the least equal to the more remote, 
which is impossible. If, therefore, any point, Ac Q« £. D. 



PROP. EX. THBOR. 

If a point be taken within a circle, from which there fall more 
than two equal straight lines to the circumierence, that point is 
the centre of the circle. 

Let the point D be taken within the circle ABC, from which to 
the circuoDdference there fell more than two equal straight lines, viz. 

DA, DB, DC : the point D is the centre of the circle. 
For, if not, let E be the centre, join 

DB, and produce it to the circumference 
in F, G ; then FG is a diameter of the 
circle ABC : and because in FG, the di- 
meter of the circle ABC, there is taken 
the point D which is not the centre, DG 
•ban be the greatest line from it to the 
circumference, and DC greater (7. 3.) 
than DB, and DB than DA ; but they 
are likewise equal, which is impossible : A B 
therefore E is not the centre of the circle ABC : in like manner it 
may be demonstrated, that no other point but D is the centre ; D 
therefore is the centre. Wherefore, if a point be taken, &c Q. E. D. 




PROP. X THEOR. 

One circumference of a circle cannot cut another in more 
than two points. 

If it be possible, let the circumfo- A 

rence FAB cut the circumference DEF 
to more than two points, viz. in B, G, 
F; take the centre K of the circle ABC, 
and join KB, KG, KF ; and because 
within the circle DEF there is taken 
the point K, from whtefa to the circum- 
ference DEF 6n more than two equal 
8trai§^t lines KB, KO, KF, the pohfit 
K is (9. 3.) the centre of the circle 
DEF: but K is also the centre of the 
circle ABC ; therefore the same point ^ 

is the centre of two circles that cut one another whkh is impossible 
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(5. S.) Tiwrefiire one drcomferenoe of a circle cannot cut another 
in more than two points. €1. K D. 



PROP, 



^ 



THEOR. 



If two circles touch each other internally^ the straight line 
which joins their centres being product shall pass through thft 
point of contact. 

Let the two circles ABC, ADE touch each other internally in the 
point A, and let F be the centre of the circle ABC, and G the centre 
of the circle ADE : the straight line which A 

joins the centres F, G, being produced, ^.^-'^T^^^!^ 

passes through the point A. » /^'^ \\^ 

For, if not, let it faU otherwise, if possi- H ^ ^ '' ^ 



/ 



Wj . \ 
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ble, as FGDH, and join AF, AG : and be- 
cause AG, GF are greater (20. 1.) than FA, 
that is than FH, for FA is equal to FH, 
both being from the same centre; take 
away the common part FG; therefore the 
remainder AG is greater than the remain- 
der GH: but AG is equal to GD; there- 
* ibre GD is greater than GH, the less than the greater, which is im- 
possible. Therefore the straight line which johis the pdnts F, G 
cannot &11 otherwise than upon the point A, that is, it most pass 
through it Therefore, if two circles, &c. Q. E. D. 
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PROP. Xn. THEOR. 

If two circles touch each other externally, the straight line 
which joins their centres shall pass through the point of contact. 

Let the two circles ABC, ADE touch each other externally in the 
point A ; and let F be the centre of the circle ABC, and G the centre 
<tf ADE: the straight line which joins the points F, G shall pass 
through the point of contact A. 

For, if not, let it pass otherwise, if possible, as FCDG, and join 
FA, AG : and because F is the centre of the circle ABC, AF is equal 

to FC : also because G is the * E 

centre of the circle ADE, AG 
is equal to GD: therefore 
FA, AG are equal to FC, 
DG ; wherefore the whole FG 
is greater than FA, AG : but 
it is also less (20. 1.); which 
is impossible: therefore the 
straight line which joins the 
points F, G shall not pass otherwise than through the point of con- 
tact A, that is, it must pass through it. Therefore, if two cirdes, 
^ccQ. E. D. 
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PROP. Xra. THEOR. 

One circle cannot touch another in more points than one, 
whether it touches it on the inside or outside.* 

For, if it be possible, let the circle EBF touch the circle ABC in 
more points than one, and first on the inside, in the points B, D ; 
Jpin BD, and draw (10. 11. 1.) GH bisecting BD' at right angles. 
Therefore, because the points B, D are in the circumference of 

H 




H 



B 




each of the drcles, the straight line BD fidls within each (3. 8.) of 
tbem: and their centres are (Cor. 1. 8.) in the straight lineQH 
wlildi bisects BD at right ang^; therefore GH passes through 
the point of contact (11. 8.); but it does not pass through It, be* 
cause the points B, D are without the straight line GH, which is 
absurd: therefore one circle cannot touch another on the inside in 
more pohits than one. 

Nor can two circles touch one another on the outside in more 
tfaan one point : for, if it be possible, let the circle ACK touch the 
cirde ABC in the pohfits A, C, and join AC: therefore, because 
the two points A, C are hi the circumference 
of the circle ACK, the straight line AC 
which Joins them shaU M within (2. 3.) 
the cirde ACK: and the drde ACK is 
wtthont the circle ABC ; and therefore the 
straight Ibe AC is ¥dthout this last drde; 
bat because the points Aj C are in the cir- 
cnmforence of the drde ABC, the straight 
line AC must be withhi (2. 3.) the same cir- 
de, which is absurd; therefore one cirde 
cannot touch another on the outside in more 
tfaan one point : and it has been shown that 
thej cannot touch on the inside in more 
points than one. Therefore one circle, &c. 

a^D. 

PROP. XIV. THEOR. 

Equal straight lines in a circle are equally distant from the 
centre; and those which are equally distant mm the centre are 
equal to one another. 

» See Note. . 
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Let the straight lines AB, CD, in the circle ABDC, be equal Uf one 
another : they are equally distant from the centre. 

Take E the centre of the circle ABDC, and from it dmv EF, 
BQ perpendiculars to AB, CD; then, because the straight' line 

EF, passing through the centre, cuts the straight line AB, which 
does not pass through the centre, at right C 
angles, it also bisects (3. 8.) it : wherefore 
AF is equal to FB, and AB double of AF. 
For the same reason, CD is double of CG ; 
and AB is equal to CD; therefore AF is 
equal to CG : and because AE is equal to 
EC, the square of AE is equal to the 
square of EC ; but the squares of AF, FE 
are equal (47. 1.) to the square of AE, be- g 
cause the angle AFE is a right angle; 
and, for the like reason, the sauares of 

EG, GC are equal to the square of EC : therefore the squares of 
AF, FE are equal to the squares of CG, GE, of which the square 
of AF is equal to the square of CG, because AF is equal to CQ ; 
therefore the remaining square of FE is equal to the remaining 
square of EG, and the straight line EF is therefore equal to BG: 
but straight lines in a circle are said to be equally distant from the 
centre, when the perpendiculars dra¥ni to them from the centre 
are equal (4. def 3.) therefore ABCD are equally distant from the 
centre. 

Neact, if the straight lines AB, CD be equally distant from the 
centre ; that is, if FE be equal to EG, AB is equal to CD : for, the 
same construction being made, it may, as before, be demonstrated 
that AB is double of AF, and CD double of CG, and that the 
squares of EF, FA are equal to the squares of EG, GC; of which 
the square of FE is equal to the square of EG, because FE is 
equal to EG ; therefore the remaining square of AF is equal to the 
remaming square of CG; and the straight line AF is therefore 
equal to CG : and AB is double of AF, and CD double of CG ; 
wherefore AB is equal to CD. Therefore equal straight lines, &c. 
Q.RD. 

PROP. XV. THEOR. 

The diameter is the greatest straight line in a circle; and, of 
all others, that which is nearer to the centre is always greater 
than one more remote ; and the greater is nearer to the centre 
than the less.* 

•See Note. 
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Lei ABCD be a circle, of which the dla- A B 

meter is AD, and the centre £ ; and let BC 
be neiM* to the centre than FG; AD is greater 
than any straight line BC which is not a dia- 
meter, and BC greater than FG. 

From the centre draw EH, £K perpendicu- 
lar to BC, FG, and join EB, EC, EF; and 
because AE is equal to EB, and ED to EC, 
AD is equal to EB, EC; but EB, EC are 
greater (20. 1.) than BC ; wherefore also AD 
Is greater than BC. 

And, because BC is nearer to the centre than FG, EH is less (5. 
def. 3.) than EK; but, as it was demonstrated in the preceding, BC 
is double of BH, and FG double of FK, and the squares of EH, HB 
are equal to the squares of EK, KF, of which the square of EH is 
less than the square of EE, because EH is less than EK ; therefore 
the square Af BH is greater than the square of FK, and the straight 
line BH greater than FK; and therefore BC is greater than FG. 

Next, let BC be greater than FG ; BC is nearer to the centre than 
FO, that is, the same construction behig made, EH is less than EK: 
because BC is greater than FG, BH likewise is greater than KF : and 
the squares of BH, HE are equal to the squares of FK, KE, of which 
the square of BH is greater than the square of FK, because BH is 
greater than FK ; therefore the square of EH is less than the square 
of EK, and the straight line EH less than EK. Wherefore the dia- 
meter, Ac €t E. D. 

PROP. XVL THEOR. 

The straight line drawn at riffht angles to the diameter of a 
circle, from the extremity of it, tails without the circle ; and no 
straight line can be drawn between that straight line and the 
circumference from the extremity, so as not to cut the circle ; or 
which is the same thing, no straight line can make so great ^.' 
acute angle with the diameter at its extremity, or so small in 
angle wim the straight line which is at right angles to it as. not 
to cut the circle.* 



Let ABC be a circle, the centre of which is D, and the dliameter 
AB; the straight line drawn at right angles to AB from its extremity 
A, shall M without the circle. 



•See Note. 
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For, if it does not, let it fall, if possi- 
ble, within the circle, as AC, and draw 
DC to the point C where it meets the cir- 
cumference ; and because DA is equal to 
DC, the angle DAC is equal (5. 1.) to the g 
angle ACD; but DAC is a right angle, 
therefore ACD is a right angle, and the 
angles DAC, ACD are therefore equal to 
two right angles; which is impossible 
(17. 1.): therefore the straight line drawn 
from A at right angles to BA does not fall within the circle; in the 
same manner, it may be demonstrated, that it does not fall upon the 
circumference ; therefore it must fall without the circle, as AE. 

And between the straight line AE and the circumference no straight 
line can be drawn from the point A which does not cut the circle : for, 
if possible, let FA be between them, and from the point D draw (12. 
1.) DG perpendicular to FA, and let it meet the circumfik«noe in H: 
and because AQD is a right angle, and EAG less (19. 1.) than a right 
angle: DA is greater (19. 1.) thanDG: but DA is equal toDH: 
therefore DH is greater than DG, the less B 

than the greater, which is impossible: » 

therefore no straight line can be drawn 
from the point A between AE and the cir- 
cumference, which does not cut the circle; 
or, which amounts to the same thin^, 
however great an acute angle a straight 
line makes with the diameter at the point 
A, or however small an angle it makes B 
with AE, the circumference passes be- 
tween that straight line and the perpen- 
dicular AE. * And this is all that is to be 
understood, when, in the Greek text, and 
translations from it, the angle of the semi- 
circle is said to be greater than any acute rectilineal angle, and the 
remaining angle less than any rectilineal angle.* 

Cor. From this it is manifest, that the straight line which is 
drawn at right angles to the diameter of a circle from the extremity 
of it, touches the circle ; and that it touches it only in one point, be- 
cause, if it did meet the circle in two, it would fall within it (2. 3.) 
' Also it is evident that there can be but one straight line which 
touches the circle in the same poipt.' 

PROP. XVn. PROB. 

To draw a straight line from a given point, either without or 
in the circumference, which shall touch a given circle. 

First, let A be a given point without the given circle BCD : it is 
required to draw a straight line from A which shall touch the circle. 




III. 
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Find (1. 3.) (he centre E of the circle, and join AE; and from the 
centre £, at the distance EA, describe the chrcle AFG ; from the point 
D draw (11. 1.) DF at right angles to £A, and join £BF, AB. AB 
touches the circle BCD. 

Because E is the centre of the 
circles BCD. AFG, EA is eqif al to 
EF; and EDtoEB; therefore the 
two sides AE, £B are equal to the 
two FE, ED, and they contain the 
angle at E common to the two tri- G 
angles AEB, FED; therefore the 
base DF is equal to the base AB, 
and the triangle FED to the trian- 
gle AEB, and the other angles to 
the other an^es (4. 1.); therefore 
the angle EBA, is equal to the angle EDF : but EDF is a right angle, 
wherefore EBA is a right angle ; and EB is drawn from the centre ; 
but a straight line drawn from the extremity <^ a diameter, at right 
angles to it, touches the circle (Cor. 16. 3.) : therefore AB touches 
the circle ; and it is dra¥ni from the given point A. Which was to 
be done. 

But, if the given point be in the circumference of the chrde, as the 
point D, draw DE to the centre E, and EF at right angles to DE; 
DF touches the circle (Cor. 16. 3.). 

PROP. XVffl. THEOR. 

Ir a straight line touch a circle, the straight line drawn from 
the centre to the point of contact, shall be perpendicular to the 
line touching the circle. 

Lei the straight line DE touch the circle ABC in the point C; take 
the centre F, and draw the straight line FC ; FC is perpendicular to 
D& 

For, if it be not, from the point FdrawFBG perpendicular to DV|^. 
and because FGC is a right angle, GCF 
is (17. !•) an acute angle; and to the 
grnter angle the greatest (18. 1.) side is 
opposite; therefore FC is greater than 
FQ, but FC is equal to FB; therefore FB 
is greater than FG, the less than the 
greater, which is impossible ; wherefore 
FG is not perpendicular to DE : in the 
same manner it may be shown, that no 
other is perpendicular to it besides FC, 
that is, FC is perpendicular to DK There- D 
fore, if a stra^ht line, Ac. €1. E. D. 

9 
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PROP. Xli. THEOR, 

If a straight line touch a circle, and from the point of contact 
a straight line be drawn at right angles to the touching line, the 
centre of the circle shall be in that Ime. 

Let the straight line DE touch the circle ABC in C, and from C let 
CA be drawn at right angles to DE ; the centre of the circle is in CA. 

For, if not, let F be the centre if possible; and join CF: because 
DE touches the circle ABC, and FC A 

is drawn from the centre to the point 
of contact, FC Is perpenplcular (18. 
3.) to DE ; therefore FCE Is a right 
angle ; but ACE Is also a right angle; 
therefore the angle FCE Is equal to 
the angle ACE, the less to the great- 
er, which Is Impossible : wherefore F 
is not the centre of the circle ABC ; 
in the same manner It may be shown, 
that no other point which is not in Z" 
CA, Is the centre; that is, the centre 
is in CA. Ther^re if a straight Une^ ^. Q. E. D. 

PROP. XX. THEOR. 

The angle at the centre of a circle is double of the angle at 
the circumference, upon the same base, that is, upon the same 
part of the circumference.* 

Let ABC be a circle, and BEC an angle at the centre, and BAC 
an angle at the circumference, which have the same circumference 
BC for theu* base ; the angle BEC is double of A 

the angle BAC. 

First, let E the centre of the circle be with- 
in the angle BAC, and join AE, and produce 
it to F ; because EA is equal to EB, the angle 
EAB is equal (6. 1.) to the angle EBA ; there- 
fore the angles EAB, EBA are double of the 
angle EAB, but the angle BEF is equal (32. 
1.) to the angles EAB, EBA; therefore also ^ 
the angle BEF is double of the angle EAB : ^^<,^_.^^^C 
for tAe same reason, the angle FEC is double F 

of the angle EAC : therefore the whole angle BEC is double of the 
whole angle BAC. 




•See Note. 
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Again ; let £ the centre of the circle 
be withoat the angle BDC, and join DE 
and produce it to O. It may be demon- 
strated, as in the first case, that the angle 
GEO is doable of the angle GDC, and 
that GEB a part of the first is double of 
GDB a part of the other ; therefore the 
remaining angle BEC is double of the q 
remaining an^ BDC. Therefore the 
angle at the centre, dMS. Q. E. D. 




PROP. XXL THEOR. 

Thb angles in the same segment of a circle are equal to one 
another.* 

Let ABCD be.a circle, and BAD, BED A £ 

an|to in the same segment BAED : the 
angles BAD, BED are equal to one another. 

Take F the centre of the circle ABCD ; 
and, first, let the segment BAED be great- 
er than a semicircle, and join BF, FD : and 
because the angle BFD is at the centre, 
and the angle BAD at the circumference, 
and that they have the same part of the 
drcomference, viz. BCD, for their base ; 
tberelbre the angle BFD is double 0^0. 3.) 
of the angle BAD : for the same reason, the angle BFD is double of 
the angle BED : therefore the angle BAD is equal to the angle BED. 

But, if the segment BAED be not greater than a semicircle, let 
BAD, BED be angles in it; these also 
are equal to one another: draw AF to 
the centre, and produce it to C, and join 
CE: therefore the segment BADC is 
greater than a semicircle ; and the angles 
In it, BAC, BEC are equal, by the first 
case ; for the same reason because CBED 
Is greater than a semicircle, the angles 
CAD, CED are equal : therefore the whole 
angle BAD is equal to the whole angle 
BED. Wherefore the angles in the same 
segment, Ac. Q. R D. 





PROP. XXIL THEOR. 

The opposite angles of any quadrilateral figure described in 
a circle, are together equal to two right angles. 



•See Note. 
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Let ABCD be a quadrilateral figure in the circle ABCD ; any two 
of its opposite angles are together equal to two right angles. 

Join AC, BD ; and because the three angles of every triangle are 
equal (82. 1.) to two right angles, the three angles of the triangle 
CAB, viz. the angles CAB, ABC, BC A are equal to two right aa^es : 
but the angle CAB is equal (21. 3.) to the D 

angle CDB^ because they are in the same 
segment BADC, and the angle ACB is 
equal to the angle ADB, because they are 
in the same segment ADCB : therefore the 
whole angle ADC is equal to the angles 
CAB, ACB: to each of these equals add A^ 
the angle ABC : therefore the angles ABC, 
CAB, BCA are equal to the angles ABC, 
ADC : but ABC, CAB, BCA are equal to 
two right angles ; therefore also the angles ABC, ADC are equal to 
two right angles ; in the same manner, the angles BAD, DCB may 
be shown to be equal to two right angles. Therefore the opposite 
angles, &c. Ct £. D. 

[PROP. XXffl. THEOR. 

Upoir the same straight line, and upon the same side of it, 
there cannot be tveo similar segments of circles, not coinciding 
with one another.* 

If it be possible, let the two similar segments of circles, viz. ACB, 
ABD be upon the same side of the same straight line AB, not coin- 
ciding with one another: then, because the circle ACB cuts the 
circle ADB in the two points A, B, they cannot D 

cut one another in any other point (10. 3.) : one 
of the segments must therefore fall within the 
other ; let ACB fall within ADB, and draw the 

straight line BCD, and join GA, DA : and be- 

cause the segment ACB is similar to the seg- A B 

ment ADB, and that similar segments of circles contain (11. def. 3.) 
equal angles : the angle ACB is equal to the angle ADB, the exterior 
to the interior, which is impossible (16. !.)• Therefore, there cannot 
be two similar segments of a circle upon the same side of the same 
line, which do not coincide. Q.. E. D. 

PROP. XXIV. THEOR. 

Similar segments of circles upon equal straight lines, are equal 
to one another.* 

Let AEB, CFD be similar segments 'of circles upon the equal 
straight lines AB, CD : the segment AEB is equal to the segment 
CFD. 

* Sec Notes. 
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For« if the segment E F 

A£B be applied to the 
segment GFD, so as the 
pc^t A be on C« and the 
straight line AB upon A B C D 

CD, the point B shall coincide with the point D, because AB is equal 
to CD : therefore the straight line AB coinciding with CD, the seg- 
ment AEB must (23. 3.) coincide with the segment CFD, and there- 
fore is equal to it Wherefore similar segments, dx. Q. E. D. 



PROP. XXV, PROB. 

A sEOMBiTT of a circle being given to describe the circle of 
which it is the segment* 

Let ABC be the given segment of a circle ; it is required to de- 
scribe the circle of which it is the segment 

Bisect (10. 1.) AC in D, and from the point D draw (11. I.) DB 
at right angles to AC, and johi AB; first, let the angles ABD, BAD, 
be equal to one another ; then the straight line BD is equal (6. 1.) to 

DA, and therefore to DC, and because the three straight lines DA, 

DB, DC, are all equal ; D is the centre of the circle (9. 8.) : from the 
centre D, at the distance of any of the three DA, DB, I)C, describe 
a circle ; this shall pass through the other points ; and the circle of 
which ABC is a segment is described : and because the centre D is 
in AC ; the segment ABC is a semicurcle : but if the angles ABD, 

B 

B B 




BAD are not equal to one another, at the point A, in the straight 
line AB, make (23. 1.) the angle BAE equal to the angle ABD, imd 
produce BD, if necessary, to E, and join EC : and because the angle 
ABE is equal to the angle BAE, the straight line BE is equal (6. 1.) 
to EA ; and because AD is equal to DC, and DE common to the tri- 
angles ADE, CDE, the two sides AD, DE are equal to the two CD, 
DB, each to each ; and the angle ADE is equal to the angle CDE, 
for each of them is a right angle ; therefore the base AE is equal 
(4. 1.) to the base EC : but AE was shown to be equal to EB, where- 
fore also BE is equal to EC : and the three straight lines AE, EB, 
KC are therefore equal to one another ; wherefore (9. 3.) E is the 
<;entre of the circle. From the centre E, at the distance of any of 
the three AE, EB, EC, describe a ch*cle, this shaU pass through the 



•See Note. 
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Other pointB ; and the circle of which ABC is a se^^ent is described : 
and it is evident, that if the angle ABD be greater than the angle 
BAD, the centre £ falls without the segment ABC, which therefore 
is less than a semicircle; but if the angle ABD be less than BAD, 
the centre E falls within the segment ABC, which is therefore great- 
er than a semicircle : wherefore a segment of a circle being given, 
the circle is described of which it is a segment. Which was to be 
done. 

PROP. XXVL THEOR. 

In equal circles, equal angles stand upon equal circumferences, 
whether they be at the centres or circumferences. 

Let ABC, DEF be equal circles, and the equal angles BGC, EHF 
at their centres, and BAC, EDF at their circumferences : the circum- 
ference BKC is equal to the circumference ELF. 

Join BC, EF ; and because the circles ABC, DEF are equal, the 
straight lines drawn from their centres are equal : therefore the two 
sides BQ, OC are equal to the two EH, HF; and the angle at G is 



B 




equal to the angle at H ; therefore the base BC is equal (4. 1.) to the 
base EF ; and because the angle at A is equal to the angle at D, the 
segment BAC is similar (11. def. 3.) to the segment EDF; and they 
are upon equal straight lines BC, EF ; but similar segments of cir- 
cles upon equal straight lines are equal (24. 3.) to one another ; there- 
fore the segment BAC is equal to the segment EDF ; but the whole 
circle ABC is equal to the whole EDF ; therefore the remaining seg- 
ment BKC is equal to the remaining segment ELF, and the circum- 
ference BKC to the circumference ELF. Wherefore, in equal cir- 
cles, &C. CI. E. D. 

PROP. XXVII. THEOR. 

Iif equal circles, the angles which stand upon equal circum- 
ferences are equal to one another, whether they be at the centres 
or circumferences. 

Let the angles BGC, EHF at the centres, and BAC, EDF, at 
the circumference of the equal circles ABC, DEF, stand upon the 
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equal circumferences BC« £F; the angle BGO is equal to the angle 
EHF, and the angle BAG to the angle £DF. 

If the angle bSc be equal to the angle EHF, it is manifest (20. 8.) 
that the angle BAC k also equal to EDF: but, if not, one of them is 

A 

B 





the greater; let BGO be the greater: and at the point Q, bi the 
straight line BQ, make (23. I.) the angle B6K equal to the angle 
EHF ; but equal angles stand upon equal circumferences 0^6. 3.) 
when they are at the centre; therefore the circumference BK is 
equal to the circumference EIF: but EF is equal to BC; therefore 
also BK is equal to BC, the less to the greater, which is impossible: 
therefore the angle BGC is not unequal to the angle EHF ; that is, it 
is equal to it: and the angle at A is half of the angle BGC, and the 
angle at D half of the angle EHF: therefore the angle at A is equal 
to the angle at D. Wherefore, in equal circles, ^tc Q. E. D. 

PROP. XXVra. THEOR. 

Iv equal circles, equal straight lines cut off equal circumfe- 
rences, the greater equal to the greater, and the less to the less. 

Let ABC, DEF be equal circles, and BC, EF equal straight lines 
In them, which cut off the two greater chrcumferences BAC, EDF, 
and the two less BGC, EHF ; the greater BAC is equal to the great- 
er EDF, and the less BGC to the less EHF. 

Take (1. 3.) K, L, the centres of the chrcles, and join BK, KC, EL» 
LP: and because the circles are equal, the straight lines from their 

A b 





centres are equal : therefore BK, KC are equal to EU LF; and the 
base BC is equal to the base EF; therefore the angle BKC is equa} 
(8. L) to the angle ELF: but equal angles stand upon equal (26. 3.) 
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clreamferenoes, when they are at the centrei; therefore the cht^um- 
ference BGC is equal to the circumference EHF. But the whole circle 
ABC is equal to the whole EDF; the remainhig part therefore of the 
ciroumferenoe, viz. BAG, is equal to the remaining part EDF. There- 
fore, in equal circles, &c. Q. £. D. 

>; PROP. XXDL THEOR. 

In equal circles equal circumferences are subtended by equal 
straight lines. 

Let ABC, DEF be equal circles, and let the circumferences BQC, 
EHF also be equal ; and join BC, EF : the straight fine BC is equal 
to the straight line EF. 

Take (1. 3.) K, L, the centres of the circles, and join BK, KC, EL, 
LF: and because the circumference BGC is equal to the drcnmfe- 

A D 
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rence EHF, the angle BKC is equal (27. 3) to the angle ELF: and 
because the circles ABC, DKF are equal, the straight lines from their 
centres are equal : therefore BK, KC are equal to EL, LF, and they 
contain equal angles: therefore the base BC is equal (4. 1.) to the 
base EF. Therefore, in equal circles, &c. Q.. E. D. 

PROP. XXX. PROB. 

To bisect a given circumference, tJiat is, to divide it into two 
equal parts. 

Let ADB be the given circumference, it is required to bisect it 
Join AB, and bisect (10. 1.) it in C ; from the point C draw CD at 
right angles to AB, and join AD, DB : the circumference ADB is bi- 
sected in the point D. 

Because AC is equal to CB, and CB common to the triangles 
ACD, BCD, the two sides AC, CD are equal D 

to the two BC, CD ; and the angle ACD is 
equal to the angle BCD, because each of 
them is a right angle ; therefore the base AD 
is equal (4. L) to the base BD: but equal A C B 

straight lines cut off equal (28. 3.) circumferences, the greater equal 
to the greater, and the less to the less, and AD, DB are each of 
them less than a semicircle; because DC passes through the cen- 
tre (Cor. L 3.): wherefore the circumference AD is equal to the cir- 
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camferenoe DB : therefore the given circumference is bisected in D. 
Which was to be done. 



PROP. XXXI. THEOR. 

In a circle, the angle in a semicircle is a right angle ; but the 
angle in a segment greater than a semicircle is less than a right 
angle; and the angle in a segment less than a semicircle ia 
greater than a right angle. 

Let ABCD be a circle, of which the diameter is BC, and centre 
E ; and draw CA« dividing the circle into the s^ments ABC, ADC, 
and join BA« AD« DC ; the angle in the semicircle BAC is a right 
angle ; and the angle in the segment ABC, which is greater than a 
seroicfarcle, is less than a right angle ; and the angle in the segment 
ADC, which is less than a semicircle, is greater than a right angle. 

Join AE, and produce BA to F; and because BE is equal to EA, 
the angle EAB is equal (5. 1.) to EBA ; also, because AE is equal 
to EC, the angle EAC is equal to ECA $ F 

wherefore the whole angl^ BAC is equiJ to 
the two angles ABC, ACB ; but FAC, the 
exterior angle of the triangle ABC, is equal 
(32. 1.) to the two angles ABC, ACB; 
therefore the angle BAC is equal to the 
angle FAC, and each of them is therefore 
a right (10. deC 1.) angle ; wherefore the 
ao^ BAC in a semicircle is a right angle. 

And because the two angles ABC, BAC, 
of the triangle ABC are together less (17. 
1.) than two right angles, and that BAC 
is a right angle, ABC must be less than a right angle : and there- 
fore the ani^e In a segment ABC greater than a semicircle, is lesa 
than a right angle. 

And because ABCD is a quadrilateral figure in a circle, any two 
of its oj^XMite angles are equal (22. 3.) to two right angles ; there- 
fore the angles ABD, ADC are equal to two right angles ; and ABC 
• U leas than a right angle ; wherefore the other ADC ts greater than 
a right angle. 

Besides, it is manifest, that the circumference of the greater seg- 
ment ABC fells without the right angle CAB, but the circumference 
of the less segment ADC falls within the right angle CAF. •• And 
this is an that is meant, when in the Greek text, and the translatkms 
from it, the angle of the greater segment is said to be greater, and 
the angle of the less segment is said to be less, than a right angle.** 

Coa. From this it is manifest, that if one angle of a triangle be 
equal to the other two, it is a right angle, because the angle adjacent 
to it is equal to the same two f and when the adjacent angles are 
equal, they are right angles. 

10 
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PROP. XXXn. THEOR. 

If a straight line touch a circle, and from the point of contact 
a straif^t line be drawn cutting the circle, the angles made by 
this line with the line touching the circle, shall be equal to the 
angles which are in the alternate segments of the circle. 

Let the straight line EF touch the circle ABCD in B, and from the 
point B let the straight line BD be drawn, cutting the circle : The 
angles which DB makes with the touching line EF shall be equal to 
the angles in^the alternate segments of the circle : that is, the angle 
FBD is equal to the angle which is in the segment DAB^ and the an- 
gle DBE to the angle in the segment BCD. 

From the point B draw (11. 1.) BA at right angles to EF, and 
take any point C in the circumference BD ; and join AD, DC, CB ; 
and because the straight Ibie EF touches the circle ABCD In the 
point B, and BA is drawn at right A 

angles to the touching line liSm y^ — T^^ D 

the point of contact B^ the centre 
of the circle is (10. 3.) in BA; 
therefore the angle ADB in a semi- 
circle is a right (31. 3.) angle, and 
consequently the other two angles 
BAD, ABD are equal (32. 1.) to a 
right angle : but ABF is likewise a 
right angle; therefore the angle 
ABF is equal to the angles BAD, E B F 

ABD : take from these equals the common angle ABD ; therefore 
the remaining angle DBF is equal to the angle BAD, which is in the 
alternate segment of the circle : and because ABCD is a quadri- 
lateral figure in a circle, the opposite angles BAD, BCD are equal 
(22. 3.) to two right angles ; therefore the angles DBF, DBE, being 
likewise equal (13. 1.) to two right angles, are equal to the angles 
BAD, BCD ; and DBF has been proved equal to BAD : therefore the 
remainmg angle DBE is equal to the angle BCD in the alternate 
segment of the circle. Wherefore, if a straight line, &c. Q. £• D. 

PROP. XXXIII. PROR 

Upon a given straight line to describe a segment of a circle^ 
contaming an angle equal to a given rectilineal angle.* 

Let AB be the given straight line, and the angle at C the given 
rectilineal angle ; it is required to describe upon the given straight 
line AB a segment of a circle, containing an angle equal to the 
angle C. 

• Sec Note. 
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First, let the angle at be 
a right angle, and bisect (10. 
1 .) AB in F, and from the cen- 
tre F, at the distance FB, de- 
scribe the semicircle AHB; 
therefore the ai^ AHB in a 
seoiicirde is (fU 3.) equal to 
the right anglf at C. 

But, if the angle C be not a right an^, at the point A, in the 
straight line AB, make (23. 1.) the angle BAD equal to the angle C, 
and from the point A draw (11. 1.) H 

AE at right luiftes to AD: bisect 
(10. 1.) ABfe Ft and from F draw 
(11. 1.) ¥Q at right angles to AB, 
and Join GB: nnA because AF is 
equal to FB, and FG common to 
the triangles AFG, BFG, the two 
aides AF, FG are equal to the two 
BF, FG; and the angle AFG is 
equal to the angle BFG ; therefore 
the base AG is equal (4. L) to the 
base GB ; and the circle described 
firom the centre G, at the distance GA, shall pass through the point 
B; let this be the drde AHB : and because from the pohfit A the ex- 
tremity of the diameter AE, AD is drawn at right angles to AE, 
therefiNre AD (Cor. 10. 3.) touches the chrcle; and because AB drawn 
firom the point of contact A cuts C ^^ — ^'•n^ il 

the drde, the angle DAB is equal 
to the an^ in the alternate segment 
AHB (83. 3.) : but the angle DAB / 
Is equal to the angle C, therefore 
also the angle C is equal to the an- 
gle In the segment AHB: where- 
ftro upon the given straight line AB 
the segment AHB of a drde is de- 
scribed ^wfaidi contahis an angle equal to the given io^fit at C. 
Which was to be done. 





PROP. XXXIV. PROR 



To cut off a s^ment from a given circle which shall contain 
an angle equal to a given rectilineal angle. 



Let ABC be the given circle, and D the given rectilineal angle; it 
la required to cut <^ a segment from the drde ABC that shdl con- 
tain an angle equal to the given angle D. 

Draw (17. 3) the straight Ihie BF touching the circle ABC In the 
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point B» and at the point B, in the 
straight line BF, make (23. 1.) the 
angle FBC equal to the angle D ; 
therefore, because the straight line 
£F touches the circle ABC, and 
BC is dravn from the point of con- 
tact B, the an^e FBC is equal (32. D 
'8.) to the angle in the alternate seg- 
ment BAC of the circle : but the 

angle FBC is equal to the angle D ; E B F 

therefore the angle in the segment BAC is equal to the angle D : 
wherefore the segment BAC is cut off from the given circle ABC 
containing an angle equal to the given angle D. Which was to be 
done. 




PROP. XXXV. THEOR. 




If two straight lines within a circle cut one another, the rect- 
angle contained by the segments of one of them, is equal to the 
rectangle contained by the segments of the other.* 

Let the two straight lines AC BD, within the circle ABCD, 
cut one another in Uie point £ : the rectangle contained by AS, 
£C is equal to the rectangle contained by BE, 
ED. 

If AC, BD pass each of them through the 
centre, so that E is the centre ; it is evident, 
that AE, EC, BE, ED, being all equal, the 
rectangle AE, EC is likewise equal to the rect- 
angle BE, ED. 

But let one of them BD pass through the centre, and cut the 
other AC, which does not pass through the centre, at right angles, 
in the pomt E ; then, if BD be bisected in F, F is the centre of the 
circle ABCD; join AF: and because BD which passes through 
the centre, cuts the straight line AC, which does not pass through 
the centre, at right angles in E, AE, D 

EC are equal (3. 3.) to one another : 
and because the straight line BD is cut 
into two equal parts in the point F, and 
into two unequal in the point E, the 
rectangle BE ED, together with the 
square of BF, is equal (5. 2.) to the 
square FB; that is, to the square of A 
FA; but the squares of AE, EF are 
equal (47. 1.) to the square of FA; 
therefore the rectangle BE, ED, to- B 

gether vrith the squarfe of EF, is equal to the squares of AE, EF; 
take away the common square of EF, and the remaining rectangle 




• See Note. 
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BE, ED it equal to the remaining aqnare of AE; that is, to the rect- 
angle AE, EC. 

Next, let BD, which passes through the centre, cut the other AC, 
which does not pass through the centre, in E, but not at right angles : 
then, as before, if BD be bisected in F, F is the centre of the circle 
Join AF, and from F draw (12. 1.) FQ perpendicular to AC ; there- 
lore AG is equal (3. 3.) to GD ; wherefore the rectangle AE, EC, tfi^) 
gether with the square of EG, is equal (5. 2.) to the square of AQ tta 
each of these equals add the square fk OF; therefore the rectangle 
AE, EC, together with the squares of EG, GF, is equal to the squares 
of AG, GF: but the squares of EG, GF are jx 
equal (47. 1.) to the square of EF, and the 
squares of AG, GF are equal to the square 
of AF ; therefim the rectangle AE, EC, to- 
gether with the square of EF, is equal to 
the square of AF; that is, to the square of 
FB: but the square of FB is equal (6. 2.) to A 
the rectangle BE, ED, together with the 
aqoare of EF: therefore the rectangle AE, 
EC, together with the square of EF, is equal to the rectangle BE, DE, 
together with the square of EF: take away the common square of 
EF, and the remaining rectangle AE, EC is therefore equal to the 
remaining rectangle BE, ED. 

Lastly, let neither of the straight lines AC, BD pass through ih» 
centre: take the centre F, and through E, 
the intersection of the straight lines AC, 
DB draw the diameter GEFH: and because 
the rectangle AE, EC is equal, as has been 
shown, to the rectangle GE, EH: and, for 
the same reason, the rectangle BE, ED is 
equal to the same rectangle GE, EH; there- 
five the rectangle AE, EC is equal to the 
rectangle BE, ED. Wherefore, if two 
straight lines, dx. Q. E. D. 

PROP. XXXVL THEOR. 

If from any point without a circle two straight lines be drawn, 
one of wtiich cuts the circle, and the other touches it; tiie rect- 
angle contained by the whole line which cuts the circle, and the 
Ert of it without the circle, shall be equal to the square of the 
e which touches it. 

Let D be any point without the circle ABC, and DCA, DB two 
straight lines drawn from it, of which DCA cuts the ch*cle, and DB 
touches the same ; the rectangle AD, DC is equal to the square of DB. 
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Eftber DCA passes throng the centre, or It does not; first, let it 
pass through the centre E, and join EB ; therefore the angle EBD is 
a right (18. 3.) angle : and because the straight D 

line AC is bisected in E, and produced to the 
point D, the rectangle AD, DC, together with 
the square of EC, is equal (8. 2.) to the square 
at ED, and CE is equal to EB: therefore the 
rectangle AD, DC, together with the square of 
EB, is equal to the square of ED: but the ^; 
square of ED is equal (47. 1.) to the squares 
of EB, BD because EBD is a right angle: 
therefore the rectangle AD, DC, together with 
the square of EB, is equal to the squares of 
EB, BD : take away the common square of 
EB; therefore the remaining rectangle AD, 
DC is equal to the square of the tangent DB. 

But if DCA does not pass through the centre of the circle ABC, 
take (1. 3.) the centre E, and draw EF perpendicular (12. L) to AC, 
and join EB, EC, ED : and because the straight line EF, which passes 
through the centre, cuts the straight line AC, whtoh does not pan 
through the centre, at right angles, it shall d 

likewise bisect (3. 8.) it ; therefore AF is equal 
to FC : and beoBtuse the straight line AC is 
bisected in F, and produced to D, the rectan- 
gle AD, DC, together with the square of FC, 
is equal (6. 2.) to the square of FD : to each 
of these equals add the square of FE ; there- 
fore the rectangle AD, DC, together with the 
squares of CF, FE, is equal to the squares of 
DF, FE : but the square of ED is equal (47. 1.) 
to the squares of DF, FE, because EFD is a 
right angle : and the square of EC is equal to 
the squares of CF, FE ; therefore the rectangle 
AD, DC, together with the square of EC, is 
equal to the square of ED : and CE is equal to EB ; therefore the 
rectangle AD, DC, together with the square of EB, is equal to the 
square of ED : but the squares of EB, BD are equal to the square 
(47. 1.) of ED, because EBD is a right angle; therefore the rectan- 
gle AD, DC, together with the square of EB, is equal to the squares 
of EB, BD : take away the common square of EB: therefore the re- 
maining rectangle AD, DC is equal to the square of DB. Where- 
fore, if from any point, &c. d. E. D. 
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Cor. If from any point without a drde, 
there be drawn two straight lines catting it, 
as AB, AC, the rectangles contahied by the 
whde lines and the parts of them without the 
drde, are equal to one another, viz. the rect- 
anc^e BA, AE to the rectangle CA, AF : for 
each of them is equal to the square of the 
straight line AD which touches the circle. 




PROP. XXXVn. THEOR. 

Ir from a point without a circle tliere be drawn two straight 
lines, one of which cuts the circle, and the other meets it ; if the 
rectangle contained by the whole line, which cuts the circle, and 
the part of it without the circle be equal to the square of the line 
which meets it, the line which meets it shall touch the circle.* 

^Let any point D be taken without the chicle ABC, and from it let 
two straight lines DCA and DB be drawn, of which DCA cuts 
the drde, and DB meets it, if the rectangle AD, DC be equal to the 
square of DB ; DB touches the drde. 

, Dimw (17. 3.) the straight line DE touching the cirde ABC, find 
its centre F, and join FE, FB, FD ; then FED is a right (18. 3.) an- 
gle: and because DE touches the drcle ABC, and DCA cuts it, the 
rectangle AD, DC is equal (36. 3.) to the square of DE : but the 
rectangle AD, DC is, by hypothesis, equal to the square of DB: there- 
fore the square of DE is equal to the square of DB; and the straight 
ttDe DB equal to the straight line DB; D 

and FE is equal to FB, wherefore DE, EF 
are equal to DB, BF; and the base FD is 
common to the two triangles DEF, DBF ; 
therefore the angle DEF is equal (8. 1.) to 
the angle DBF : but DEF is a right angle, 
tiierefore also DBF is a right angle : and B 
FB, if produced, is a diameter, and the 
straight line which is drawn at right an- 
^es to a diameter, from the extremity of 
it, touches (16. 3.) the cirde: therefore 
DB touches the drde ABC. Wherefore, 
if from a pdnt, dtc Q. R D. 

• See Note. 
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A RBCTiuNEAL figiiTe is Said to be inscribed in another rectflineal 
figure, when all the angles of the inscribed figure are upon the 
sides of the figure in which it is inscribed, each y^ — 

upon each.* / >w 1 

II. ^ ^ 

In like manner, a figure is said to be described about 
another figure, when all the sides of the circum- 
scribed figure pass through the angular points of 
the figure about which it is described, each through 
each. 

m. 

A rectilineal figure is said to be inscribed in a 
circle, wlien all the angles of the inscribed 
figure are upon the circumference of the circle. 

IV. 

A rectilineal figure is said to be described about a circle, when each 
side of the circumscribed figure touches the 
circumference of the circle. 

V. 
In like manner, a circle is said to be inscribed 
in a rectilineal figure, when the circumference 
of the circle touches each side of the figure. 





•See Note. 
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VI. 

A circle is said to be described about a rectili- 
neal figure, when the circumference of the 
circle passes through all the angular points 
of the figure about which it is described. 

VIL 

A straight line is said to be placed in a ch*de, when the extremities 
of it are in the circumference of the circle. 

PROP. L PROB. 

Iif a given circle to place a straight 'line, equal to a given 
straight line not greater than the diameter of the circle. 

Let ABC be the given circle, and D the given straight line, not 
greater than the diameter of the circle. 

Draw BC the diameter of the circle ABC; then, if BC be equal 
to D, the thing required is done; for in the circle ABC a straight 

line BC is placed equal to D; but, if 

it be not, BC is greater than D; malce 

CE equal (3. 1.) to D, and from the 

centre C, at the distance CE, describe 

the circle AEF, and join CA : there- q 

lore* because C is the centre of the 

drde AEF, CA is equal to CE; but 

D is equal to CE; therefore D is equal jy 

to CA: wherefore in the circle ABC, a 

fltnif^ line is placed equal to the 

given straight line D, which is not greater than the diameter of the 

drde. Which was to be done. 

PROP. n. PROB. 

Iv a givto circle to inscribe a triangle equiangular to a given 
triangle. 

Let ABC be the given drde, and DEF the given triangle; it is 
required to inscribe in the circle ABC a triangle equiangulu* to the 
triangle DEF. 

Draw (17. 3.) the straight line GAH touching the ch*cle in the pobit 
A, and at the point A, in the straight line AH, make (23. 1.) the angle 
HAC equal to the angle DEF ; and at the pohit A, in the straight line 
AO, make the angle GAB 
equal to the angle DFE, 
and Join BC: therefore 
because HAO touches the 
circle ABC, and AC is 
drawn firom the point of 
contact, the angle HAC is 
equal (82. 3.) to the angle 
ABC in the alternate seg- 
ment of the drcle: but 
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HAC is equal to the angle DEF, therefore also the angle ABC is 
equal to DEF ; for the same reason, the angle ACB is equal to the 
angle DFE; therefore the vonaining angle BAG is equal (32. 1.) to 
the remaining angle EDF: wherefore the triangle ABC is equiangu- 
lar to the triangle DEF, and it is inscribed in the circle ABC. Wliich 
was to be done. 

PROP. m. PROB. 

About a ^iven circle to describe a triangle equiangular to a 
given triangle. 

Let ABC be the giverf circle, and DEF the given triangle ; it is 
required to describe a triangle about the circle ABC equiangular to 
the triangle DEF. 

Produce £F both ways to the points G, H, and find the centre K 
of the circle ABC, and from it d^w any straight line KB ; at the 
point K in the straight line KB, make (23. 1.) the angle BKA equal 
to the angle DBG, and the angle BKC equal to the angle DFH ; and 
through the points A, B, C, draw the straight lines LAM, MBN, NCL 
touchhig (17. 3.) the circle ABC : therefore because LM, MN, NL 
touch the circle ABC in the pohits A, B, C, to which from the centre 
are drawn KA, KB, KC, the angles at the points A, B, C are right 
(18. 3.) angles : and because the four angles of the quadrilatml 
figure AMBK are equal to four right angles, for it can be divided 
into two triangles: and that two of them KAM, KBM are right 
angles, the other two AKB, AMB are equal to two right angles : but 
the angles DEG, DEF L 

are likewise equal (13. 
1.) to two right an- 
gles; therefore the an- 
gles AKB, AMB are 
equal to the angles 
DEG, DEF of which 
AKB is equal to DEG; 
wherefore the remain- 
ing angle AMB is 
equal to the remain- 
ing angle DEF; in M B » N 
like manner, the angle LNM may be demonstrated to be equal to 
DFE: and therefore the remaining angle MLN is equal (32. 1.) to 
the remaining angle EDF : wherefore the triangle LMN is equiangu- 
lar to the triangle DEF : and it is described about the circle ABC. 
Which was to be done. 

PROP. IV. PROB. 

To inscribe a circle in a given triangle.* 

Let t^ie given triangle be ABC ; it is required to inscribe a circle 
in ABC. 

Bisect (9. 1.) the angles ABC, BOA by the straight lines BD, 

• Sec Note. 
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CD meeting one another at the point D, from which draw (IS. 1.) 
DE, DF, DO perpendiculars to AB, A 

BCt CA: and becanae the angle EBD 
is equal to the angle FBD, ibr the 
angle ABC is bisected by BD, and that 
the right angle BED is equal to the 
right angle BFD, the two triangles 
EBD, FBD have two angles of the 
one equal to two angles of the other, 
and the side BD, which is opposite to 
one of the equal angles in each is com- 
mon to both; therefore tlieir other 
sides shall be equal (26. 1.) ; where- 
fore DE is equal to DF : ibr the same reason, DG is equal to DF : 
therdbre the three straight lines DE, DF, DG are equal to one ano- 
ther, and the circle described from the centre D, at the distance of 
any of them, shall pass through the extremities of the other two, 
and touch the straight lines, AB BC, CA, because the angles at the 
points E, F, O are right angles, and the straight line which is drawn 
from tlie extremity of a diameter at right angles to it, touches (16. 3.) 
the circle : therefore the straight lines AB, BC, CA do each of them 
touch the circle, and the circle EFG is inscribed in the triangle ABC 
Which was to be done« 

PROP. V. PROR 
To describe a circle about a given triangle.* 

Let tbe given triangle be ABC ; it is required to describe a circle 
aboil ABC. 

BIsiet (10. 1.) AB, AC to the pdnts D, E, and from these pdnts 
draw DF, EF at right an^es (11. 1.) to AB, AC; DF, £F prodnoed 
A A A 




B 




CB 




meet one another: for, if they do not meet, they are parallel, where- 
fore AB, AC, which are at right angles to them, are paraUel ; which 
is abaurd : let them meet in F, and Join FA ; also, if the point F be 
not In BC, join BF, CF ; then, because AD is equal to DB, and DF 
eoaoMBt uid at right angles to AB, the base AF is equal (4. 1.) to 
the baat VB: in like manner, it may be shown, that CF is equal to 
FA; and therefore BF is equal to FC ; and FA, FB, FC are equal 
to one another : wherefore the circle described from the centre F, 
at the distance of one of them, shall pass through the extremities of 

See Note. 
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the other two, and be described about the triangle ABC. Which 
was to be dona 

Cor. And it is manifest, that when the centre of the circle fells 
within the triangle, each of its angles is less than a right angle, each 
of them being in a segment greater than a semicircle ; but, when 
the centre is in one of the sides of the triangle, the angle opposite to 
this side, being a semicircle, is a right angle; and, if the centre &Us 
without the triangle, the angle opposite to the side beyond which it 
is, being in a segment less than a semicircle, is greater than a right 
angle : wherefore, if the given triangle be acute angled, the centre 
of the circle Ms within it ; if it be a right angled triangle, the centre 
is in the side opposite to the right angle ; and if it be an obtuse an- 
gled triangle, the centre Ms without the triangle, beyond the side 
opposite to the obtuse angle. 

PROP. V. PROR 

^o inscribe a square in a given circle. 

Let ABC be the given circle ; it is requred to inscribe a square in 
ABCD. 

Draw the diameters AC, BD at right angles to one another ; and 
join AB, BC, CD, DA ; because BB is equal to ED, for E is the 
centre, and that ElA is common, and at A 

right angles to BD ; the base BA is equal 
(4. 1.) to the base AD; and for the same 
reason, BC, CD are each of them equal to 

BA, or AD ; therefore the quadrilateral fi- g {X ^ \ \^ ry 

gure ABCD is equilateral. It is also rect- 
angular; for the straight line BD, being 
the diameter of the circle ABCD, BAD is a 
semicircle ; wherefore the angle BAD is a 
right (31. 3.) angle; for the same reason C 

each of the angles ABC, BCD, CD A is a right angle ; therefore the 
quadrilateral figure ABCD is rectangular, and it has been shown to 
be equilateral ; therefore it is a square ; and it is inscribed^in the 
circle ABCD. Which was to be done. 

PROP. Vn. PROB. 

To describe a square about a given circle. 

Let ABCD be the given circle : it is required to describe a square 
about it. 

Draw two diameters AC, BD, of the circle ABCD, at right 
angles to one another, and through the points A, B, C, D, draw 
(17. 3.) FG, GH, HK, KF touching the circle; and because FG 
touches the circle ABCD, and EA is drawn from the centre E to 
the point of contact A, the angles at A are right (18. 3.) angles; 
for the same reason, the angles at the points B, C, D, are right 
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angles ; and because the angle AEB is G 
a right angle, as likewise is EBG, GH 
is parallel (28. 1.) to AC; for the same 
reason, AC is parallel to FK, and in like 
manner GF, HK may each of them be de- „ 
monstrated to be parallel to BED ; there- 
fore the figures GK, GC, AK, FB, BK are 
parallelograms ; and GF is therefore equal 
(34. 1.) to HK, and GH to FK ; and be- 
cause AC is equal to BD, and that AC H C K 
is equal to each of the two GH, FK ; and BD to each of the twa 
GF, HK : GH, FK are each of them equal to GF or HK ; therefore 
the quadrilateral figure FGHK is equilateral. It is also rectangular : 
for GBEA being a parallelogram, and AEB a right angle, AGB (84. 
1.) is likewise a right angle: in the same manner, it may be shown 
tl»t the angles at H, K, F are right angles ; therefore the quadri- 
lateral figure FGHK is rectangular, and it was demonstrated to be 
equibiteral : therefore it is a square ; and it was described about the 
circle ABCD. Which was to be done. 

PROP. VIL PROB. 
To inscribe a circle in a given square. 

Let ABCD be the given square ; it is required to inscribe a circle 
in ABCD. 

Bisect (10. 1.) each of the sides AB, AD, in the points F, E, and 
through £ draw (31. 1.) EH parallel to AB or DC, and through F 
draw FK parallel to AD or BC ; therefore each of the figures AK, 
KB; AH, HD, AG, GC, BG, GD is a parallelogram, and their opposite 
aides are equal (34. 1.) and because AD is equal to AB, and that AE 
is the half of AD, and AF the half of AB, EA is equal to AF ; where- 
fore the sides opposite to these are equal, A B D 
▼iz. FG to GE: in the same mapner, it 
may be demonstrated that GH, GK are 
each of them equal to FG or GE; there- 
lore^ the four straight lines GE, GF, GH, 
GK,' are equal to one another; and the F 
circle described firom the centre G, at the 
distance of one of them, shall pass through 
the extremities of the other three, and touch 
the straight lines AB, BC, CD, DA; be- B H C 
cause the angles at the points E, F, H, K are right (29. 1.) angles, 
and that the straight line which is drawn from the extremity of a 
diameter, at right angles to it, touches the circle (16. 3.) therefore 
each of the straight lines AB, BC, CD, DA touches the circle, which 

tiierefore is inscribed in the square ABCD. Which was to be done 

• 

PROP. IX. PROB. 

To describe a given square. 

Let ABCD be the given square ; it is required to describe a circfe 
about it. 
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Join AC, BD cutting one another in £ ; and because DA is equal 
to AB, and AC common to the triangles DAC, BAC, the two sides 
DA, AC are equal to the two BA, AC ; and 
the base DC is equal to the base BC ; where- 
fore the angle DAC is equal (8. 1.) to the 
angle BAC, and the angle DAB is bisected by 
the straight line AC : in the same manner, 
it may be demonstrated that the angles ABC, 
BCD, CDA are severally bisected by the 
straight lines BD, AC ; therefore, because the 
angle DAB is equal to the angle ABC, and 
that the angle £AB is the half of DAB, and EBA the half of ABC ; 
the angle EAB is equal to the angle EBA ; wherefore the side EA 
is equal (0. 1.) to the side EB: in the same manner, it may be de* 
monstrated that the straight lines EC, ED arc each of them equal to 
EA or EB : therefore the four straight lines EA, EB, EC, 1^ are 
equal to one another ; and the circle described from the centre E, 
at the distance of one of them, shall pass through the extremities of 
the other three, and be described about the square ABCD. Which 
was to be done. 

PROP. X. PROB. 

To describe an isosceles triangle, having each of the angles 
at the base doable of the third angle. 

Take any straight line AB; and divide (IL 2.) it in the pirfnt C, so 
that the rectangle AB, BC be equal to the square of CA ; and from 
the centre A, at the distance AB, describe the circle BDE, in which 
place (1.4.) the straight line BD is equal to AC, which is not greater 
than the diameter of the circle BDE ; join DA, DC, and about the 
triangle ADC describe (5. 4.) the circle ACD ; the triangle ABD is 
such as is required, that is, each of the angles ABD, ADB is double of 
the angle BAD. 

Because the rectangle AB, BC is equal to the square of AC, and 
that AC is equal to BD, the rectangle AB, BC is equal to the square 
ofBD; and because from the point 
B without the circle ACD two 
straight lines BOA, BD are drawn 
to the circumference, one of which 
cuts, and the other meets the 
circle, and that the rectangle AB, 
BC contained by the whole of 
the cutting line, and the part of 
it without the circle is equal to 
the square of BD which meets 
it; the straight line BD touches 
(37. 3.) the circle ACD; and 
because BD touches the circle, 
and DC is drawn from the point 
of contact D, the angle BD(/ is 
equal (32. 3.) to the angle DAC 
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in the alternate segment of the circle; to each of these add the angle 
CDA : therefore the whole angle BDA is equal to the two angles 
CD A, DAC ; but the exterior angle BCD is equal (32. 1.) to the an- 
gles CDA, DAC ; therefore also BDA is equal to BCD ; but BDA is 
equal (5. 1.) to the angle CBD, because the side AD is equal to the 
side AB ; therefore CBD, or DBA is equal to BCD ; and consequent- 
ly the three angles BDA, DBA, BCD are equ^ to one another; and 
because the angle BDC is equal to the angle BOD, the side BD is 
equal (6. 1.) to the side DC ; but BD was made equal to CA ; there- 
fore also CA^is equal to CD, and the angle CDA equal (6. 1.) to the 
angle DAC /therefore the angles CDA, DAC together, are double of 
the angle DAC : but BCD is equal to the angles CDA, DAC ; there- 
fore also BCD is double of DAC, and BCD is equal to each of the 
angles BDA, DBA; each therefore of the angles BDA, DBA, is double 
of the angle DAB ; wherefore an isosceles triangle ABD is described, 
having each of the angles at the base double of the third angle. 
TVhich was to be done. 

PROP. XL PROP. 

To inscribe an equilateral and equiangular pentagon in a given 
circle. 

Let ABODE be the given circle; it is required to inscribe an equi- 
lateral and equiangular pentagon in the circle ABODE. 

Describe (10. 4.) an isosceles triangle FGH, having each of the 
angles at G, H, double of the angle at F ; and in the circle ABODE 
inacribe (2. 4.) the triangle AOD equiangular to the triangle FGH, 
ao that the angle CAD be equal A 

to the angle at F, and each of the 
angles AOD, CDA equal to the 
angle at G or H ; wherefore each 
of the angles AOD, CDA is double 
of the angle CAD. Bisect (9. 1.) 
the angles ACD, CDA by the 
atralght lines CE, DB : and join 
AB, BO, DE, EA, ABODE is the 
pentagon required. 

Because each of the angles 

ACD, CDA is double of CAD, ^ ** 

and are bisected by the straight lines CE, DB, the five angles DA C 

ACE, ECD, CDB, BDA are equal to one another ; but equal angles 
stand upon equal (26. 3.) circumferences ; therefore the five circum- 
ferences AB, BO, CD, DE, EA are equal to one another : and equal 
circumferences are subtended by equal (29. 3.) straight lines; there- 
fore the five straight lines AB, BO, CD, DE, EA are equal to one 
another. Wherefore the pentagon ABODE is equilateral. It is also 
equiangular ; because the circumference AB is equal to the circum- 
ference DE : if to^each be added BCD, the whole ABOD is equal to 
the whole EDCB : and the angle AED stands on the circumferenre 
ABOD, and the angle BAE on the drcamference EDCB; therefore 
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the angle BAE is equal (27. 3.) to the angle AED : for the same rea- 
son, each'of the angles ABC, BCD, CDE is equal to the angle BAE, 
or AED : therefore the pentagon ABCDE is equiangular ; and it has 
been shown that it is equUateral. Wherefore, in the given circle, an 
equilateral and equiangular pentagon has been inscribed. Which 
was to be dona 

PROP. XII. PROB. 

To describe an equilateral and equiangular pentagon about a 
given circle. 

Let ABCDE be the given circle ; it is reqgired to describe an equi- 
lateral and equiangular pentagon about the circle ABCDE. 

Let the angles of a pentagon, inscribed in the circle, by the last 
proposition, be in the points A, B, C, D, E, so that the circumferences 
AB, BC, CD, DE, EA are equal (11. 4.); and through the points A, 
B, C, D, E draw GH, HK, EX., LM, MG, touching (17. 3.) the circle ; 
take the centre F, and join FB, FK, FC, FL, FD : and because the 
straight line KL touches the circle ABCDE in the point C, to which 
FC is drawn from the centre F, FC is perpendicular (18. 3.) to KL ; 
therefore each of the angles at C is a right angle : for the same rea- 
son, the angles at the points B, D are right angles : and because FCK 
is a right angles the square of FK is equal (47. 1.) to the squares of 
FC, CK : for the same reason, the square of FK is equal to the squares 
of FB, BK: therefore the squares of FC, CK are equal to the squares 
of FB, BK, of which the square of FC is equal to the square of FB; 
the remaining square of CK is therefore equal to the remaining 
square of BK, and the straight line CK equal to BK : and because 
FB is equal to FC, and FK common to the triangles BFK, CFK, 
the two BF, FK are equal to the two CF, FK ; and the base BK 
is equal to the base KC ; therefore the angle BFK is equal (8. i.) to 
the angle KFC, and the angle BKF to FKC ; wherefore the angle 
BFC is double of the angle KFC, and BKC double of FKC ; for 
the same reason, the angle CFD is double of the angle CFL, and 
CLD double of CLF : and because the circumference BC is equal 
to the circumference CD, the angle BFC is equal (27. 3.) to the 
angle CFD ; and BFC is double of the 
angle KFC, and CFD double of CFL; 
therefore the angle KFC is equal to 
the angle CFL ; and the right angle 
FCK is equal to the right angle 
FCL : therefore, in the two triangles 
FKC, FLC, there are two angles of 
one equal to two angles of the other, 
each to each, and the side FC, which 
is adjacent to the equal angles in 
each, is common to both ; therefore 

the other sides shall be equal (26. * K C L 

1.) to the other sides, and the third angle to the third angle: there- 
fore the straight line KC is equal to CL, and the angle FKC to the 
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angle PLC : and becaase KC is equal to CL, KL is douMe of KC : 
in the same manner, it may be shown that HK is double of BK : 
and because BK is equal to KC, as was demonstrated, and that KL 
is double of KC, and HK double of BK, HK shall be equal to KL : 
in like manner it may be shown that GH, GM, ML are each of them 
equal to HK or KL: therefore the pentagon GHKLM is equilateral. 
It is also equiangular; for, since the angle FKC is equal to the angle 
PLC, and that the angle HKL is double of the angle FKC, and KLM 
double of PLC, as was before demonstrated, the angle HKL is equal 
to KLM : and in like manner it may be shown, that each of the 
angles KHG, HGM, GML is equal to the angle HKL or KLM : there- 
fore the &ve angles GHK, HKL, KLM, LMG, MGH being equal to 
one another, the pentagon GHKLM is equiangular : and it is equila- 
teral, as was demonstrated; and it is described about the circle 
ABCDE. Which was to be done. 

PROP. Xra. PROR 



To inscribe a circle in a given equilateral and equiangular 
pentagon. 

Let ABCDE be the given equOateral and equiangular pentagon: it 
is required to inscribe a chrcle in the pentagon ABCDfi. 

Bisect {9. 1.) the angles BCD, CDE by the straight Ikies CP, DP, 
and linom the point P, in which they meet, draw the straight lines 
PB, FA, PE; therefore, since BC is equal to CD, and CP common to 
the triangkss BCF, DCP, the two sides BC, CP, are equal to the two 
DC, OF; and the angle BCF is equal to the angle DCF;- therefore 
the base BF is equal (4. 1) to the base PD, and the other angles to 
the other angles, to which the equal sides are opposite ; therefore 
the angle CBF is equal to the angle CDF : and because the angle 
CDE is double of CDF, and that CDE is equal to CBA. and CDF to 
CBF ; CBA is also double of the angle 
era* ; therefore the angle ABF is equal 
to the angle CBF ; wherefore the angle 
ABC is bisected by the straight line BP : 
in the same nunner it may be demon*. ^ 
strated, that the angles BAE, AED are ^' 
bisected by the straight lines AF, FE : 
from the point P draw (12. 1.) FG, FH, u^ 
FK, PL, FM, perpendiculars to the 
straight lines AB, BC, CD, DE, EA; 
and because the angle HCF is equal to 
KCF, and the right angle PHC equal to 
the right angle FKC; in the triangles 
FHC, FKC there are two angles of one equal to two angles of the 
other, and the side PC, which is opposite to one of the equal angles 
in each, is common to both ; therefore the other sides shall be equal 
(M. 1.) each to each ; wherefore the perpend toular FH is equal to 
the perpendkular FK : in the same manner it may be demonstrated 
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that FL, FM, FG are each of them equal to FH, or FK ; therefinv 
the five straight lines FG, FH, FK, FL, FM are equal to one another: 
wherefore the circle described from the centre F, at the distance of 
one of these five, shall pass through the extremities of the other four» 
and touch the straight lines AB, BC, CD, DE, RA, because the angles 
at the points G, H, K, L, M are right angles ; and that a straight line 
drawn from the extremity of the diameter of a circle at right angles 
to it, touches (16. 3.) the circle: therefore each of the straight lines 
AB, BC, CD, DE, EA touches the circle ; wherefore it is inscribed in 
the pentag(»i ABCDE. Which was to be done. 

PROP. XIV. PROB. 

To describe a circle about a given equilateral and equiangular 
pentagon. 

Let ABCDE be the given equilateral and equiangular pentagon; it 
is required to describe a cirde about it. 

Bisect (9. 1.) the angles BCD, CDE by the straight lines CF, FD, 
and from the point F, in which they meet, draw the straight lines 
FB, FA, FE, to the points B, A,.£. It A 

may be demonstrated, in the same manner 
as in the preceding proposition, that the an- 
gles CBA, BAE, AED, are bisected by the B 
straight lines FB, FA, FE: and because the 
angle BCD is equal to the angle CDE, and 
that FCD is the half of the angle BCD, and 
CDF the half of CDE ; the angle FCD is 
equal to FDC: wherefore the side CF is 
equal (6. 1.) to the side FD : in like manner _ ^ ._ 

it may be demonstrated that FB, FA, FE ^ ^ 

are each of them equal to FC or FD : therefore the five straight 
lines FA, FB, FC, FD, FE are equal to one another ; and the circle 
described from the centre F, at the distance of one of them, shall 
pass [through the extremities of the other four, and be described 
about the equilateral and equiangular pentagon ABCDE. Which 
was to be done. 

PROP. XV. PROB. 

To inscribe an equilateral and equiangular hexagon in a given 
circle.* 

Let ABCDEF be the given circle ; it is required to inscribe an 
equilateral and equiangular hexagon in it. 

Find the centre G of the circle ABCDEF, and draw the dia- 
meter AGD; and from D as a centre, at the distance DCi, de- 
scribe the circle EGCH, join EC;, CO, and produce them to the 

• Sec Note. 
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pdnts B, F ; and join AB, BC, CD, DB, EF, FA : the hexagon 
ABCDEIF, is equilateral and equiangular. 

Because G is the centre of the circle ABCDEF, GE is equal to 
CD : and because D is the centre of the circle EGCH, DE^ is equal 
to DG : wherefore GE is equal to ED, and the triangle EGD is equi- 
lateral ; and therefore its three angles EGD, GDE, DEG are equal 
to one another, because the angles at the base of an isosceles trian- 
gle are eciual (5. 1.); and the three angles of a triangle are equal 
(32.^1.) to two right angles; therefore the angle EGD is the third 
part of two right angles: in the same manner, it may be demoa- 
strated, that the angle DGC is also the third A 

part of two right angles : and because the 
straight line GC makes -with £B the adja- 
cent angles EGO, CGB equal (13. 1.) to two 
right angles; the remaining angle CGB is 
tl^ third part of two right angles ; therefore 
the angles EDG, DGC, CGB are equal to 
one another : and to these are equal (15. 1.) £ 
the vertical opposite angles BGA, AGF, 
FGE : therefore the six angles EGD, DGC, 
COB, BGA, AGF, FGE are equal to one 
another: but equal angles stand upon equal 
(20. 3.) circumfisrences ; therefore the six 
drcnmferences AB, BC, CD, DE, EF, FA 
are equal to one another : and equal circum- 
fereDces are subtended by equal (29. 3.) straight lines; therefore 
the aix straight lines are equal to one another, and the hexagon 
ABCDEF. is equilateral It is also equiangular; for, since the cir- 
cmnference A£ is equal to ED, to each of these* add the circumfe- 
rence ABCD : therefore the whole circumference FABCD shall be 
equal to the whole EDCBA : and the angle FED stands upon the 
circumference FABCD, and the angle AFE upon EDCBA ; there- 
fore the angle AFE is equal to FED : in the same manner it may be 
demonstrated that the other angles of the hexagon ABCDEF are 
each of them equal to the angle AFE or FEID ; therefore the hexa- 
gon is equiangular ; and it is equilateral, as was shown ; and it is 
inscribed in the given drcle ABCDEF. Which was to be done. 

Cor. From this it is manifest, that the side of the hexagon is 
equal to the straight line from the centre, that is, to the semidiameter 
of the circle. 

And if through the points A, B, C, D, E, F there be drawn straight 
lines touching the circle, an equilateral and equiangular hexagon 
shall \be described about it, which may be demonstrated from what 
has been said of the pentagon ; and likewise a circle may be in- 
scribed in a given equilateral and equiangular hexagon, and circum- 
scribed about it, by a method like to that used for the pentagon. 
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PROP. XVI. PROB. 

To inscribe an equilateral and equiangular quindecagon, in a 
g^ven circle.* 

Let ABCD be the given circle ; it is required to inscribe an eqtli- 
lateral and equiangular quindecagon in the circle ABCD. 

Let AC be the side of an equilateral triangle inscribed (2. 4.) in 
the circle, and AB the side of an equilateral and equiangular penta- 
gon inscribed (IL 4.) in the same; therefore, if such equal parts as 
tiie whole drcumference ABCDF contains fifteen, the circuxnference 
ABC, being the third part of the whole, A 

contains five ; and tbe circumference AB, 
-^) ^ which is the 'fifth part of the whole, con- 

tains three; therefore BC their difference 
contains two of the same parts : bisect 
(11. 4.) BC in £ ; therefore BE, EC are, 
each of them, the fifteenth part of the £{ 
whole circumference ABCD: therefore, if 
the straight Ihies BE, EC be drawn, and 
straight lines equal to them be placed (1. 
4.) around in the whole circle, an equila- 
teral and equiangular quindecagon shall be inscribed in It Which 
was to be dona 

And in the same manner as was done in the pentagon, if throng 
the pohits of division made by inscribing the qumdecagon, straight 
lines be drawn touching the circle, an equilateral and equiangular 
quindecagon shall be described about it: and likewise as in the 
pentagon, a cbrcle may be inscribed in a given equilateral and equi^ 
angular quindecagon, and circumscribed about it. 

» See Note. 
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A LESS magnitude is said to be a part of a greater magnitude, when 
the less measures the greater, tluit is, * when the less is contained 
a certain number of tfaoies exactly in the greater.* 

IL 

A greater magnitude is said to be a multiple of a less, when the 
greater is measured by the less, that is, * when the greater contains 
the less a certain number of times exactly.' 

ra, 

*Ratio is a mutual relation of two magnitudes of the same Idnd to 
one another, in respect of quantity.* * 

IV. 

Magnitudes are said to' have a ratio to one another, when the less 
can be multifdied so as to exceed the other. 

V. 

The first of four maguitudes, is said to have the same ratio to the 
second, which the Sxird has to the fourth, when any equimultiples 
whatsoever of the first and third being taken, and any equimulti- 
ples whatsoever of the second and fourth ; if the midtiple of the 
first be less than that of the second, the multiple of the third is 
also less than that of the fourth ; or, if the multiple of the first be 
equal to that of the second, the multiple of the third is also equal 
to tlftit of the fourth ; or, if the multiple of the first be greater 
than that of the second, the multiple of the third is also greater 
than that of the fourth. 

VL 

Magnitudes which [have the same ratio are caDed proportionals. 

» See Note. 
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N. R * When four magnitudes are proportionals, it is usually ex- 
pressed by saying, the first is to the second, as the third to the 
fourth.* 

VII. 

When of the equimultiples of four magnitudes (taken as in the fifth 
definition) the multiple of the first is greater than that of the 
second, but the multiple of the third is not greater than the multi- 
ple of the fourth ; then the first is said to have to the second a 
greater ratio than the third' magnitude has to the fourth ; and, on 
the contrary, the third is said to have to the fourth a less ratio 
than the first has to the second. 

vra. 

'Analogy, or proportion, is the similitude of ratios.* 

' IX. 
Proportion consists in three terms at least. 

X. 

When three magnitudes are proportionals, the first is said to have 
to the third the duplicate ratio of that which it has to the second. 

XI. 

When four magnitudes are continual proportionals, the first is said 
to have to the fourth the triplicate ratio of that which it has to 
the second, and so on, quadruplicate, &,c. increasing the denomi- 
nation still by unity, in any number of proportionals. 

Definition A, to wit, of compound ratio. 

When there are any number of magnitudes of the same kind, the first 

^ is said to have to the last of them the ratio compounded of the 

ratio which the first has to the second, and of the ratio which the 

second has to the third, and of the ratio which the third has to the 

fourth, and so on unto the last magnitude. 

For example, if A, B, C, D be four magnitudes of the same kind, the 
first A is said to have to the last D the ratio compounded of the 
ratio of A to B, and of the ratio B to C, and of the ratio of C to 
D ; or, the ratio of A to D is said to be compounded of the ratios 
of A to B, B to C, and C to D. 

And if A have to B the same ratio which E has to F ; and B to O, 
the same ratio that G has to H ; and C to D, the same that 'K 
has to L ; then, by this definition, A is said to have to D the ratio 
compounded of ratios which are the same with the ratios of E to 
F, G to H, and K to L : and the same thing is to be understood 
when it is more briefly expressed, by saying A has to D the ratio 
compounded of the ratios of E to F, G to H, and K to L. 

In like manner the same things being supposed, if M have tl^N the 
same ratio which A has to D; then for shortness' sake, M 
is said to have to N, the ratio compounded of the ratios of E 
to F, G to H, and K to L. 

XII. 

In proportionals, the antecedent terms are called homologous to 
one another, as also the consequents to one another. 
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' Qeometers make use of the foDowing technical words to signiiy cer- 
tain ways of changing either the order or magnitude of propor- 
tionals, so as that they continue still to be proportionals.* 

xra. 

Permutando, or altemando, by permutation, or alternately ; this word 
is used when there are four proportionals, and it is inferred, that 
the first has the same ratio to the third, which the second has to 
the fourth; or that the first is to the third, as the second to the 
fourth ; as is shown in the 16th prop, of this 6th book.* 

XIV. 

Invertoido, by inversion ; when there are four proporttonals, and it 
is inferred, that the second is to the first, as the fourth to the third. 
Prop. B. book 5. 

XV. 

Componendo, by composition; when there are four proportionals, 
and it is inferred, that the first, together with the second, is to the 
second, as the third, together with the fourth, is to the fourth. 
18th Prop, book 5. 

XVL 

DiFldAado, by division ; when there are four proportionals, and it is 
inferred, that the excess of the first above the second, is to the 
aecond, as the excess of the third above the fourth, is to the fourth. 
17th Prop, book 6. 

xvn. 

CoDvertendo, by conversion ; when there are four prd^rtionals, and 
It is inferred, that the first is to its excess above tlie second, as 
the third to its excess above the fourth. Prop. K book 5. 

xvra. 

Sx aquali (sc. distantia), or ex aequo, from equality of distance when 
there is any number of magnitudes more than two, and as many 
others, so that they are proportionals when taken two and two of 
each rank, and it is inferred, that the first is to the last of the first 
rank of magnitudes, as the first is to the last of the others : * Of 
this there are the two following kinds, which arise from the diffe- 
roDt order in which the magnitudes are taken two and two.' 

XIX. 

Ex squall, from equality ; this term is used simply by itself, when 
the first magnitude is to the second of the first rank, as the first 

*SMNoto. 
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to the aecond of the other rank: and as the second is to the third 
of the first rank, so is the second to the third of the other : and so 
on in order, and the inference is as mentioned in the preceding 
definition ; whence this is called ordinate proportion. It is demon- 
strated in 22d Prop, book 5. 



Ex squali, in proportione perturbata, seu inordinata ; from equality, 
in perturbata or disorderly proportion ;* this term is used when 
the first magnitude is to the second of the first rank, as the last 
but one is to the last of the second rank ; and as the seccmd is to 
the third of the first rank, so is the last but two to the last but one 
of the second rank ; and as the third is to the fourth of the first 
raniL, so is tlie third from the last to the last but two of the second 
rank : and so on in a cross order : and the inference is as in the 
18th definition. It is demonstrated in the 23d Prop, of book 5. 



AXIOMS. 

I. 

EduiBiULTiPLBs of the same, or of equal magnitudes, are equal to one 
another. 

n. 

Those magnitudes of which the same, or equal magnitudes artf equi- 
multiples, are equal to one another. 

m. 

A multiple of a greater magnitude is greater than the same multiple 
of a less. 

" IV. 

That magnitude of which a multiple is greater than the same multi- 
ple of another, is greater than that other magnitude. 

PROP. I. THEOR. 

Ir any number of magnitudes be equimultiples of as many, 
each of each ; what multiple soever any one of them is of its 
part, the same multiple shall all the first magnitudes be of all the 
other. 

Let any number of magnitudes AB, CD be equimultiples of as 
many others, E, F, each of each ; whatsoever multiple AB is of E, 
the same multiple shall AB and CD together be of E and F together. 

Because AB is the same multiple of E that CD is of F, as many 
magnitudes as are in AB equal to E, so many are there in CD 

* 4 Prop. lib. 2. Ardiimedia do splicra ct cylindro. 
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equal to F. Divide AB into magnitudes equal 
to E, viz. AG, GB ; and CD into CH, HD equal 
each of them to F : the number therefore of the 
magnitudes CH, HD shall be equal to the num- 
ber of the others, AG, GB ; and because AG is 
equal to £, and CH to F, therefore AG and CH 
together are equal to (Ax. 2. 5.) E and F to- 
gether: for the same reason, because GB is 
equal to E, and HD to F ; GB and HD together 
are equal to E and F together. Wherefore, as 
many magnitudes as are in AB equal to E, so 
many are there in AB, CD together equal to fi 
and F together. Therefore, whatsoever multi^ 
pie AB is of E, the same multiple is AB and CD 
together of E and F together. 

Therefore, if any magnitudes, hov many soever, be equimultiples 
of as many, each of each, vhatsoever multiple any one of them is 
of its part, the same multiple shall all the first magnitudes be of all 
the other : ' For the same demonstration holds in any number of 
* magnitudes which was here applied to two.* Q. E. D. 
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PROP. IL THEOR. 



Ir the first magnitude be the same multiple of the second that 
the third is of the fourth, and the fifth the same multiple of the 
second that the sixth is of the fourth ; then shall the first together 
with the fifth be the same multiple of the second, that the third 
together with the sixth is of the fourth. 

Let AB the first, be the same multi[de of C the second, tliat 
DE the third is of F the fourth ; and BG the fifth, the same mul- 
1^ of C the second, that EH the 
sfartb is of F the fourth : then is AG 
the first, together with the fifth* the 
same muM^ of C the second, tiiat 
DH the third, together with the sixth, 
is of F the fourth. 

Because AB is the same multiple 
of C, that DB is of F ; there are as 
many magnitudes in AB equal to 
C« as there are in DE equal to F : 
in like manner, as many as there 

are in BG equal to C, so many are there in EH equal to F : as 
many, then, as are in tlie whole AG equal to C, so many are there 
in the whole DH equal to F : therefore AG is the same multiple 
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• tto flnt. YfaL AH, to tto HriM nMMple of 

• C tiiat tto irtote of tto kit, Tto. DU to 
•ofF.» 
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PROP. m. 

b ttpjintto tto itm MlOpb of te^ 
to of die feurlhi epdiforttofiiiteodtldidttoeetotitoDfVK- 
mMfkuk ttoee ihell to eqaimnhiplei, tto one of tto itfeoiidf m^ 
tto<idierortliefoartk 

Let A tto lint, to tto Mme nydtipto of B tto eeoood, ttotp tto 
tSMboTfilttoibiirth; and of A, C tot tto eiiotaBiiltlptee tt", OH 
to taken ; then EF to the game multiple of B that OH to of D. 

Becanae EF to the same mnltiide <^ A that GH to of C, there are 
aa many magnitiides in EF equal to A ; as are In OH equal to C: tot 
EF be divided into the magnitudes 
EE, KF, each equal to A, and GH 
into GL, LH, each equal to C : the 
number therefore of the magnitudes 
EK, KFy shall be equal to &e num* 
her of the others OL, LH: and be- 
cause A is the same multiple of B, 
that C to of D, and that EK to 
equal to A, and GL to C ; there- 
fore EK to the same multiple of B, 
that GL to of D ; for the same 
reason KF to the same multiple of 
B.thatLHtoofD; andso^if 
there be more parts in EF, GH 
equal to A, C : because, therefore, 
tto first EK to the same multipto of tto second B, which tto third 
OL to of tto fourth D, and that tto filth KF to tto same multipto of 
tto second B, which tto sixth LH to of the fourth D ; EF tto first 
togettor with the fifth, to the same multiple (3. 5.) of tto second B, 
whkh GH the third, together with tto sixth, to of the fourth D. K 
tlierefore, tto first, &c. d. E. D. 
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PROP. IV. THfiOR. 

Ir the first of Tour magnitudes has the same ratio to the second 
which the third has to the fourth, then any equimultiple!) what- 
erer of the first aod third shall have the same ratio to auy equi- 
multiples of the second and fourth, viz. ' the equimultiple of the 
* first shall hare the same ratio to that of the second, which the 
' equimultiple of the third has to that of the fourth.'* 

Let A the firit, have to B the second, the same ratio which the 
third C has to the fourth D ; and of A and C let there be taken any 
equimultiples whatever e; P: and of B and D any equlmaltiplcB 
wliatever O, H : then E has the same 
ratio to Q, which F has to H. 

Talce of E and F any equimnhl' 
plea whatever K, L, and of G, H, 
any equimultiples whatever H. N: 
then, because £ is the same multiple 
<rf' A, that F is of C ; and of E and 
F have been taken equimultiples K, 
L ; therefore R is the same muIH^de 
of A, that L is of G (3. S.) ; for the 
same reason, M is the same multlide 
of B, that N is of D: and because, 
asA[stoB,soi8CtoD ^ypoth.) 
and of A and C liave been taken cer- 
tain equimultiples K, L; and of B 
and D have tieen taken certain equi- 
multiples M, N ; if therefore K be 
greater than M, L is greater than N ; 
and if equal, equal; if less, less (6. 
def. i,). And K, L are sny equimul- 
dplM whatever of £, F; and H, N 
any whatever of G, H: as therrfore 
B Is to G, so Is (B. def ft.) F to H. 
Therefore, if the first, &c. O. E. D. 

Cor. likewise, if the first have the 
same ratio to the second, which the 
tUrd has to the fourth, then also any 

eqvdmoltlplea whatever of the first and third have the same ratio to 
Ibe second and fourth: and In like manner, the first and the third 
have the same ratio to any eqiiimulti[riea whatever of the second and 
foturth. 

Let A the first, have to B the second, the same ratio which the 
third C lias to the fourth D, and of A and C Iti E and F be any 
equimultiples whatever ; then B is to B, as F to D. 

Take of E, F any equimultiplea whatever K, 1-., and of B. D any 
equimoltlplea whatever G, H; then it may be demonstrated, as be- 




ftn^ttatClttbBHniemott4te«f A,ftBtLIi(ifC: and I 
AtoloI^uCiitoD, udofAudC eartaln eqalmnltlplM hm 
lM(iitphaD.viLKKidL; andflrBindDeertUn oqutanoMpiM O, 
H } ttartm If K be grntw thu G, L to gmtcr thut H ; tod ff «qwl. 



«q^;lftoM, taw (S. decs.): md gi, L i» ny egnlmBltfiilM cf H. 
IV nd Qt H Uf wtMtsnr of Bt D : aa tfaenim E !■ to ^ M to r to 
D.» ud in the mam war 1" ^ otbtr cue tenaoatnUad. 

PROP. T. THBOR. 
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^■H" Ir one , _^ , . _ __ . 

nvgintuda tUBo Iron Uw-fint ia of a. niagoiUide takao 
otho- 1 tba nmaiodar ilnll be the nina mi&plo of tba 
that the whds U of tbe whi^ 

Lat thfl magaltbde AB be the same multiple 
at CD, that AE taken from tbe first. Is of CF 
llltai ftom tha Other ; the remainder EB shall 
be tiM aane onUpIe of the remaioder FD, that 
fta idnia AB to of tbe whole CD. 

Tike AO tbe aame multiple of FD, that AE 
lacfCTi U iewfa B AEl3(I. Q.) the same mul- 
CtptooTGF.tliatEQisof CD; but AE, by the 
farpetba^a, totba same multiple of CF that AB 
la flf dX tbonstoe eg is the same multiple of 
CD tint AB to of CD; wherefore p;0 is (^qiia! to 
AB [1. Ax. 6.). Take flrom them the common 
iDBgnltnde AB ; the remainder AO Is equal to 
the remainder EB. Wherefore, since AE la the 
aame multiple of CF, that AO is of FD, and that 
AQ is equal to EB; therefore AE fa the same 
multiideofCF,thatEBUofFD: but AE Is the 
aame multl[de of CF, that AB is trf" CD; tbereforv EB la the aame 
moUiple oTFD, that AB la ofCD. Therefore, if any magnitude, Ac. 
CtR D. 

PROP. VL THEOR. 

Ir two magnitudes be equimultiples of two otliers, and if eqni- 
mqlliples of these be taken from tlie first two, Uie remainders an 
eitber equal to these others, or equimultiples of them.* 

Let tbe two magnitudes AB, CD be equimultiples of the two B, F, 
and AG, CH takes from the first two be equlmultiptea of the same 
ft F ; tbe remainders GB; HD are either eqnal to E, P, ot eqnionltl- 
itooftbMn. 
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First* let GB be equal to £, HD is equal 
to F : make CK equal to F; and because 
AG is the same multiple of E, that CH is 
of F, and that GB is equal to E, and CK 
to F ; therefore AB is the same multiple 
of E, that KH is of F. But AB, by the 
hypothesis, is the same multiple of E that 
CD is of F ; therefore KH is the same 
multiple of F, that CD is of F ; vherefore 
KH is equal to CD (1. Ax. 5.) : take away 
the common magnitude CH, then the re- 
mainder KC is equal to the remainder HD ; 
but KC is equal to F; HD therefore is 
equal to F. 

But let GB be a multiple of E : then 
HD is the same multiple of F : make CK 
the same multiple of F, that GB is of E: 
and because AG is the same multiple of 
E, that GH is of F ; and GB the same 
multiple of E that CK is of F ; therefore 
AB is the same multiple of E, that KH is 
of F (2. 5.) : but AB is the same multiple 
of E, that CD is of F, therefore KH is the 
flune multiple of F, that CD is of it : 
wherefore KH is equal to CD (1. Ax. 5.) : 
take away CH from both: therefore 
the remainder KC is equal to the re- 
maiiider HD: and because GB is the 
«me multiple of E, that KC is of F, and 
tiiat KC is equal to HD ; therefore HD is 
the same multiple of F, that GB is of E. 
fades, &c. Q. E. D. 

PROP. A. THEOR. 
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If therefore two magni- 



Ir the first of four magnitudes have to the second thjs same 
ratio which the third has to the fourth; then, if the first be 
greater than the second, the third is also greater than the fourth ; 
and if equal, equal ; if less, less.* 

Take any equimultiples of each of them, as the doubles of each ; 
then, by d^ 5th of this book, if the double of the first be greater 
than the double of the second, the double of the third is greater than 
the double of the fourth; but if the first be greater than the second, 
the double of the first is greater than the double of the second ; 
wherefore also the double of the third is greater than the double of 
the fourth ; therefore the third is greater than the fourth : in like 
manner, if the first be equal to the second, or less than it, the third 
can be proved to be equal to the fourth, or less than it. Therefore, 
if the first, &c. Q. R D. 

• •SeeNeCei.. 
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PROP. R THBOR. 

Ir Tour magnitudss be proportionab they are poportionals also 
when taken iDversely." 

IT the magnitude A be to B, as C is (o D, then alao Inversely B la 

to A, as D. to C. 
Take of B and D any equimaltiplea whatever 

E and F ; and of A and C an^ equimultiples 

whatever G and H. First, let E be greater than 

Q, tlien Q Is less tlian B; and because A is to 
- B as C Is to D, and of A and C. the first and 

third, G and H are equimultiples; and of B and 

D, the second and fourth, B and F are equimul- 
tiples ; and that G is less than E, H is also (6. 

def 6.) less than F ; that is, F is greater than G 

H ; if therefore E be greater than G, F la " 

greater than H; In like manner, if E be equal 

to G, F may be shown to be equal to H ; and, 

if less, less ; and E, F are any equimultiples 

whatever of B and D, and G, H any whatever 
. of A and C ; therefore asBistoA, aoisDto 

C. If then, (bar magnitudes, &C (i. E. D. 

PROP. C. TUEOR. 

If the first be the same multiple of the second, or the same 
part of it, that the third is of the fourth ; the first is to the second, 
as the third is to the fourth.* 

Let the first A be the same multiple of B the 
second that C the third is of the fourth D : A 
is to B as C is to D. 

Take of A and C any equimultiples whatever 
E and F ; and of B and D any equimultiples 
whatever G and H; then, because A is the same 
multiple of B that C is of D ; and that E is the 
same multiple of A that F is of C; E is the 
same multiple of B that F is of D (3. 5.) ; there- 
fore E and F are the same multiples of B and 
D : but G and H are equimultiples of B and D ; 
therefore, if E be a greater multiple of B, than 
G is, F Is a greater multiple of D, than H is of 
D: that is, if E be greater than G, F is greater 
than M: In like manner, if B be equal to G, or 
less ; P is equal to H, or less than it But B, 
F arc any etjuimultiplcs whatever of A, C, and 
G, H any equimultiples whatever of B, D. There- 
fore A is to B, as C is to D (5. def ) 

*8m Notes. 
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Next, Let the first A be the same part of the 
second B, that the third C is of the fourth D : A 
is to B, as C is to D : for B is the same multi- 
ple of A, that D is of C: wherefore, by the pre- 
ceding case, BistoA, asDistoC; and in- 
versely (B. 5.) A is to B, as G is to D. There- 
fore, if the first be the same multiple, &c Q. 
KD. 



A B C D 



PROP. D. THEOR. 
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It the first be to the second as the third to the fourth, and if 
the first be a multiple, or part of the second ; the third is the same 
multiple, or the same part of the fourth.* 

LetAbetoB,asCistoD; and first let A be a multiple of B, C 
is the same multiple of D. 

Take £ equal to A, and whatever multiple 
A or E is of B, make F the*same multiple of 
D : then, because AistoB,asCistoD; and 
of B the second, and D the fourth equimultifdes 
have been taken £ and F; AistoEasCtoF 
(Cor. 4. 5.) : but A is equal to E, therefore C is 
equal to F (A. 5) : and F is the same multiple 
of D, that A is of B. Wherefore C is the same 
multiple of D, that A is of B. 

Next, Let the first A be a pert (tf the second 
B;'C the third is the same part of the fourtbt 
D. 

A is to B, as C is to D ; then in- 
% B is (B. 6.) to A, as D to C : but A is 
a part of B, therefore Bis a multiple of A; and, 
by the preceding case, D is the same multiple of 
C, that is, C is the same part (tf D, that A is of 
B ; therefore, if the first, &c Q. E. D. 
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PROP. VIL THEOR. 

Equal magnitudes have the same ratio to the same thagni- 
tude; and the same has the same ratio to equal magnitudes. ' 

Let A and B be equal magnitudes, and C any other. A and B 
liave each of them the same ratio to C; and C has the same ratio to 
each of the magnitudes A and & 

Take of A and B any equimultiples whatever D and B, and of 
C any multiple whatever F; then, because D is the same aiulti- 



"^ See Note. 
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pie of A, that E is of B» and that A is equal to 
B; D is (i. Ax. 5.) equal to E: therefore, if D 
be greater than F, E is greater than F : and 
if equal, equal ; if less, less : and D, E are any 
equimultiples of A, B, and F is any multiple of 
C. Therefore (5. def. 5.) as A is to C, so is B 
toC. 

Likewise C has the same ratio to A, that it 
lias to B : for having- made the same construc- 
tion, D may in like manner be shown equal to 
£ : therefore, if F be greater than D, it is like- 
wise greater than E; and if equal, equal; if 
less, less : and F is any multiple whatever of 
C, and D, E are any equimultiples whatever of 
A, B. Therefore, C is to A, as C is to B (5. 
def. 5.). Therefore equal magnitudes, &c. Q. 
E.D. 
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PROP. Vin. TifEOR. 
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Or unequal magnitudes, the greater has a greater ratio to the 
same than the less has ; and the same magnitude has a greater 
ratio to the less, than it has to the greater.* 

Let AB, BC be unequal magnitudes, of which AB is the greater, 
and let D be any magnitude whatever: F^. L 

AB has a greater ratio to D than BC to 
D ; and D has a greater ratio to BC than E 
to AB. 

If the magnitude which is not the great- 
er of the two AC, CB, be not less than D, „ 
take EF, FG, the doubles of AC, CB, as in ^ " 
Fig. 1. But, if that which is not the great- 
er of the two AC, CB be less than D (as 
in Fig. 2. and 3.) this magnitude can be 
multiplied, so as to become greater than 
D, whether it be AC, or CB. Let it be G 13 
multiplied, until it become greater than D ; 
and let the other be multiplied as often ; L K H 

and let EF be the multiple thus taken of 
AC, and FG the same multiple of CB; 
therefore EF and FG are each of them 
greater than D : and in every one of the 
cases, take H the double D, K, its triple, and so on, till the r 
of D be that which first becomes greater than FG : let L be th 
tiple of D which is first greater than FG, and K the multif 
whk^h is next less than L. 
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Then, because L is the multiple of D, which is the first that be- 
comes greater than FG; the next preceding multiple K is not 
greater than FG ; that is, FG is not less than K : and since £F is 
the same multiple of AC, that FG is of CB ; FG is the same mul- 
tiple of CB, that EG is of AB (1. 6.): wherefore EG and FG are 
equimultiples of AB 

Fig. 2. 
E 



£ 



Fig. 3. 



F— 



c- 
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G B 
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and CB: and it was 
shown, that FG was 
not less than K, and, 
by the construction, 
EF is greater than D; 
therefore the whole 
EG is greater than K 
and D together; but, 
K together with D, is 
equal to L; therefore 
EG is greater than L; 
but FG is not greater 
•than L; and EG, FG 
are equimultiples of 
AB, BC, and L 19 a 
mnltilple of D ; there- 
fi»re 07. def. 6.) AB 
has to D a greater ra* 
tio than BC has to D. 
Also D has to BC a 
greater ratio than it 
has to AB, for, having 
made the same con- 
struction, it may be 
ahowiit in like manner, 
Aal L Is greater than 
FG» but that it is not 

greater than EG : and L is a multiple of D ; and FG, BG are equi* 
multiples of CB, AB; therefore D has to CB a greater ratio (7. def. 
6.) than it has to AE Wherefore, of unequal magnitudes, Ac Q. 
E.D. 
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PROP. IX. THBOR. 

AfjLGiriTUDfss which have the same ratio to the sanrie magnitude 
are equal to one another; and those to which the same magni- 
tude has the same ratio are equal to one another.* 

Let A, B have each of them the same ratio to C : A is equal to 
B : for if they be not equal, one of them is greater than the other ; 
let A be the greater; then, by what was shown in the preceding 



• SeeNole. 
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proposition, there are aoine equimultiples of A and B, and some 
multiple of C such, that the multiple of A is greater than the multiple 
of C, but the multiple of B is not greater than that of C. Let such 
multi|des be taken, and let D, E, be the -equimultiples of A, B, and 
F the multiple of C, so that D may be greater than F, and E not 
greater than F : but, because A is to C, as B is to C, and of A, B 
are taken equimultiples D, E, and of C 
is taken a multiple F; and that D is 
greater than F ; E shall also be greater 
than F (5. de£ 5.): but E is not greater 
than F, which is impossible; A there- A 
fore and B are not unequal ; that is, 
they are equaL 

Next, let C have the same ratio to 
each of the magnitudes A and B; A is 
equal to B : for if they be not, one of 
them is greater than the other ; let A B 
be the greater ; therefore, as was shown 
in Prop. 8th, there is some multiple F 
of C, and some equimultiples E and D, 
of B and A such, that F4s greater than E, and not greater than D; 
but because CistoB,asCistoA, and that F, the multiple of the 
first, is greater than E, the multiple of the second ; F the multiple 
of the third, is greater than D, the multiple of the fourth (5. def. 5.) : 
but F is not greater than D, which is impossible. Therefore A is 
equal to B. Wherefore, magnitudes which, &c. Q. E. D. 
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PROP. X. THEOR. 

That magnitude which has a greater ratio than another has 
unto the sanrie magnitude, is the greater of the two : and that 
magnitude, to which the same has a greater ratio than it has 
unto another magnitude is the lesser of the two.* 

Let A have to C a greater ratio than B has to C : A is greater 
than B : for, because A has a greater ratio to C, than B has to C, 
there are (7. def. 5.) some equimultiples of A and B, and some 
multiple of C such, that the multiple of A is greater than the mul- 
tiple of C, but the multiple of B, is not greater than it : let them 
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be taken, and let D, E be equimulti- 
ples of A, B, and F a multiple of C 
such, that D is greater than F, but E 
is not greater than F : therefore D is 
greater than E : and, because D and 
E are equimulti|des of A and B, and 
D is greater than E; therefore A is 
(4. Ax. 6.) greater than R 

Next, let C have a greater ratio to 
B that it has to A ; B is less than A : 
for there is some multiple F^f C, and 
some equimultiples E and D of B and 
A such, that F is greater than E, but 
It is not greater than D : E therefore 
is less than D; and because E and 
D are equimultiples of B and A, there- 
fore B is (4. Ax. 5.) less than A. 
That magnitude therefore, &c d. 
E. D. 
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PROP. XL THEOR. 

Ratios that are the same to the same ratio, are the same to 
one another. 

LetAbetoBasCistoD; and asCtoD, soletEbetoF; Ais 
to B as E to F.I 

Take of A, G, E any equimultiples whatever G, H, K ; and of B, 
D, F any equimultiples whatever L, M, N. Therefore, shice A is to 
Bi as C to D, and G, H are taken equimulti|des of A, C, and L, M 
of B, D ; if G be greater than L, H is greater than M ; and if equal, 
equal; and if less, less (6. def. 5.). I^^iu because C is to D, as E 
to F, and H, K are taken equimultiples of C, E: and M, N, of D, F : 
if H be greater than M, K is greater than N ; and if equal, equal ; 
and if less, less : but if G be greater than L, it lias been shown that 



a 



H- 

c- 



K- 
E- 



D- 
M- 



F- 

N- 



H is greater than M ; and if equal, equ^; and if less, less: therefore, 
if G be greater than L, K is greater than N ; and if equal, equal : 
and if less less : ai|d G, K are any equimultiples whatever of A, E : 
and L, N any whatever of B, F : therefore as A is to B, so is E to F 
(5. def 5.). Wherefore ratios that, 6lc. Q^KD. 
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multiple of C* sr 
of C, but the 1 
multiples be t:i< 
F the multiplt 
greater than I 
arc taken ei\u\] 
is taken am: 
greater than 1' 
than F (5. iM. 
than F, whirl. 
fore and B »• 
they are etjual. 

Next, let < 
each of the i>i 
equal to 13 : < 
them is great « 
be the greater ; 
in Prop. 8th, t! 
of C, and sonv 
of Band A sn> 
but because < 
first, is great* 
of the third, i 
but F is not 
equal to B. 
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^ -ft^ccrtiooals as one of the 
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:». S r be proportionals; that 
. . .* jtf A is to B, so shall A, 

.-aterer G, H, K ; and of B, 



F- 
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)|, V : then because A is to B, 

^,;. £L K are equimultiples of A, 

* ' -4^ ;.\ F; if G be greater than L, 

•^ .3tfi X ; and if equal, equal ; and 

^ I" J be greater than L, then G, 

'^ 1^ X together ; and if equal, equal ; 

•. i. together are any equiniulti- 

r-.-i-i*^* i^ there be any number 

^ tsiay, each of each, whatever 

J^ :^ same multiple is the whole 

-rtacn L, and L, M, N are any equi- 

ti'^^r* A is to B, so are A, C, E 

%>?f^re, if any number, &c. Q. 
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THEOR. 

^ .« same ratio which the third 
... ro fourth a greater ratio than 
* .^ shall also have to the second a 
^ IT 2« sixth.* 

, aix^ to B the second, which C the 
" iht third to D the fourth, a greater 
' ^v:? • also the first A shall have to 
' ^ ,-v fifth E to the sixth F. 
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i V D. than E to F, there are some 
jCCH? of D and F, such, than the 
i» multiple of I), but the multiple 



.•^S^M- 



BOOK r. 



THB BLKMIVrrB OF BUCLIO. 



109 



M- 



a 



H- 



E- 
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D- 
K- 



F. 
L- 



of B is not greater than the multiple of F (7. deH 5.) ; let such be 
taken, and of C, E let G, H be equimultiples, and K, L equimultiples 
of D, F, so that G be greater than K, but H not greater than L ; and 
whatever multiple G is of C, take M the same multiple of A ; and 
whatever multiple K is of D, take N the same multif^e of B; then, 
because A is to B, as C to D, and of A and C, M and G are equi- 
multiples: and of B and D, N and K are equimultiples; if M be greater 
than N, G is greater than K, and if equal, equal ; and if less, less (5. 
def 5.) : but G is greater than K^ therefore M is greater than N : but 
H is not greater than L ; and M, H are equimultiples of A, E ; and 
N, L equimultiples of B, F: therefore A has a greater ratio to B, than 
E has to F (7. deC 5.). Wherefore, if the first, dtc. Q. E. D. 

Cor. And if the first have a greater ratio to the second, than the 
third has to the fourth, but the third the same ratio to the fourth, 
which the fifth has to the sixth : it may be demonstrated, in like 
manner, that the first has a greater ratio to the second, than the fifth 
baa to the sixth. 

PROP. XIV. THEOR- 

Ir the first has to the second, the same ratio which the third 
has to the fourth ; then, if the first be greater than the third, the 
second shall be greater than the fourth ; and if equal, equal ; and 
if lessy less.* 

Let the first A have to the second B, the same ratio which the third 
C has to the fourth D; if A be greater than C, B is greater than D. 

Because A is greater than C, and B is any other magnitude, A has 
to B a greater ratio than C to B (8. 5.); but as A is to B, so is C to 



1 



t 



8 



ABCD ABCD ABCD 

D; therefore also C has to D a greater ratio than C has to B (18. 6.): 
but of two magnitudes, that to whkh the same has the greater ratio 
is the lesser (10. 6.): wherefore D is less than B; that is, B is jpreater 
thanD. 

Secondly, If A be equal to C, B is equal to D ; for A is to B, as C, 
that is A, to D ; B therefore is equal to D (9« 5.). 



* See Note. 
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Thirtly,lfiBlrtBMthMC,BriidlbeleMt^ 
haa At and becauw C it to D, as A it to B^ D it gmter thqi B^fef 
lbs iint cate ; wherefore B it leat than D. Thereibra^irthelllat*& 

PROP. XV. THBQR. 

. IIaavitddu have the tame ratio to one another which their 
Ofoinuiltiplee liave. 

Let AB be the nme mieiltiple of C, Oat DHkit of F; C it to F, ap 
ABtoDB. 

AMsaoteABiktheaaneiiialtiiileorCithatDBitef F; fhiMPeafe 
aa many magnitndet in AB equal to C, at ^ 
there are in DB eqvaltoF: letABbedi- 
Tided into magnttiidnf, each eqnal to C» 
Vis. AO, OH, HB;, and DB into magnl- 
tttto, each eqAd to F, vbe. DK* KU LB: 
then the nmttber of the lint AG, Cn, HB. . 
riMU be eand to the nomber of the latt 
IHCtKUidS andbeoaote AQ» CHi, HB 
are atf eqpia]^ and tlmt DB^ KU LB are g-}. 
ite eqpttd to dne aiMher; therefbreAG 
ttio EKi aa OBB to KU and at HB to LB 
(7. A.) s and aa one of the anteoedentt to ita 
conteqoantp oo are all the anteoedenta tc^ 
gether to all the cooaeqiientt tofetber (If. 5.); w h ewfcWb •• AG la 
to DK, to is AB to DE: bat AG it eQnal to C» and DK toF: tbeve- 
fore,asClstoF,8oisABtoDE. Therefore niagnitodeei4&<|.B.B 

PROP. XVI. THEOR. 

Ir four magnitudes of the same kind be proportionals, the 
shall also be proportionals when taken alternately. 

Let the four magnitudes, A« B, C, D, be proportionals, viz. as A 
B, so C to D: they shall also be proportionals, when taken alternate 
that is, A is to C, as B to D. 

Take of A and B any equimultiples whatever £ and F : anc 
C and D take any equimultiples whatever G and H : and beer 
E is the same multiple of A, that F is of B, and that magnit 
have the same ratio to one another which their equimulf 
have (16. 5.); therefore A is to B, as E is to F: but as A is 
so is C to D : wherefore 

asCis toD, so (11. 5.) E G 

is E to F: again, because 

G« H are equimultiples A C 

of C D, as C is to D, so 

is G to H (16. 6.); but B D 

as C is to D, so is E to 

F. Wherefore as E is F H 

to F, so is G to H (11. 

6.). But, when four magnitudes are proportionals, if the 
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greater than the third, the second shall be greater than the fourth ; 
and if equal, equal ; if less, less (U. 5.). Wherefore, if E be greater 
than G, F likewise is greater than H ; and if equal, equal ; if less, 
less ; and E, F are any equimultiples whatever of A, B ; and Q, H 
any whatever of C, D. Therefore A is to C, as B to D (5. de£ 5.). 
If then four magnitudes, &c Q. K D. 

PROP. XVn. THEOR. 



Ir magnitudes, taken jointly, be proportionals, they shall also 
be proportionals ^hen taken separate! v ; that is, if two magni- 
tudes together have to one of them tne same ratio which two 
others have to one of these, the remaining one of the first two 
shall have to the other the same ratio which the remaining one 
of the last two has to the other of these.* 

Let AB, BE, CD, DF be the magnitudes take» jointly which are 
proportionals; that is, as AB to BE, so is CD to DF; they shall 
also be proportionals taken separately, viz. as AE to EB, so CF to 
FD. > 

Take of AE, EB, CF, FD, any equimultiples whatever of GH, HE, 
LM, MN ; and again, of EB, FD, take any equimultiples whatever 
KZ, NP : and because GH is the same multiple of AE, that HE is of 
EB, therefore GH is the same mulUpIe (1. 5.) of AE, that GK is of 
AB ; but GH is the same multiple of AE, that LM is of CF: where- 
fore GK is the same multiple of AB, that LM Is of CF. Again, be- 
cause LM is the same multiple of CF, that MN is of FD ; therefore 
LM is the same multiple (1. 5.) of CF, that LN is of CD : but LM 
was shown to be the same multiple of CF, that GK is of AB; GK 
therefore is the same multiple of AB, that LN is of CD : that is, GK, 
LN are equimultiples of AB, CD. Next, because HK is the same 
moltifde of EB, that MN is of FD ; and 
that KX is also the same multiple of EB, 
that NP is of FD ; therefore HX is the 
lame multiple (2. 5.) of EB, that MP is 
of FD. And because AB is to BE, as 
CD is to DF, and that of AB and CD, 
GK and LN are equimultiples, and of 

EB and FD, HX and MP are equimul- N-f 

tiples ; if GK be ^^reater than HX, then 

lii is greater than MP ; and if equal, ^ — M- 

equal ; and if less, less (5. def. 5.) : but 
if GH be greater than KX, by adding 
the common part HK to both, GK is 
ereater than HX; wherefore also LN 
is greater than MP; and by taking 

away MN from both, LM is greater G A (* !^ 

than NP : therefore, if GH he greater 
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than KX, LM Is greater than NP. In like manner it may be demon- 
strated, that if GH be equal to KX, LN likewise is equal to NP ; and 
if less, less : and GH, LM are any equimultiples whatever of A^CF, 
and KX, NP are any whatever of EB, FD. Therefore (5. de£ ft.), as 
AE is to EB, so is CF to FD. If then magnitudes, &c. Q. E. D. 



PROP. XVnL THEOR. 

If magnitudes, taken separately, be proportionals, they shall 
also be proportionals when taken jointly, that is, if the first be to 
the second, as the third to the fourth, the first and second to- 

S ether shall be to the second, as the third and fourth together to 
le fourth,* 

Let AE, EB, CF, FD be proportionals ; that is, as AE to EB, so 
is CF to FD : they shall also be proportionals when taken jointly ; 
that is, as AB to BE, so CD to DF. 

Take of AB, BeT CD, DF any equimultiples whatever GH, HK, 
LM, MN ; and again, of BE, DF, take any whatever eqoimultiplea 
KO, NP ; and because KO, NP are equimultiples of BE, DF ; and' 
that KH, NM are equimultiples likewise of BE, DF, if KO, the mul- 
tiple of BE, be greater than KH, which is a multiple of the same B£h 
NP, likewise the multiple of DF, shall be greater than NM, the mul- 
tiple of the same DF : and if KO be 
equal to KH, NP shall be equal to 
NM ; and if less, less. 

First, Let KO not be greater than 
KH, therefore NP is not greater than M 

NM ; and because GH, HK are equi- 
multiples of AB, BE, and that AB 
is greater than BE, therefore GH 
is greater (3. Ax. 5.) than KH : but 
KO is not greater than KH, where- 
fore GH is greater than KO. In like 
manner it may be shown, that LM 
is greater than NP. Therefore if 
KO be not greater than KH, then 
GH, the multiple of AB, is always 
greater than KO, the multiple of BE ; 
and likewise LM, the multiple of CD, G 
greater than NP, the multiple of DF. 

Next, let KO be greater than KH : therefore, as has been 
shown, NP is greater than NM: and because the whole GH l» 
the same multiple of the whole AB, that HK is of BE, the re- 
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mainder GK is the same multipie of 
the remainder AB that GH is of AB 
(5. 6.): which is the same that LM 
is of CD. In lilie manner, because 
LM is the same multipie of CD, that 
MN is of DF, the remainder LN is 
the same multiple of the remainder 
CF, that the whole LM is of the 
whole CD (5. 5.) : but it was shown 
that LM is the same multiple of CD, ^ 

that GK is of AE; therefore GK is 
the same multiple of AE, that LN is 
of CF; that is, GK, LN are equimul- 
tiples of AE, CF: and because KO, 
NP are equimultiples of BE, DF, if 
from KO, NP there be taken KH, 
NM, which are likewise equimultiides of BE, DF, the remainders 
HO, MP are either equal to BE, DF, or equimultiples of them (6. 5.). 
FM, let HO, MP, be equal to BE, DF; and because AE is to EB, 
■pM CF to FD, and that GK, LN are equimultiples of AE, CF; GK 
ishall be to EB, as LN to FD (Cor. 4. 5.): but HO is equal to EB, 
and MH to FD; wherefore GK is to HO as LN to MP. If therefore 
GK be greater than HO, LN is greater than MP; and if equal, equal; 
and if less (Ax. 5.)> less. 

But let HO, MP be equimultiples of EB» FD ; and because AE is 
to EB, as CF to FD, and that of AE, CF are taken equimultiples GK, 
LN, and of EB, FD, the equimultiples HO, MP; if GK be greater than 
HO, LN is greater than MP; and if ^ 
equal, equal; and if less, less (5. def. 
fi.) : which was likewise shown in the 
preoedhig case. If therefore GH be 
greater than KO, taking KH from 
botli, GK is greater than HO; where- 
fore also LN is greater than MP ; and, 
consequently, adding NM to both, 
LM is greater than NP: therefore, if 
GH be greater than KO, LM is great- B 

er than NP. In like manner it may 
he riiown, that if GH be equal to KO, g-p 

LM is equal to NP; and if less, less. 
And in the case in which KO is not 
greater than KH, it has been shown 
that GH is always greater than KO, and likewise LM than NP : but 
GH, LM are any equimultiples of AB, CD, and KO, NP are any what^ 
erer of BE, DF : therefore (5. def 5.), as AB is to BE, so is CD to 
DF. If then magnitudes, du;. Q. E. D. 
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PROP. XIX. THEOR. 



Ip a whole magnitude be to a whole, as a magnitude taken 
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from the finitt is to a magnitude taken from the other ; the re- 
mainder shall be to the remainder, as the whole to the whole.* 

Let the whole AB be to the whole CD, as AE, a magnitude taken 
from AB, to CF, a magnitude taken from CD ; the remainder EB 
shaD be to the remainder FD, as the whole AB to the whole CD. 

Because AB is to CD, as AE to CF, likewise alternately (16. 5.) 
BA is to AE, as DC to CF ; and because, if magni- A 
tudes, take jointly, be proportionals, they are also pro- 
portionals (17. 5.) when taken separately ; therefore, ^ 
as BE is to DF, go is EA to FC ; and alternately, as 
BE is to EA, so is DF to FC : but, as AE to CF, so, 
by the hypothesis, is AB to CD ; therefore also BE, the 
remainder shall be to the remainder DF, as the whole 
AB to the whole CD: Wherefore, if the whole, &c. 
Q. E. D. • B 

Ck>R. If the whole be to the whole, as a magnitude taken from the 
first, is to a magnitude taken from the other ; the remainder likewise 
is to the remainder, as the magnitude taken from the first to that 
talcen firom the other: the demonstration is contained in the pre> 
ceding, 

PROP. E. THEOR. 

If four magnitudes be proportionals, they are also proportionals 
by conversion, that is, the first is to its excess above the second, 
as the third to its excess above the fourth. 



E_ 



C 

pi 



Let AB be to BE, as CD to DF ; then BA is to 
AE, as DC to CF. 

Because AB is to BE, as CD to DF, by division 
(17. 5.), AE is to EB, as CF to FD, and by inver- 
sion (B. 5.), BE is to EA, as DF to FC. Wherefore, 
by composition (18. 5.), BA is to AE, as DC is to 
CF. If, therefore, four, &c. a E. D. B 

PROP. XX. THEOR. 

If there be three magnitudes, and other three, which, taken 
two and two, have the same ratio ; if the first be greater than 
the third, the fourth shall be greater than the sixth ; and if equal, 
equal ; and if less, less.^^ 

Let A, B, C be three magnitudes, and D, E, F other three, 
which, taken two and two, have the same ratio, viz. as A is to B, 

» Sec Note. 



•o ii Dto B; and aa BtoC'sois E to F. If A be 
gnater than C, D shall be greater than F ; and \t 
equal, eqnal ; and tf )ns, leas. 

BecaoM A is greater than C and B Is any other 
ms^itade, and that tbr greater has to the same 
magnitude a greater ratto'^than the less has to ft 
(8. 0.) ; tbereTore A has to B a greater ratio than 
Chaato B; biits8Dl8toB,80isAtoB; there- 
fore (13. ft.) D has to E a greater ratio than C to 
B; and becauae BIBtoC, asEtoF, by InversioD, 
01stoB,a8FlatoE; and D was ahown to have 
to E a greater ratio than C to B ; therefore D has 
to E a greater ratio than F to B (Cor. 13. ft.); but 
the magnitude which has a greater ratio than an- 
other to the same magnitude, Is the greater ofthe two 10. ft.); D is 
therefore greater than F. 

Secondly, Let A be eqoal to C ; D shall be equal to P ; becatise 
A and C are equal to one another, 
A U to B as C la to B (7. S.) : but A 
Is to B, as D to E ; and C is to B, as 
F to E : wherefore D Is to E, as F to 
B (II. ft.); and therefore D Is equal 
to F (9. S.> 

Next, let A be less than C ; D 
shaD be less than F : for C is greater 
than A, and as was shown in the first 
caae, C is to B, as F to ^ and in Ulie 
manner B iBtoA,asEtoD; there- 
fan F is greater than D, by the first 
case ; and therefore D is leas than F. 
Therefore, If there be three, fcc. O. E. d! 

PROP. XXL THBOR. 

Ir there be three magnitudea, and other three, which hare tba 
same ratio taken two and two, but in a cross order, if the first 
magnitude be greater than the third, the fourth shall be greater 
than the nxth ; and if equal, equal ; and if less* less.* 

Let A, B, C be three magnitudes, and D, E, F other three, which 
have the same ratio, taken two and two, but In a croaa otder, vl& as 
AtetoB,solsEtoF, andasBntoC,solsDto 
E. IT A be greater than C, D shaU be greater than 
F; and if equal, equal; and if less, less. 

Because A Is greater than C, and B is any other 
magnitude, A has to B a greater ratio (8. ft.) than 
ChastoB: butasBtoF, aoisAtoB; therefore 
(13. &) B has to Fa greater ratio than C to B: and 
t B is to C, as D to E, by inversion, C is to 
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B, as E to D : and fi was shown to have to F a D B F 

greater ratio than C to B ; therefore E has to F a 

greater ratio than E to D (Cor. 13. 6.) ; but the 

magnitode to which the same has a greater ratio 

than it has to another, is the lesser of the two (10. 

5.); F therefore is less than D, that is* D is greater 

than F. 

Secondly, let A be equal to C, D shall be equal to F. Because 
A and C are equal, A is (7. 5.) to B, 
asCistoB: butAistoB,as Eto 
F ; and CistoB,asEtoD; where- 
fore E Is to F, as E to D (11. 5.) ; 
and therefore D is equal to F (9. 6.). 

Next, let A be less than C; D 
shall be less than F ; for C is greater ABC A 
than A, and, as was shown, C is to D E F D 
B» as E to D ; and in like manner B 
is to A, as F to E ; therefore F is 
greater than D, by case firat ; and 
werefore D is less than F. There- 
fore, if there be three, &c. Q. R D. 
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PROP. XXn. THEOR- 



If there be any number of magnitudes, and as many others, 
which, taken two and two in order, have the same ratio ; the 
first shall have to the last of the first magnitudes the same ratio 
which the first of the others has to the last N. B. This is usu- 
ally cited by the words " ex asquali,^^ oi' " ex xquo.^^* 

.First, let there be three magnitudes A, B, C, and as many others 
D, E, F, which taken two and two, have the same ratio, that is, such 
that A is to B, as D to E ; and as B is to C« so is E to F ; A shall 
be to C, as D to F. 

Take of A and D any equimultiples whatever G and H ; and of 
B and E any equimultiples what- 
ever K and L ; and of C and F any 
whatever M and N : then, because 
A is to B, as D to E, and that G, 
H are equimultiples of ^A, D, and 
K, L equimultiples of B, E; as G 
is to K, so is (4. 5.) H to L. For A B k D 
the same reason, K is to M, as L 



* See Note. 
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to N : sKtbecum there are three G K M H L N 
tnagnltDdes G, K, Bl, and other 
three H, L, N, which, two and two, 
have the aame ratio: if Q be great- 
er than M, H is greater than N ; 
aod If equal, equal ; and If leas, less 
(20. 5.) ; and O, H are aoy eqnlmul- 
tlplea whatever of A, D, and M, N 
are any equimultiple! Whatever oi 
C F. TherefiKe, (S. AJC 6.}, as A 
Is to C, so Is D to F. 

Next, Let there be Ibnr magnitudes, A, fi, C, D, and other fonr, B, 
F, G, H, which, two and two, have the aanie ratio, i . „ - - — i 
Tiz. as A Is to B, so is B to F, and as B to C, 10 F ^ v n u 
toQ; and as C to D, BO a to H: A shall be to D, I J»> »■■ u- H. ] 
asBtoH. 

Because A, B, C are three Kiagnltudes, and E, F, G other three, 
which, taken two and two, have the same ratio ; b; the foregoing 
case, AistoC, asBtoO. ButClstoD, asOistoM; wherefi>re 
■gain, tqr the first case, A la to D, as £ to H : and so on^ whatever 
be the number of magnitudes. Therefore, if there be any nuniber, 
ftci O. B. D. 

PROP. XXm. THEOR. 

Ir there be any namber of tnagnittides, and as many others, 
which, token two and two, in a cross order, have the same ratio; 
the first shall hare to the last of the first magnitudea the same 
«atio which the iirat of the others has to the last N. & This it 
tmtalfy cited by the wrda " ex ugv^ in proportioJU perittrbataf' 
«r, " ex mqvo perUa-haio."* 

Vint, Let there be three magnitudes A, B, C, and other three, D, 
B, F, which, talten two and two in a cross order, have the same ratio, 
tlMt is, BOch that A is to B, as E to F ; and as B is to C, so is D to B : 
A is to C, as D to F. 

Take of A, B, D any equimultiples whatever G, H, K j and <^C 
E, F any equimultiples whatever L, M, N ; and beoanse Q, U are 
equimultiples of A, B, and that mag- 
nltodes have the same ratio whlcli 
their equimultiples have (15. ft.) ; as 
AistoB,soi8GtoH. And for 
the same reason, as E Is to F, so is 
HtoN;batasAl8toB,sobEto 
F; as therefore G is to H, so is H to 
N (11. ft.). And because as B is to 

*SnN«(8. 
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C, soisDtoEyand thatH, Kare G H L K M N 
eqoimultiples of B, D, and L, M, of 
C, E ; as H is to L, so is (4. 5.) K 
to M : and it has been shown, that 
6 is to H, as M to N ; then^ because 
there are three magnitudes G, H, L, 
and other three, K, M, N, which 
have the same ratio taken two and 
two in a cross order ; if G be great- 
er than L, K is greater than N; and 
if equal, equal; and if less, less (21. 
5.) ; and G, K are any equimultiples whatever of A, D ; and L^ N any 
whatever of C, F ; as, therefore, A is to C, so is D to F. 

Next, Let there be four magnitudes, A, B, C, D, and other four £, 
F, G, Hy which ,taken two and two in a cross order, 
have the same ratio, viz. A to B, as G to H ; B to C, 
as F to G; and to D, as £ to F : A is to D, as E 
toH. 

Because A, B, C are three magnitudes, and F, G, H other three, 
which, taken two and two hi a cross order, have the same ratio ; by 
the firat case, A is to C, as F to H : but C is to D, as E is to F ; where- 
fore again, by the first case, A is to D, as E to H : and so on, whatp 
ever l^ the number of magnitudes. Therefore, if there be any num- 
ber, &c. Q. K D. 

PROP. XXIV. THEOR. 



A. R C. D. 
E. F. G. H. 



If the first has to the second the same ratio which the third 
has to the fourth ; and the fifth to the second, the same ratio 
which the sixth has to the fourth; the first and fifth together shall 
have to the second, the same which the third and sixth together 
have to the fourth.* 

Let AB the first have to C the second, the same ratio which DE 
the third has to F the fourth; and let BG the fifth, have to C the 
second, the same ratio which EH the sixth, 
has to F the fourth : AG, the first and fifth G 
together, shall have to C the second, the H 

same ratio which DH, the third and sixth 
together, has to F the fourth. 

Because BG is to C, as EH to F ; by 
inversion, C is to BG, as F to EH : and 
because as AB is to C, so is DE to F ; 
and as C to BG, so F to EH ; ex ssquali 
(22. 5.), AB is to BG, as DE to EH: 
and because these magnitudes are pro- 
portionals, they shall likewise be pro- 
portionals when taken jointly (18. 5.): A C D F 
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* See Note. 
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at, therefore, AG is to GB, so is DH to HE; but as GB to C, so is 
HE to F. Therefore, ex mauaUiW. 5.). as AG is to C, so is DH to 
F. Wherefore, if the first, kc. O. £. D. 

Cor. 1. If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shaU be to the second, as the excess of 
the third and sixth to the fourth. The demonstration of this is the 
same with that erf* the proposition, if division be used instead of com- 
position. 

CoR. 2. The iHroposttifln holds true of two ranks of magnitudes, 
whatever be thdr number, of which each of the first rank has to 
the second magnitude the same ratio that the corresponding one of 
the second rank has to a fourth magnitude ; as is manifest. 

PROP. XXV. THEOR. 

If four magnitudes of the same kind are proportionals, the 
greatest and least of them together are greater tnan the other 
t¥^o together. 

Let the four magnitudes AB, CD, E, F, be proportionals ; viz. AB 
to CD, as E to F ; and let AB be the greatest of them, and conse- 
quentiy F the least (A. & 14. 15.). AB, together with F, are greater 
than CD, together with E. 

Take AG equal to E, and CH equal to F : then, because as AB 
Is to CD, so is E to F, and that AG is equal to E, and CH equal 
toF; ABistoCD, as AG to CH. And ^ 
because AB the whole is to the whole 
CD, as AG is to CH, likewise the re- 
mainder GB shall be to the remainder G-- 
HD, as the whole AB is to the whole 
(10. 5.) CD : but AB is greater than CD, 
therefore (A. 5.) GB is greater than HD: 
and because AG is equal to E, and CH 
to F; AG and F together are equal to 
CH and E together. IC therefore, to the 
unequal mag^udes GB, HD, of which 
GB Is the greater, there be added equal magnitudes, viz. to GB the 
two AG and F, and CH and E to HD ; AB and F together are 
greater than CD and E. Therefore, if four magnitudes, &c. Q. 
E. D. 

PROP. F. THEOR. 

Ratios which are compounded of the same ratios, are the 
same with one another.* 

LetAbetoB,asDtoE; andBtoC,asEtoF: the ratio whkh 
Is compounded of the ratk>s of A to B, and B to C, 
whkh by the definition of compound ratio, is the ratio 
of A to C, is the same with the ratio D toF, which by 
the same definition is compounded of the ratkM of D 

to E, and E to F. 

• See Nolo. 
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Becanse there are three magnitudes, A, B, C, and three othera 
D, E, Ft which, taken two and two in order, have the same ratio : 
ex mqualh A is to C, as D to F (22. 6.). 

Next, Let A be to B, as E to F, and B to C, as D to E ; there- 
fore, ex mquali in proportione perturbala (23. 6.), A 
istoC, as D to F; that is, the ratio of A to C, which 
is compounded of the ratios of A to B, and B to C, is 
the same with the ratio D to F, which is compounded 
of tlie ratios of D to E, and £ to F : and in lilie man- 
ner the propositions may be demonstrated, whatever be the number 
of ratios in either case. 



PROP. G. THEOR. 

If several ratios be the same with several ratios, each to each : 
the ratio which is compounded of ratios which are the same 
with the first ratios, each to each ; is the same with the ratio 
compounded of ratios which are the same with the other ratios, 
each to each.* 

LetAbetoB,as£toF; andCtoD, asGtoH: and let A be 
to B, as K to L ; and C to D, as L to M : then the ratio of K to Bl, 
by the definition of compound ratio, is 
compounded of the ratios of K to L, 
and L to M, which are the same with 
the ratios of A to B, and C to D ; and 
as^E to F,' so let N be to O ; and as G 
to H, so let O be to P ; then the ratio of N to P is compounded of 
the ratios of N to O, and O to P, which are the same with the FBtkw 
of E to F, and G to H : and it is to be shown that the ratio of K to 
M, is the same with the ratio of N to P, or that K is to M, as N to P. 

Because K is to L, as (A to 13, that is, as E to F, that is, as) N to 
O ; and as L to M, so is (C to D, and so is G to H, and so is) O to 
P : ex xqiioli (22. 5.) K is to M, as N to P. Therefore, if several 
ratios, &c. Ct E. D. 



A« Bi C Da K» Ij* bbL* 
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PROP. H. THEOR. 

If a ratio compounded of several ratios be the same with a 
ratio compounded of any other ratios, and if one of the first ra- 
tios, or a ratio compounded of any of the first, be the same with 
one of the last ratios, or with the ratio compounded of any of the 
last ; then the ratio compounded of the remaining ratios of the 
first, or the remaining ratio of the first, if but one remain, is the 
same with the ratio compounded of those remaining of the last, 
or with the remaining ratio of the last* 

• See Note. 
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Let the first ratios be those ofAtoB,BtoC, CtoD, DtoE, 
and £ to F: and let the other ratios be those of G to H, H to K, 
K to L, and L to M : also, let the ratio of A to F, which is com- 
pounded of* the first ratios, be the same 
with the ratio of G to M, which is com- 
pounded of the other ratios; and be- 
sides, let the ratio of A to D, which is 
compounded of the ratios of A to B, B 
to C, C to D, be the same with the ratio of G to K, which is com- 
pounded of the ratios of G to H, and H to K, then the ratio com- 
pounded of the remaining first ratios, to wit, of the ratios of D to 
£, and £ to F, which compounded ratio is the ratio of D to F, is 
the same with the ratio of K to M, which is compounded of the re- 
maining ratios of K to L, and L to M of the other ratios. 

Because, by the hypothesis, A is to D, as G to K, by inversion 
(a 5.1, D is to A, as K to G; and as A is to F, so is G to M; 
therefore (22. 5.). ex xquali, D is to F, as K to M. If therefore a 
ratio which is, du;. Q. £. D. 

PROP. K. THEOR. 

If there be any number of ratios, and any number of other 
ratios such, that the ratio compounded of ratios which are the 
same with the first ratios, eacn to each, is the same with the 
ratio compounded of ratios which are the same, each to each, 
with the last ratios ; and if one of the first ratios, or the ratio 
which is compounded of ratios which are the same with several 
of the first ratios, each to each, be the same with one of the last 
ratios, or with the ratio compounded of ratios which are the 
same, each to each, with several of the last ratios : then the ratio 
compounded of ratios which are the same with the remaining 
ratios of the first, each to each, or the remaining ratio of the 
first, if but one remain ; is the same with the ratio compounded 
of ratios which are the same with those remaining of the last, 
each to each, or with the remaining ratio of the lastf 

Let the ratios of A to B, C to D, E to F, be the first ratios; 
and the ratios of G to H, K to L, M to N, O to P, a to R, be the 
other ratios : and let A be to B, as S to T ; and C to D, as T to 
V ; and E to F, as V to X : therefore, by the definition of com- 
pound ratio, the ratio of S to X is compounded of the ratios of S 



h. k, 1, 
A.B; CD; E, F. S, T, V, X. 

G. H: K, L; M, N; O, P; a, R. Y, Z, a, b, c d. 
e, f, ^. m, n, o, p. 



to T, T to V, and V to X, which are the same with the ratios of A to 
B, C to D, E to F, each to each ; also, as G to H, so let Y be to Z ; 

* Definition of compound ratia t See Note. 
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wM KtoL,asZtoa; MtoN, asatob, OtoP, asbtoc; and Q 
lb ft* as c to d: therefore, by the same definition, the ratio of Y to d 
is compounded of the ratios of Y to 2i, Z to a, a to b, b to c, and c 
to d, which are the same, each to each, with the ratios of G to H, K 
to L, M to N, O to P, and d to R : therefore, by the hypothesis, 8 is 
to X, as Y to d; also, let the ratio of A to B, that is the ratio of 
B to T, which is one of the first ratios, be the same with the ratio 
of e to g, which is compounded of the ratios of e to f, and f to g, 
which, by the hypothesis, are the same with the ratios of G to H, 
and K to L, two of the other ratios ; and let the ratio of h to 1 be 
that which is compounded of the ratios of h to k, and k to 1, which 
are the same with the remaining first ratios, viz. of C to D, and E to 
F ; also, let the ratio of m to p, be that which is compounded of the 
ratios of m to n, n to o, and o to p, which are the same, each to each, 
with the remaining other ratios, viz. of M to N, O to P and Q, to R: 
then the ratio of h to 1 is the same with the ratio of m to p, or h is 
to I, as m to p. 









h,k,l, 












A,B; 


c. 


D: E,F. 


s, 


,T, 


,v,x. 




a,H; 


K,L; 


M, 


N;0,P; 


a,R.Y, 


z. 


a, b, c. 


d. 


e,i; 


g- 




m, n, o. 


p- 









Because e is to f, as (G to H, that is, as) Y to Z : and f is to g, as 
(K to L, that is, as) Z to a ; therefore, ex asqtudi, e is to g, as Y to 
a : and by the h3rpothesis, A is to B, that is, S to T, as e to g; where- 
fore S is to T, as Y to a; and by inversion, T is to S, as a to Y; 
and 8 is to X, as Y to d : therefore, ex sequcdi, T is to X, as a to d : 
also, because h is to k, as (C to D, that is, as) T to V : and k is to 1, 
as (E to F, that is, as) V to X ; therefore ex xquali, h is to 1, as T 
to X : in like manner, it may be demonstrated, that ra is to p, as 
a to d : and it has been shown, that T is to X, as a to d ; therefore 
(11. 5.) h is to 1, as m to p. d. R D. 

The propositions G and K are usually, for the sake of brevity, ex- 
pressed in the same terms with propositions F and H : and therefore 
it was proper to show the true meaning of them when they are so 
expressed ; especially since they are very frequently made use of by 
geometers. 
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BOOK VI. 



DEFINITIONS 



SmiLAR rectilineal figures are those 
#bich have their several angles 
equal, each to each, and the sides 
about the equal angles proportionala 




** Reciprocal figures, viz. trian^es and paraUdograms are such as 
««bave their sides about two of their angl^ proportionals in such 
** manner, that a side of the first figure is to a side of the <i^wri 
«as the remainhig side of this other is to the remaining side of flie 
••firsL'^ 

in. 

A straight line is said to be cut hi e xtr eme and mean ratio» when 
the whole is to the greater segment, as the greater segment is to 
the less. 

IV. 

The altitude of any figure is the straight line 
drawn from its votes perpendicular to the 
base. 

PROP. I. THEOR. 

TaiAiroLEs and parallelograms of the same altitude are to one 
another as their balses.* 

Let the triangles ABC, ACD, and the paraDdograms EC, CF, have 
the same altitude, viz. the perpendicular drawn ft'om the point A to 
BD: then, as the base BC is to the base CD, so is the triangle ABC 
to the triangle ACD, and the parallelogram EC to the paralldogram 
CF. 

'SeeNo4€«, 
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Produce BD both ways to the points H, L, and take any namber 
of itralght lines BG, QH, each equal to the base BC ; and DK, KL, 
any number of them, each equal to the base CD, and join AG, AH, 
AK, AL r then, because CB, BG, GH are all equal, the triangles AHG, 
AGB, ABC are all equal (38. 1.)-- therefore, whatever multiple the 
bese HC is of the base BC, the same mult4>le is the triangle AHC of 
the triangle ABC ; for the same reason, whatever multiple the base 
LC is of the base CD, the E A F 

same multiple is the triangle 
ALC of the triangle ADC : and 
if the base HC be equal to the 
base CL, the triangle AHC is 
also equal (o the triangle ALC 
(88. 1 .) ; and if the base HC be 
greater than the base CL, like- 
wise the trian^ AHC is great- H (J B U U a. Jj 
er than the triangle ALC; and if leas, less: therefore, since there are 
four magnitudes, viz. the two bases BC, CD, and the two triangles 
ABC, ACD, and of the base BC and the triangle ABC the first and 
third, any equimultiples whatever have been talcen, viz. the base HC 
ttld the triangle AHC ; and of the base CD and triangle ACD, the 
second and fourth, have been taken any equimultiples whatever, viz. 
. tbe base CL, and triangle ALC ; and that it has been shown, that, if 
Hoc base HC be greater than tbe base CL, the triangle AHC is great- 
er than the triangle ALC ; and if equal, equal; and if less, less; there- 
fore (6. def 6.) as the base BC is to the base CD, so is the triangit: 
ABC to the triangle ACD. 

And because the parallelogram CE is double of the triangle ABC 
(41. I.) and the parallelogram CF double of the triangle ACD, and 
that magnitudes have the same ratio which their equimultiples havl; 
(IB. 5.) ; as the triangle ABC is to the triangle ACD, so is the paral- 
lelogram EC to the parallelogram CF; and because it has been shown, 
that as the base BC is to the base CD, so is the triangle ABC to the 
triangle ACD ; and as the triangle ABC to the triangle ACD, so is 
the parallelogram EC to the parallelogram CF ; therefore as the base 
BC is to the base CD, so is (U. 5.) the parallelogram EC to the 
parallelogram CF. Wherefore, triangles, &«. Q. E. D. 

CoH. From this it is plain, that triangles and parallelograms that 
have equal altitudes, are one to another as their bases. 

Let the figures be placed so as to have their bases in the same 
straight line; and having drawn perpendiculars from the vertices of 
the triangles to the bases, the straight line whirh joins the vertices ia 
parallel to that in which their bases are (33. 1.), because the perpen- 
diculars are both equal and parallel to one another : then, if the same 
construction be made as in the proposition, the demonstration will be 
the same. 
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PROP. n. THEOR. 

■ 

If a straight line be drawn parallel to one of the sides of a 
trianffle, it snail cut the other sides, or those produced, propor- 
tionaliy ; and if the sides, or the sides produced, be cut propor- 
tionally, the straight line which joins the points of section snail 
be parallel to the remaining side of the triangle.* 

Let DE be drawn parallel to BC, one of the sides of the 'triangle 
ABC ; BD is to DA, as CE to EA. 

Join BE, CD; then the triangle BDE is equal to the triangle 
CDE (37. 1.), because they are on the same base DE, and between 
the same parallels DE, BC ; ADE is another triangle, and equal 
magnitudes have to the same the same ratio (7. 5.) ; therefore, as 
the triangle BDE to the triangle ADE, so is the triangle CDE to the 
triangle ADE ; but as the triangle BDE to the triangle ADE, so is 
(1.8.) BD to DA, because having the same altitude viz. the perpen- 
dicular drawn from the point £ to AB, they are to one another as 
their bases ; and for the same reason, as the triangle CDE to the 
triangle ADE, so is CE to EA. Therefore, as BD to DA, so is CE^ 

toEA(ll. 5.). 
Next let the sides AB, AC erf* the trian^e ABC, or these produced^ 





be cot propdrtionally in the pohits D, E, that is, so that BD be to DA 
as CE to EA, and join DE ; DE is parallel to BC. 

The same construction being made ; because as BD to DA, so 19 
CE to EA ; and as BD to DA, so is the triangle BDE to the triangle 
ADE (1. 6.) ; and as CE to EA, so is the triangle CDE to the trian- 
gle ADE ; therefore the triangle BDE is to the triangle ADE, as the 
triangle CDE to the triangle ADE ; that Is, the triangles BDE, CDE 
have the same ratio to the triangle ADE ; and therefore (9. 5.) the 
triangle BDE is equal to the triangle CDE; and they are on the 
same base DE ; but equal triangles on the same base are between 
the same parallels (39. 1.) ; therefore DE is parallel to BC. Where- 
fore, if a straight line, Slc. Q. E D. 



• See Nuc* 
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PROP. m. THEOR. 

If the angle of a triangle be divided into two equal anffles, by 
a straight h'ne which also cuts the base ; the segments of the base 
diall have the same ratio which the other sides of the triangle 
have to one another: and if the segments of the base have 3ie 
same ratio which the other sides of the triangle have to one 
another, the straight line drawn from the vertex to the point of 
section, divides the vertical angle into two equal angles.* 

Let the angle BAG of any triangle ABC be divided hito two equal 
angles by the straight line AD : BD is to DC, as BA to AC. 

Through the point C draw CE paraUel (31. 1.) to DA, and let BA 
produced raeel CE in £. Because the straight line AC meets the 
parallels ADp'BC, the angle ACE is equal to the alternate angle 
CAD (29. 1.) ; but CAD, by the hypothesis is equal to the angle 
BAD; wherefore BAD is equal to the an^e ACK Again, be- 
cause the straight line BAE meets the parallels AD, EC,* the 
outward angle BAD is equal ^ ^ ^ 

%> the inward and opposite ^ 

angle AEC : but the angle ACE 
has been proved equal to the an- 
gle BAD ; therefore also ACE is 
equal to the angle AEC, and con- 
sequently the side AE is equal 
the side (6. 1.) AC ; apd because ^ 
AD is drawn parallel to one of 
the sides of the triangle BCE, viz. to EC, BD is to DC, as BA to 
AE (2. 6.) : but AE is equal to AC ; therefore, as BD to DC, so is 
BA to AC (7. 5.). 

Let now BD be to DC, as BA to AC, and join AD ; the angle BAG 
is divided into two equal angles by the straight line AD. 

The same construction being made; because, as BD to DC, so is 
BA to AC : and as BD to DC, so is BA to AE (2. 6.), because AD is 
parallel to EC ; therefore BA is to AC, as BA to AE, (11.5.): con- 
sequently AC is equal to AE (9. 6.), and the angle AEC is therefore 
equal to the angle ACE (5. L) : but the angle AEC is equal to the 
outward and opposite angle BAD: and the angle ACE is equal to 
the alternate angle CAD (29. L) : wherefore also the angle BAD is 
equal to the angle CAD : therefpre the angle BAC is cut into two 
equal angles by the straight line AD. Therefore, if the angle, kc. 
Q.E.D. 

* Sec Note. 




BOOK 7L THE SLEMIMTS OF EUCLID. 127 

PROP. A. THjioR. 

If the outward an^Ie of a triangle made by producing one of 
its sides, be divided into two equal angles, by a straight line 
which also cuts the base produced ; the segments between the 
dividing line and the extremities of the base have the same 
ratio which the other sides of the triangle have to one another : 
and if the segments of the base produced have the same ratio 
which the omer sides of the triangle have, the straight line drawn 
from the vertex to the point of section divides the outward angle 
of the triangle into two equal angles. 

Let the outward angle CAE of any triangle ABC be divided into 
two equal angles by the straight line AD which mee^B^e base pro- 
duced in D: BD is to DC, as BA to AC. -•^; 

Through C draw CF paraDel to AD (31. 1.): aiid because the 
straiglit line AC meets the parallels AD, FC, the angle ACF is equal 
to the alternate angle CAD (29. 1.) : but CAD is equal to the angle 
DAE (H3rp.) ; therefore also DAE is equal to the angle ACF. AgakL 
because the straight line FAE meets the parallels AD, FC, the oal^ 
ward angle DAE is equal to the 
inward and opposite angle CFA : 

but the angle ACF has been proved A^ 

equal to the angle DAE; there- ^-^'^'xX *^" 

fore also the angle ACF is equal F^ 

to the angle CFA, and conse- 
quently the side AF is equal to 
the side AC (6. 1^ : and because ^ 
AD is parallel to FC, a side of the 

triangle BCF, BD is to DC, as BA to AF (2. 6.) : but AF is equal to 
AC ; as therefore BD is to DC, so is BA to AC. 

Let now BD be to DC, as BA to AC, and join AD ; the angle CAD 
is equal to the angle DAE. 

The same construction being made, because BD is to DC, as BA 
to AC ; and that BD is also to DC, as BA to AF (li. 6.) : therefore 
BA is to AC, as BA to AF (9. 6.) ; wherefore AC is equal to AF (6. 
1.), and the angle AFC equal (5. 1.) to the angle ACF; but the angle 
AFC is equal to tlie outward angle EAD, and the angle ACF to the 
fllMViate angle CAD : therefore also EAD is equal to the angle CAD. 
Wiwifore, if the outward, &c €1. E. D. 



PROP. IV. THEOR. 

The sides about the equal andes of equiangular triandes are 
proportionals ; and those which are opposite to the equal angles 
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ar^flKMiMlogous ridei» that ll» tie the utooedaDtf or 
ofNSieratuM. 

IM ABCf DCB be eqnhngnhr trlHDi|^ heiing the am^ ABC 
Hjttd to the ingle DCB^ and the am^ ACB to the ai^ DBCVapd 
eteaeqmmtlf (JKL 1.) the am^ BAG equal to die angle CDS. The 
iUeo about the equal ann^ of the triangiei ABC, DCB are prapor- 
Honala: and thoee are the homologoiii aUea irtilch are oppoaite to 
tfie equal •^^ gj— - 

li rUtthetrian^DGBbepiaeedao.that fta dde CB marbs 

tlgoom to BC, and in the aame ttraigbt Une with ft: and 

the anglee ABC. ACB are tofrtber teas ttian two right aiii^(lT. 

l.)» ABC, and DBC, which is eqoal 

Jp.ACft are alio teas than two Hgbt 

, JHH^; w h weibie BA, BD pcodooed 

■ban meet,CI!»Jb:, I.); let tbem be 

fmdBoed and -awot In fte point F$ 

gwl beoanae the am^ ABC la eqoal 

^ the aiwie Ddb^BP ia panM<M. 

JLAtoCDi Aaain* beoanae the anide 

WB la equal to the aiwie DBa AC 

':^* t Iftii ■Bill ill FB(S8. L): tiierefim FAC3> ia a pardMograaii ; and 

J^'Si^' ttbeqaanUy AF is equal to CD, and AC to FD(a4. L): «ii he* 

^>^^'fi oanse AC it pandM to FB, one of the sides of the trian^ FBB; BA 

M is to AF, as BC to CB (3. 6.): bnt AF is equal to CD; Uw iefcte 

07. 5.). as BA to CD, so Is BC to CE ; and alternately, as AB to BC 

so Is DC to CE, (17. 1.) : again, because CD is parallel to BF, as 

BC to CE, so is FD to DE (2. 6.) : but FD is equal to AC : therefore, 

as BC to CE, so is AC to DE : and alternately, as BC to CA, so 

CE to DE : therefore, because it has been proved that AB is to DC, 

as DC to CE, and as BC to CA, so CE to ED, ex scquali, (22. 5.) 

BA is to AC, as CD to DE. Therefore the sides, &c. CL E. D. 



PROP. V. THEOR. 

If the sides of two triangles, about each of their angles, be 
proportionals, the triangles shall be equiangular, and have their 
equal angles opposite to the homologous sides. 

Let the triangles ABC, DEF have their sides proportionals, so that 
AB is to BC, as DE to EF ; and BC to CA, as EF to FD ; and oon- 
sequently, ex seguali, BA to AC, as ED to DF ; the triangle ABC is 
equiangular to the triangle DEF, and their equal angles are oppo- 
site to the homologous sides, viz. the angle ABC equd to the angle 
DEF, and BOA to EFD, and also BAC to EDF. 

At the points E, F, In the straight line EF, make (23. 1.) the 
angle FEG equal to the angle ABC, and the angle EEXj equal to 
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BOA; wherefore the remaining 
angle BAG is equal to the re- 
maining angle EGF (32. 1.), and 
the triangle ABC is therefore 
equiangular to the triangle 
GEF; and consequently they 
have their sides opposite to the 
equal angles proportionals (4. 
0.). Wherefore, as AB to BC, so is GE to RF ; but as AB to BC, so 
is DE to EF; theMbre as DE to EF, so (11. 6.) GE to EF: tb&e- 
fore DE and GE have the same ratio to EF, and consequently are 
equal (9. 6.): for the same reason, DF is equal to FG: and because 
in the triangles DEF, GEF, DE is equal to EG, and EF common, the 
two sides DE, EF are equal to the two GE, EF, and the base DF is 
equal to the base GF: therefore the angle DEF is equal (8. I.) to the 
angle GEF, and the other angles to the other angles which are sub- 
tended by the equal sides (4. 1.) : wherefore the ang^ DFE is equal 
to the angle GFE, and EDF to BGF: and because the angle DEF is 
equal to the angle GEF, and GEF to the angle ABC; therefore the 
angle ABC is equal to the ang^e DEF : for the same reason the angle 
ACB is equal to the angle DFE, and the angle at A to the an^ 
atD. Therefore the trianfi^e ABC is equiangular to the triangle DBF. 
Wherefore, if the sides, dx. O. E. D. 



PROP. VI. THEOR. 

Ir two triangles have one angle of the one eaual to one angle 
of the other, and the sides about the equal angles proportionals, 
the triangles shall be equiangular, and shall have those angles 
equal which are opposite to Uie homologous sides. 

Let the triangles ABC, DEF have the angle BAC in the one equal 
to the angle EDF in the other, and the sides about those angles pro- 
portionals ; that is, BA to AC, as ED to DF ; the triangles ABC, DEF 
are equiangular, and have the angle ABC equal to the angle DEF, 
and ACB to DFE. 

At the points D, F, in the straight line DF, make (23. 1.) the angle 
FDG equal to either of the angles BAC, EDF ; and the angle DFG 
equal to the angle ACB; wher^ore A 
the remaining angle at B is equal 
to the remaining one at G (32. l.)f 
and* consequently the triangle ABC 
b equiangular to the triangle DGF ; 
and therefore as BA to AC, so is (4. 
ft.) GD to DfJ : but. by the hypothe- 
sis, as BA to AC, so is ED to DF ; 

asthereforeEDtoDF, sois(ll.5.) B C E F 

GD to DF ; wherefore ED is equal (9. 6.) to DO ; and DF is common 

17 





iojbbtmoniuiijtm BPFtCHMf; thwftrt ttetw6 rfaw BD^l»«to 
«qpiltotiie twoildMGD.DF: and ttie angle BWtai eqyiU to tlw 
widglB OD^; whenAre the baae BF Is equal to the base FQ (4 !•)• 
aitf the Mai^le BDF to the triai^ Ga)F, and the Mtt^^ 

4^|td sides ; therain the angle DFQ Is eqoal to the angle DFB, i^ 
the aimie aft O to the angle aft S: bat te angle DFQ Is eqnal Co the 
aagle ACB; thercAre the an|^ ACB Is eqdal to the am^DiB: and 
Ike SB||^ BAC to «qod to the aagle BW (Hyik) ; wheMfiine also the 
saewiitaf angle aft Bis eqaai to flianiinahiiwgantfe aft K. TfaanN* 

fthe trlai^ ABC Is efolancnltf io the trlai^ DBF. Whse*. 

Jrtvo triai^laB, te. «. & D. 



FBOV. yjL 



;i''#); 



v«,]r two triiinglM Iwfa COB ntg^ of Ifaft OM aqMl fe 
41 the othar^ and dw Mki dKMt two otinr feoglM pn 
ihn^ if «Mh oC'the tmiaiaiDg ib§Im be aMMr 1m% 
ap« >4!iit«^{l»t tfrffoM of llkbm be e right eirii ; tM tMluii> 

Ut the two Manglss ABC; DBF have one aiwlelnflieeltoetaal 
to one angle in the other, tIz. the angle BAG to the angle BtW, and 
the sides about two other angles ABC, DEF proportionals, so that 
AB is to BC, as DE to EF ; and in the first case, let each of the re- 
maining angles at C, F be less than a right angle. The triangle ABC 
is equiangular to the triangle DEF, viz. the angle ABC is equal to 
the angle DEF, and the remaining angle at C, to the remaining an- 
gle at F. 

For, if the angles ABC, DEF be not equal, one of them is greater 
than the other : let ABC be the greater, and at the point B, in the 
straight line AB, make the angle A 

ABG equal to the angle (28. 1.) ^x1 D 

DEF: and because the angle at ^^ / ^yt 

A is equal to the angle at D, and ^^ I q ^y^ I 

the angle ABG to the angle DEF ; ^,^:C^ — / ,X___ / 

the remaining angle AGB is equal B C E "F 

<82. 1.) to the remaining angle DFE: therefore the triangle ABO 
is equiangular to the triangle DEF; wherefore, (4. 6.) as AB is to 
BQ, so is DE to EF; but as DE to EF, so, by hypothesis, is AB to 
BC ; therefore as AB to BC, so is AB to BG (11. 5.) ; and because 
AB has the same ratio to each of the Ifaies BC, BG ; BC is equal (9. 
.5.) to BG, and therefore the angle BGC is equal to the angle BCQ 
<5. 1.) ; but the angle BCG is, by hypothesis, less than a light an- 
gle ; therefore also the angle BGC is less than a right angle, and 

* See Note. 
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the adjacent angle AGB must be greater than a right angle (18. 1.)* 
But it was proved that the angle AOB is equal to the angle at F; 
therefore the angle at F is greater than a right angle: but by the 
hypothesis, it is less than a right angle which is absurd. Therefore 
the angles ABC, DEF are not unequal, that is, they are equal : and 
the angle at A is equal to the angle at D ; wherefore the remaining 
angle at C is equal to the remaining angle at F : therefore the trian- 
gle ABC is equiangular to the triangle DKF. 

Next, let each of the angles at C, F, be not less than a right an- 
gle : the triangle ABC is ateo in this case equiangular to the triangle 
DBF. 

The same construction being A 

made, it may be proved in like yi D 

manner that BC is equal to BG, y^\ 

and the angle at C equal to the yT \ (; 

angle BOC: but the an^^e at C >^,— ^-^ 

is not less than a right an^^e; .^kf^"""^' — 1 
therefore the angle BGC is not less B C E F 

than a right angle; wherefore two angles of the triangle BGC are 
together not less than two right angles, which is impossible (17. I.)-' 
and therefore the triangle ABC may be proved to be equiangular to 
the triangle DEF, as in the first case. 

Lastly, let one of the angles at C, F, viz. the angle at C, be a right 
angle ; in this case likewise the trkmgle ABC is equiangular to the 
triangle DEF. 

For, if they be not equiangu- A 

lar, make, at the point B of the 
straight Une AB, the angle ABG 
equal to the angle DEF ; then 
it may be proved, as in the first 
case, that BG is equal to BC; 
but the angle BCG is a right an- 
gle, therefore (5. 1.) the angle 
BGC is also a right angle; 
wbeooe two of the angles of the 
triangle B(3C are together not 
less than two right an^es, which 
is impossible (17. 1.) ; therefore 
the trianc^ ABC is equiangular 
to the triangle DEF. Wherdfore^ 
if two triangles, dtc. ft. B. D. 




PROP. ym. THEOR. 



Ill a right angled triangle, if a perpendicular be drawn from 
the right angle to the baw, the triangles on each side of it are 
similar to tin whole triangle, and to one another.* 



•SseNote. 
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Let ABC be a right angled triangle, having the right angle BAG ; 
and (rem the point A let AD be drawn perpendicular to the base 
BC : the triangles ABD, ADC are similar to the whole triangle ABC, 
and to one another. 

Because the angle BAC is equal to the angle ADB, each of them 
bdng a right angle, and that the angle at B is common to the two 
triangles ABC, ABD; the remaining A 

angle ACB is equal to the remaining 
angle BAD (32. 1.): therefore the 
triangle ABC is equiangular to .the 
triangle ABD, and the sides about 
their equal angles are proportionals 
(4. 6.) ; wherefore the triangles are ^ 
similar (1. Def. 6.) ; in the like manner 
it may be demonstrated, that the triangle ADC is equiangular and 
similar to the triangle ABC : and the trian^es ABD, ADC, being 
both equiangular and similar to ABC, are equiangular and similar to 
each other. Therefore, in a right angled, &c 4. E. D. 

CoR. From this it is manifest, that the perpendicular drawn from 
the right angle of a right angled triangle to the base, is a mean 
proportional between the segments of the base : and also that each 
of the sides is a mean proportional between the base, and its seg- 
ment adjacent to that side : because in the triangles BDA, ADC, BD 
is to DA as DA to DC (4. 6) ; and in the triangles ABC, DBA, BC 
is to BA, as BA to BD (4. 6.) ; and in the triangles ABC, ACD, HC 
is to CA as CA to CD (4. 6.). 

PROP. IX. PROB. 

From a given straight line to cut ofl'any part required.* 

Let AB be the given straight line ; it is required to cut off any 
part from it. 

From the point A draw a straight line AC making any angle with 
AB ; and in AC take any point D, and take AC the same multiple 
of AD, that AB is of the part which is to be cut off A 
from it : join BC, and draw DE parallel to it : then 
AE is the part required to be cut off. 

Because ED is parallel to one of the sides of the ^ 
triangle ABC, viz. to BC, as CD is to DA, so is 
(2. 6.) BE to EA ; and, by composition (18. 5.) CA 
is to AD as BA to AE : but CA is a multiple of 
AD ; therefore (D. 5.) BA is the same multiple of 
AE : whatever part therefore AD is of AC, AE is 
the same part of AB : wherefore, from the straight 
line AB the part required is cut off. Which was to 
be done. 

' Sec Note. 
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PROP. X. PROa 

To divide a given straight line similarly to a given divided 
straight line, that is» into parts that shall have the same ratios to 
one another which the parts of the divided given straight line 
have. 

Let AB be the straight line given to be divided* and AC the 
divided line ; It is required to divide AB similarly to AC 

Let AC be divided in the points D, fi; and Jet AB, AC be placed 
so as to contain any angle, and join BC, and through the points 
D, E draw (31. 1.) DF EG parallels to it; and through D draw 
DHK parallel to AB: therefore each of the figures FH, HB is a 
parallelogram; wherefore DH is equal (34. 1.) to FQ, and HK 
to GB: and because HE is paraUd to KC* A 

one of the sides of the triangle DKC, as CE 
to ED, so is (2. G.) KH to HD: but KH is 
equal to BQ, and HD to.GF; therefore as 
CE to ED, so is BG to GF; again, because 
FD is paraUel to EG, one of the sides of the 
triangle AGE, as ED to DA, so is GF to 
FA ; but it has been proved that CE is to 
ED as BG to GF ; and as ED to DA, so GF 3 K C 

to FA : therefore the given straight Hne AB 
is divided similarly to AC. Which was to be done. 

PROP. XL PROR 

To find a third proportional to two given straight lines. 

Let AB, AC be the two given straight lines, and let them be placed 
so as to contain any ang^e ; it is required to find a third proportioMd 
toAB,AC. 

Produce AB, AC to the points D, E: and make A 
BD equal to AC ; and having joined BC, through D 
draw DE parand to it (31. 1.). 

Because BC is paraUd to DE, a side of the tri- 
angle ADE, AB is (2. a) to BD, as AC to CE : but B 
BD is equal to AC ; as therefore AB to AC, so is 
AC to CR Wherefore, to the two given straight 
Hues AB, AC a third proportional CE is found. 
Which was to be done. 

PROP. XIL PROa 

To find a fourth proportional to three given straight 

Let A, B, C be the three given straight lines ; it is require 
fourth proportional to A, B, C. 
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Take two straight lines DB, DF. containing any angle EDF : and 
upon these make DG equal to A, GE 
equal to B, and DH equal to C ; and 
having joined GH, draw EF parallel 
(81. l.}to it through the point E: 
and because GH is paralld to EF, 
one of the sides of the triangle DEF^ 
DO is to GE, as DH to HF (2. 6.); p 
but DG is equal to A, GE to B, and ^ 
DH to C ; therefore, as A is to B, so 
is C to HF : wherefore to the three 
.l^ven straight lines A, B, C, a fourth ^ ^ 

proportional HF is found. Which was to be done. 

PROP. Xni. PROB. 

To find a mean proportional between two given straight lines. 

Let AB, BC be the two given straight lines ; it is required to find a 
mean proportional between them. 

Place AB, BC in a straight line, and upon AO describe the semi- 
circle ADC, and fi-om the point B draw 
(11. 1.) BD at right angles to AC, and 
join AD, DC. 

Because the angle ADC in a semi- 
circle is a right angle (31. 3.), and be- 
cause in the right angled triangle ADC, 
DB is drawn from the right angle per- ^ 
pendicular to the base, DB is a mean 
proportional between AB, BC, the segments of the base (Cor. 8. 6.) : 
therefore between the two given straight lines AB, BC, a mean pro- 
portional DB is found. Which was to be done. 




PROP. XIV. THEOR. 

Equal parallelograms which have one angle of the one equal 
to one angle of the other, have their sides about the equal angles 
reciprocaTly proportional : and parallelograms that have one an- 
gle of the one equal to one angle of the other, and their sides 
about the equal angles reciprocally proportional, are equal to one 
another. 

Let AB, BC be equal parallelograms, which have the angles at B 
equal, and let the sides DB, BE be placed in the same straight line : 
wherefore also FB, BG are in one straight line (14. 1.) : the sides of 
the parallelograms AB^ BC, about the equal angles, are reciprocally 
proportional ; that is, DB is to BE, as GB to BF. 
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Complete the paralldogram FE: and because the paralldogram 
AB is equal to BC, and that FE is an- A F 

other parallelogram, AB is to FE, as i 
BC to FE (7. 5.): but as AB to FE, so \ 
is the base DB to BE (1. 6.) ; and as V. 
BC to FE, so is the base GB to BF : ly 
therefore as DB to BE, so is OB to BF 
(il. 5.). Wherefore the sides of the 
parallelograms AB, BC about their 
equal angles are reciprocally propor* 
tional. 

But, let the sides about the equal angles be reciprocally propor- 
tional, viz. as DB to BE, so GB to BF ; the paralldogram AB is 
equal to the parallelogram BC. 

Because as DB to BE, so is GB to BF ; and as DB to BE, so is 
the parallelogram AB to the parallelogram FE ; and as GB to BF, 
so is the parallelogram BC to the puraUelogram FE ; therefore as 
AB to FE, so BC to FE (9. 5.) : wherefore the paralldogram AB is 
equal (9. 5.) to the parallelogram Ba Therefore, equal paralldo- 
grams, &c. Q. E. D. 

PROP. XV. THEOR. 

Equal triandes which have one angle of the one equal to one 
angle of the oUier, have their sides about the equal angles reci- 
procally proportional ; and triangles which have one. angle in the 
one equal to one angle in the other, and their sides about the equal 
angles reciprocally proportional, are equal to one another. 

Let ABC, ADE be equal triangles, which have the angle QAC 
equal to the angle DAE ; the sides about the equal angles of the 
triangles are reciprocally proportional ; that is, CA is to AD, as EA 
toAB. 

Let the triangles be placed so that thdr sides CA, AD be in one 
straight line ; wherefore also EA and AB are in one straight line 
(14. 1.) and join BD. Because the triangle ABC is equal to the tri- 
angle ADE, and that ABD is another 
triangle, therefore as the triangle CAB 
is to the triangle BAD, so is the trian- 
gle EAD to triangle DAB (7. 5.) : but 
as triangle CAB to trian^e BAD, so 
is the base CA to AD (1. 6.) : and as 
triangle EAD to triangle DAB, so is 
the base EA to AB (L 0.) : as there- 
fore CA to AD, so is EA to AB (IL 
5.) ; wherefore the sides of the triangles ABC, ADE about the equal 
angles are reciprocally proportional 

But let the sides of the triangles ABC, ADE about the equal angles 
be redprocally proportional, viz. CA to AD, as EA to AB ; the tri- 
angle ABC is equal to the triangle ADE. 




• SMtatJolBBd BDMbribra; tMMMe h CA to iU) n ta BA- to 

ABt aduC4toAD,aotoMu^ BAG to trlu^ BAD (1. &); 
i^ M BA MJJbM ta trlu^ SAD to triutfa BAD (1. A.); ' 
Mi^.A.)«t»PB|^BACtoMn:«lBBAS^«)liUu^ ~ 
liHli^ BAD t>«M to, tte tringlM BAC; BAD bme tto a 
tHtoMu«)sBAD;«famfaetb0trlKi^ ASC to c 
■" — - j_^j 




.itBnMbap . 

i M flqiiat to the ncuuwle e«itaiDed E^ tb* a, ,_ 
~ te contained by the e itr e m ei.ljB aqo^l.lb ijfa 
scoDUiDod l^tlw iqeiqih.tliB fbor i&ntji^ Bqa'ttB 
' propoi^nals. 

Let the Ibur rfnl^ Ham iB,CD,K,V,i» ptapartamK vlfc M 

IBtoFiUnnataD^oaiitabad^ABkFkflqMl 

i-iMiadbrCD.B. ^ 

A.Odnw(ll. I.)AG^ OH it H^ ^jhi to 
AOeqadtoF.and OH eqnl to 1^ nd ooB- 




BGt DH; bacnnuABtoODkiotoBto 

OH. «Bd F to AG ; AB to rr. U toOD^ 

mn Bf the pwiTl liiMMiila^ DH 

dimmSr pnporttooMi b^ ' p w ilelt 

about eqwd u^m m^iHdliri 



_ _ _ t B to « 
U CH% AO: 

about tbe equal B _ 

frama wUckhave II 

portiona], are eqnil to oae another (14. 6.) ; therefore tfaa , 

gnm BO ts equal to the paraDelogram DH, and the paraMogTani 

BQ Is coDtalned bf tbe straight E 

lloea AB, F, because AG Is equal 

to P i and tbe parallelogram DH Is ^ F H 

coalalned by CD and E, because 

CH is equal to E; therefore the 

rectangle contained by tbe straight 

lines AB, F is equal to that which 

ia contained by CD and E. 

And If the rectangle contained by 
tbe stral^t lines AB, F be eqnal to 
that wUch is contained by CD, E; 
these f^T lines are proportionals, vix. AB 1> to CD, as E to F. 

Tbe same c<Histructlon being made, because tbe rectangle o 
talned by tbe straight lines AB, F Is equal to that which is oontali 
by CD, E, and that tbe rectangle BOt ia contained byAB, F, beet 
AQ Is equal to F ; and the rectangle DH by CD, E, because CI 
equal to E ; tberefbre the parallehigTam BO Is equal to the para) 
gram DH, and they are eqotongalar : but the sides about the ( 
angles of equal peraMograois are redprocally proportional (14 
wbeielbre, as AB to CD, so is CH to AG ; and CH Is equal f 
and AG to F: as tberefcm AB is to CD, so E to F. Wheref 
four, ^. a E. D. 
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Ir three straight lines be proportionalsy the rectangle contained 
by the extremes is equal to the square of the mean : and if the 
rectangle contained by the extremes be equal to the square of the 
mean, the three straight lines are proportionals. 

Let the three straight lines A« B, G be proportionals, viz. as A to 
B| 80 B to C ; the rectangle contained by A« C is equal to the square 
ofB. 

Take D equal to B; and because as A to B, so B to C, and that 
B is equal to D; A is (7. 6.) to B, as D to C; but if four atraigbt 
lines be proportionals, the A 
rectangle contained by the B 
extremes is equal to that D 
which is contained by the G 
means(16. 6.): thereforethe 
rectangle contained by A, 
G is equal to that contain- 
ed by B, D. But the rect' 
an^e contained by B, D is A B 

the square of B; because B is equal to D; therefore the reetans^ ^ 
contained by A, C is equal to the square ofB. 

And if the rectangle contained by A, C*be equal to the square of 
B} A is to B, as B to C. 

The same construction being made, because the rectangle contained 
by A, C is equal to the square of B, and the square of B is equal to 
the rectangle contained by B, D, because B is equal to D : therefore 
the rectangle contained by A, C is equal to that contained by B, D: 
but if the rectangle contained by the extremes be equal to that con- 
tained by the means, the four straight lines are proportionals (16. 
6u) ; therefore Ais toB,asDtoC;butB is equal to D ; wherefore 
as A to B, so B to C. Therefore^ if three straight lines, du;. Q. £. D. 

PROP. xvni. PRoa 

Ufon a given straight line to describe a rectilineal figure simi- 
hir and similarly situated to a given rectilineal figure.* 

Let AB be the given straight line, and CDEF the given rectilinear 
figure of four sides ; it is required upon the given straight line AB 
to describe a rectilineal figure similar and similarly situated to 
CDEF. 

Join DF, and at the points A, B, in the straight Ihie AB, make (28. 
1.) the angle BAG equal to the angle at C, and the angle ABQ equal 
to the anc^ CDF; therefore the remafaJng angle CFD is equal to the 
remaining angle AGB (88. 1.}; wherefore the triangle FCD Is equl- 

• See Note. 
18 
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angular to the triangle GAB : H 

a^n at the points G, B, in G^ — x 

the straight line GB, make, |C^ /\ F ^^_^ -, E 

(28.1.) the angle BQH equal / \ I \ f^ 

to the angle DPE, and the / X / ) t X 1 

angle GBH equal to FDE : i X X ^ X / ^ K 

therefore the remaining an-/ _Sk | X /"^ 

gle FED is equal to the re- a B C D 

maining angle GHB; and 

the triangle FDE equiangular to the triangle GBH : then, because 
the ^gle AGB is equal to the angle CFD, and BGH to DPE, the 
whole angle AGH is equal to the whole CFE: for the same reason, 
the angle ABH is equal to the angle CDE ; also the angle at A is 
equal to the angle at C, and the angle GHB to FED ; therefore the 
rectilineal figure ABHG is equiangular to CDEF : but likewise these 
figures have their sides about the equal angles proportionals ; be- 
cause the triangles GAB, FCD being equiangular, BA is (4. 6.) to 
AG, as DC to CF ; and because AG is to GB, as CF to FD ; and as 
GB to GH, so, by reason of the equiangular triangles BGH, DFE, is 
FD to FE; therefore, ex sequali (22. 5.), AG is to GH, as CF to FE: 
in the same manner it may be proved that AB is to BH, as CD to 
DE : and GH is to HB, as FE to ED (4. 6.). Wherefore, because 
the rectiluieal figures ABHG, CDEF are equiangular, and have their 
sides about the equal an|^ proportionals, they are similar to one 
another (1. deC 6.}. 

Next, let it be required to describe upon a given straight line AB, 
a rectilineal figure similar and similarly situated to the rectilineal 
figure CDKEF. 

Join DE, and upon the given straight line AB describe the recti- 
lineal fiffure ABHG similar and similarly situated to the quadrilate- 
ral figure CDEF, by the former case ; and at the points B, H, in the 
straight line BH, make the angle HBL equal to the angle EUK, and 
the angle BHL equal to the angle DEK ; therefore the remaining 
angle at K is equal to the remaining angle at L : and because the 
figures ABHG, CDEF are similar, the angle GHB is equal to the 
angle FED, and BHL is equal to DEK ; wherefore the whole angle 
GHL is equal to the whole angle FEK : for the same reason the an- 
gle ABL is equal to the angle CDK ; therefore the five sided figures 
AGHLB, CFEKD are equiangular ; and because the figures AGHB, 
CFED are similar, GH is to HB, as FE to ED ; and as HB to HL, 
so is ED to EK (4. 6.) ; therefore, ex sequali (22. 5.), GH is to HL, 
as FE to EK : for the same reason, AB is to BL, as CD to DK : and 
BL, is to LH, as (4. 6.) DK to KE ; because the triangles BLH, DKE 
are equiangular ; therefore, because the five sided figures AGHLB, 
CFEKD are equiangular, and have their sides about the equEd an- 
gles proportionals, they are similar to one another ; and in the same 
manner a rectilineal figure of six or more sides may be described 
upon a given straight line similar to one given, and so on. Which 
was to be done. 



1) 



BOOK VI. THE BLBlfEim OP RUCUD. 189 

PROP. XIX. THEOR. 

Similar triangles are to one another in the duplicate ratio of 
their homologous sides. 

Let ABC, DEF be similar triangles, having the angle B equal to 
the angle E, and let AB be to BD, as DE to EF, so that the side BC 
is homologous to EF (12. def. 6.) ; the triangle ABC has to the (tri- 
angle DEF the duplicate ratio of that which BC has to EF. 

Take BG a third proportional to BC, EF (11. 6.), so that BC is to 
EF, as EF to BG, and join GA; then, because as AB to BC, so DE 
to EF, alternately (la 5.). AB is to DE, as BC to EF: but as BC to 
£F; so is EF to BG; therefore (11. 5.), as AB to DE, so is EF to 
BG ; wherefore the sides of the triangles ABG, DEF which are about 
the equal angles, are reciprocally proportional : but triangles which 
have the sides about two equal angles reciprocally proportional, are 
equal to one another (15. A 

6.): therefore the triangle 
ABG is equal to the triangle 
DEF: and because as BC 
is to EF, so EF to BG ; 
and that if three straight 
lines be proportionals, the 
first is said (10. def. 5.) to ^ 
have to the third the dupli- 
cate ratio of that which it has to the second ; BC therefore has to 
BG the duplicate ratio of that which BC has to EF : but as BC to 
BG, so is (1. a) the trian^e ABC to the triangle ABG. Therefore 
the triangles ABC has to the triangle ABG the duplicate ratio of that 
which BC has to EF : but the triangle ABG is equal to the triangle 
DEF : wherefore also the triangle ABC has to the triangle DEF the 
duplicate ratio of that which BC has to EF. Therefore, similar tri- 
angles, dec Q. E. D. 

CoR. From this it is manifest, that if three straight lines be pro- 
portionals, as the first is to the third, so is any triangle upon the first 
to a similar and similarly described triangle upon the second. 

PROP. XX. THEOR. 

Similar polygons may be divided into the same number of 
amilar triangles, having the same ratio to one another that the 
polygons have : and the polygons have to one another the dupli- 
cate ratio of that which theirnomologous sides have. 

Let ABCDF^ FGHKL be similar polygons, and let AB be the ho- 
mologous side to FG : the polygons ABCDE, FGHKL may be divi- 
ded into the same number of similar triangles, whereof each to each 
has the same ratio whichthe polygons have; and the polygon ABCDE 





■^ 



has lo the polygon FGHKL the duplicate ratio of that which the iida 
AB has to Uie siJe VC. 

Join BK, EC, GL, LH : anc3 because the polygon ABCDB U rinl- 
lar to the polygon FOHKL. the angle BAE is eqnl to the angle 
GFL(1. del". B.},andBA isto AE. osGFto FL(l.d(et 0.); where- 
fore because the triangles ABE. PGL, have an an^ in one equal 
to an angle in the other, and their sides about thSM equal aDgIra 
proportionals ; the triangle AB1£ is equiangular (0. &)■ and theretore 
similar to the triangle FGL (4. 8.); wherefore the on^ ABU la tqmi 
to the an^e FGL : und, because the polygons are siinllar. Uie whole 
angle ABC is equal (1. def. 6.) to the whole angle PGH; therefore 
the remaijiing angle KBC is equal to the reinainiiig sngle LGH : and 
because' the triangles ABB, FGL are similar, KB is to BA, as LO to 
GF (1. def. 6.) i and also, because the polygons are riinllar, AB Ift to 
BC, as FG lo GH (L def. 0.) ; therefore tx xqtiali (18. 5.), EB is to 
BC, as LG to GH; that is, the sides about the eqad angles £BC. 
' LOU are proportionals ; therefore (22. 6.) the trian^ KBC is eqai- 
ugiitar to te til- A U 
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r to the til. 
_6LKR;dw». 

fbrethealmJlarpo- 
lygooa ABCDB, 
FQHKL are divided Into the same number of similar triangtes. 

Also these triangles hare, each to each, the same ratio which the 
polygons tiave to one another, the antecedents being ABE, EBC, 
ECD, and the consequents FGL, I£iH, LHK : and the polygon 
ABODE has to the polygon FGHKL. the duplicate ratio of that which 
the side AB has to the homologous side FG. 

Because the triangle ABB is similar to the triangle FGL, ABB, has 
to FGL the duplicate ratio (19. 6.) of that which the aide BE haa (o 
the side GL ; for the same reason, the triangle BEG has to GLH the 
duplicate ratio of that which BE has to GL; therefore, as the trian- 
gle ABGto the triangle FGL, so (11. fi.) Is the triangle DEC to the 
triangto QU. Again, liecause the triangle EBC is similar to the 
triangle TiSB, EBC has to LGH the duplicate raUo of that which the 
side BC has to the side LH : for the same reason, the triangle BCD 
has to the triangle LHK, the duplicate ratio of that which BO has 
to LH ; as therefore the triangle EBC t9 the triangle LGH, so is ( 1 1 . 
5.) the triangle ECD to the tr^n^e LHK ; but It has been proved 
that the triangle BBC Is lllcewlfle to the triangle LGH, as the triangle 
ABB to the triao^e FQL. Therefore as the triangle ABE Is to the 
triangle FQL, so Is triangle EBC to triangle LGH, and triangle BCD 
to triangle LHK : and therefore as one of the antecedents to one of 
the consequents, so are all the antecedents to oil the consequents 
(12. S.). Wherefore as the triangle ABE to the triangle FGL, so is 
the polygon ABCDB to the polygon FGHKL -, but the triangle ABB 
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has to the triangle FGL, the duplicate ratio of that which the side AB 
has to the homologous side FG. Therefore also the polygon ABCDE 
has to the polygon FGHKL the duplicate ratio of that which AB has 
to the homologous side F6. Wherefore, similar polygons, dec. Q. 

E.D. 

Cor. 1. In like manner, it may be proved, that Blmflar four sided 
figuna, or of any number of sides, are one to another in the duplicate 
ratio of their homologous sides, and it has already been proved in 
triangles. Therefore, universaDy, similar rectilineal figures are to 
one another in the duplicate ratio of their homologous aUes. 

CoB. 2. And if to AB, FG, two of the homologous sides, a third 
proportional M be taken AB has (10. de£ 6,) to M the duplicate ratio of 
that which AB has to FG : but the four sided figure or polygon upon 
AB, has to the four sided figure or polygon upon FG likewise the 
duplicate ratio of that which AB has to FG ; therefore, as AB is to M, 
so is the figure upon AB to the figure upon FG, whkh was also 
proved in triangles (Cor. 19. 6.). Therefore, universally, it is mant- 
is that if three straight lines be proportionals, as the first is to the 
third, so is any rectilineal figure upon the first to a similar and simi- 
larly described rectilineal figure upon the second. 

PROP. XXL THEOR. 

Rectilineal figures which are similar to the same rectilineal 
figures, are also similar to one another. 

Let each of the rectilineal figures. A, B be similar to the rectilineal 
figure C ; the figure A is similar to the figure R 

Because A is similar to C ; they are equiangular, and also have 
their sides about the equal angles proportionals (1. de£ a). Again, 
because B is similar to C, 
they are equiangular, and 
have their sides about the 
equal angles proportionals (1. 
deC 6.) : therefore the figures 
A, B are each of them equi- 
angular to C, and have the 
sides about the equal angles of each of them and of C pmcnrtionals. 
Wherefore the rectilineal figures A and B are equiangular^ Ax. L), 
and have their sides about the equal angles proportkmals (11. 5.). 
Therefore A is similar (1. defl 8.) to B. Q. E. D. 

PROP. XXFL THEOR. 

Ir four straight lines be proportionals, the similar rectilineal 
figures similarly described upon them shall also be proportionals ; 
and if the similar rectilineal figures similarly descnbed upon 
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iMff ttnight fioet bo proportkNitii^ thcM itniglit bM riiil U 

Lst the Cmr aMU^ UnM AB; CD, EF, GH be proportknalib vIkJ 
AB to GDt u SP to Gra» and iipoQ AB, CD let the tlmilar racU^^ 
Jlgone KAB^ LCD be efanUaitydeeortbed; andiipob SF, CKfha 
ibiilltf reotfliiieel Jlgwie MF, RH in Hke mnmer: the^ itBlB|Bnl 
Qgnra KAB to to Lrai, as MF to 109. 

ToAB^(S>tdnntUrdpnpQrtUHd(ll.S.3Z; andtoBF.CB 
a tfabd pra|i!|«toiid O: and beoaiieeJIB to to €3), 
tiNt CD to ai- ft-) to X, aa GH to Qi IrtMKfim^ «a? «9iM^ 
aaA0toX,8otoRFtoO: bQtMABtoX,80to(SCor.9ii&X«iN 
iwtiltned KAB to the raoOiDea] LCD, and aa EF to O^ ao to (i Ok 
M ft) the ncimned MF to the jvtotfliMal ira: thenfc^ 
Um^ ao (1 1. ft) to MF to NH. 

And ir the notillMri KAB be to LCDb aa MF to MH ; the atn(g|l 
• ]to»ABtotot3D,aaBFtoGH. 

Hake(lS.ft)aaABtoCDaoSFtoPS.and vpon PR deacrfba 
(1ft ft) tlia VBetaoBal flgnra BR atanflar and ataBflaifj Andedft 
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either of the figures MF, NH : then, because as AB to CD, sf 
EF to PR, and that upon AB, CD are described the similar 
similarly situated rectUineals KAB, LCD, and upon EF, PR, in 
manner, the similar rectilineals MF, SR ; KAB is to LCD, as 
to SR ; but by the hypothesis, KAB is to LCD, as MF to NH: 
therefore the rectilineal MF having the same ratio to each of thr 
NH, SR, these are equal (9. 5.) to one another : they are also si 
and simflaily situated ; therefore GH is equal to PR : and beca* 
AB to CD, 80 is EF to PR, and that PR is equal to GH ; AB is 
as EF to GH. If, therefore, four straight lines, &c. Q. E. D. 

PROP. XXra. THEOR. 

Equiawgular parallelofframs have to one another t 
which is compounded of me ratios of their sides.* 

Let AC| CF be equiangular parallelograms, having 

•Sec Note 
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BCD equal to the angle ECO : the ratio of the parallelogram AC to 
the parallelogram CF, is the same with the ratio which is compound- 
ed of the ratios of their sides. 

Let BG, CG, be placed in a straight line ; therefore DC and CE are 
also in a straight line (14. 1.); and complete the parallelogram DO; 
and, taking any straight line K make (12. 6.) as EC to CG, so K to 
L; and as DC to CE, so make (12. 6.) L to M : therefore the ratios 
of K to L, and L to M, are the same with the ratios of the sides, viz. 
of EC to CG, and DC to CE. BOt the ratio of K to M is that which 
is said to be compounded (A. def 5.) of the ratios of K to L, and L 
to M : wherefore also K has to M the ratio compounded of the ratios 
of the sides ; and because as BC to CG, so 
is the parallelogram AC to the parallelo- 
gram CH (1. 6.) ; but as BC to CG, so is K 
to L; therefore K is (11. 5.) to L, as the 
parallelogram AC to the parallelogram GH : 
again, because as DC to CE, so is the pa- 
r^ldogram CH to the parallelogram CF; 
but as DC to CE, so is L to M ; wherefore 
L is (1 1. 5.) to M, as the parallelogram CH 
to the parallelogram CF : therefore since it 
has been proved, that as K to L, so is the 
parallelogram AC to the parallelogram CH ; 
and as L to M, so the parallelogram CH to 
the parallelogram CF ; ex aquali (22. 5.), K is to M, as the parallelo- 
gram AC to the parallelogram CF: but K has to M the ratio 
whfeh is compounded of the ratios of the sides; therefore also the 
parallelogram AC has to the parallelogram CF the ratio whteh is 
compounded of the ratios of the sides. Wherefore, equiangular 
parallelograms, &c. Q. E. D. 

PROP. XXIV. THEOR. 

The parallelograms about the diameter of any parallelogram 
are similar to the whole and to one another.* 

Let ABCD be a parallekigram, of which the diameter is AC; and 
BG, HK the parallelograms about the diameter : the parallelograms 
BG, HK are similar both to the whole parallelogram ABCD, and to 
one another. 

Because DC, GF are parallels, the angle ADC is equal (29. 1.) 
to the angle AGF: for the same reason, because BC, EF are pa- 
rallels, the angle ABO' is equal to the angle AEF : and each of the 
angles BCD, EFG is equal to the opposite angle DAB (34. 1.), 
and therefore are equal to one another; wherefore the parallelo- 
grams ABCD, AEFG are equiangular; and because the angle 
ABC is equal to the angle AfiF ; and the angle BAG common to 
the two triangles BAG, EAF, they are equiangular to one another ; 
therefore (4. 6.) as AB to BC, so is AE to EF: and because the 
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«^t> :tf similar to the parallelogram 

» ttrajfelograms GE, KH is similar 

,4.^ irM«^ ^^-i are similar to the same recti- 
\..-*-a '* ae .another (21. 6.); therefore the 
^ :^ -4 v:i. Wherefore, the parallelograms, 

^r^ "^\Y. PROB. 

>i- ^*•lf:TXMl figure whicli shall be similar 
,4.^?*» ^*«i rectilineal figure.* 

.-.- ":*.^t•!iw«l ti«rure, to which the figure to be 
^^ V .s»i'uar. and D that to which it must be 
tcv a rectilineal figure similar to ABC, 



V <' ;«cribe (Cor. 45. I.) the parallelogram 

;, i.>t» upon CE describe (Cor. 45. 1.) 

^ ... . A and having the angle FCE equal 

... A* and CF are in a straight line (29. 

^ vX tx*tween BC and CF find (13. 6.) a 

.. .^\*i\ OH describe (18. 6.) the rectilineal 

^..at-y situated to the figure ABC; and 

,^ »i« i» v.'K. and if three straight lines be pro- 

^ ^ . v ihird, so is (2. Cor. 20. 6.) the figure 

^ ^. ..»u iitvt similarly described figure upon the 

< ; /i*\ so is the rectilineal figure ABC to 

-. >»* «i yl. 00 the parallelogram BE to the 

v..*^*»^ w tJ»<' rectilineal figure ABC is to KGH, 

.^ ^, c% ovV parallelogram EF (11. 5.): and the 
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rectilineal figure KGH is equal (14. 5.) to the parallelogram EF : but 
£F is equal to the figure D ; wherefore also KGH is equal to D ; and 
it is similar to ABC. Therefore the rectilineal figure KGH has been 
described similar to the figure ABC, and equal to D. Which was to 
be done. ^ 

PROP. XXVn. THBOR. 

If two similar parallelograms have a common angle, and be 
similarly situated, they are about the same diameter. 

Let the parallelograms ABCD, AEFG be similar and similarly 
situated, and have the angle DAB common : ABCD and AEFG are 
about the same diameter. 

For, if not, let, if possible, the paral- A 
lelogram BD have its diameter AHC in a 
different straight line from AF the diame- j^ 
ter of the parallelogram EG, and let GF 
meet ARC in H ; and through H draw HK £ 
parallel to AD or BC; therefore the paral- 
lelograms ABCD, AKHG being about the 
same diameter, they are similar to one 
another (24. 6.): wherefore as DA to AB, 
ao is (I. def a) GA to AK : but because B C 

ABCD and AEFG are similar parallelograms, as DA is to AB, so is 
GA to AE; therefore (11. 5.) as GA to AE, so GA to AK; wherefore 
GA has the same ratio to each of the straight Ihies AE, AK ; and 
consequently AK is equal (9. 5.) to AE, the less to the greater, which 
is impossible : therefore ABCD and AKHG are not about the same 
diameter; wherefore ABCD and AEFG must be about the same 
diameter. Therefore, if two similar, &c. Q. E. D. 

* To understand the three following propositions more easily, it is 
to be observed. 

« 1. That a parallelogram is said to be applied to a straight line, 
when it is described upon it as one of its sides. Ex. gr. the paral- 
lelogram AC is said to be applied to the straight line AB. 

' But a parallelogram AE is said to be applied to a straight line AB^ 
deficient, by a parallelogram, when AD the base of AE is less than 
AB, and therefore AE is less than the par- EC ' G 

alldogram AC described upon AB in the 
same angle, and between the same parallels, 
by the parallelogram DC ; and DC is there- 
Ibre called the defect of AE. 

• 3. And a parallelogram AG is said to be applied to a straight line 
AB, exceeding by a parallelogram, when AF the base of AG is greater 
than AB, and therefore AG exceeds AC the parallelogram described 
upon AB in the same angle, and between the same parallels, by the 
same parallelogram BG.* 

19 
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.^ aU fUBlMomnu wpfOBi to tbo mw. itnigbt liD% aaA \^^ 
deaeieat ly ptraBatogrUDi^ ninilar ud umlarly linnted ta tbk .rT^ 
wUdi ii dMcribed upon the half of the line; that which if tp- 
pliad to the hilf ud ii ninUBr to te defed. ii the giwtwt* 

tel AB bA lOvVit Oh dhUsd iDio vqnil part! In C; ud let flu 
pmlMagnun ADbei4)|illedtotbalirirju:.1rhlBh lallMnArtdiA; 
dent fton tha pwaDdogmn apcn tha «bal« Una AB by tba paiak 
- Mognuo CLiqKMitlMatiMr tadfCS: OfanttetfanMograiBamllid 
Itfanratber parti of A^ and dafiekot by pandMegraBa ttatan 
rindhurind tfmDiriT iftaBted toCE: AD la tha graataaL 

lirt AF be anjpBnHdogrMD ikIM to AK, any otbar part or AB 
than tiie bdC ao m to be deArfent Sob the panlMqgim apon dM 
vbole Hue AB by tte pvalUagram XH itaflar, nd iJiHInly ritwU 
ed to CB. AO ta graatar tfaui AF. ' 

Vipt. kt AK ttia baaa of AF. be r*^ tt^ ^^ *l>" ^^ <' ^i 
aad beeaoae CB la rfBdtar to the paial- D L B 

Mognun KH| they an abost the nme 
dtaBate^& a.); dawr UwlrgMw tar DH 
navooiplBle nieaohaBie: baeraea ttietifr 
nUopam CF to eqnd (41. 1.) toFB, add 
SB to both, thvdbre 018 whole CR to eqoBl 
to the whole KE: bat CH to eqna] (96. 1.) 
to CO, becauK the base AC la eqnal to the 
baae CB: therefon; CO to equal to KE: to 
each of these add CF; Uieo the whole AF 

to equal to the gnomon CHL : thereforce CE, or the paraHdognm 
AD 1b greater, than the paralldogram AF. 

Next, let AK the base of AF be leu than 
ACt and, the same constnictitn being made, 
the pBraUdognun DH to equal to DO (36. 
1.], fbF HH to equal to MO [84. 1.) because 
BC to equal to CA ; whnefim DH to greater 
thanLG: but DH to equal (48.1.) to DK; 
therefore DE to greater than LO ; to each 
of these add AL ; then the whole AD to 
greater than the whole AF. Therefore of 
all paralldt^ranu applied, Ac O. B. D. 
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PROP. XXVIII. PROa 

To a given straight line to apply a parallelogram equal to a 
given rectilineal figure, and deficient by a parallelogram similar 
to a given parallelogram: but the given rectilineal figure to 
which the parallelogram to be applied is to be equal, must not 
be greater than the parallelogram applied to half of the given 
line, having its defect similar to the defect of that which is to be 
applied: that is, to the given parallelogram.* 

Let AB be the given straight line, and C the given rectilineal 
figure, to which the parallelogram to be applied Is required to be 
equal, which figure must not be greater than the parallelogram 
applied to the half of the line having its defect from that upon the 
whole line similar to the defect of that which is to be applied ; and 
let D be the parallelograih to which this defect is required to be 
similar. It is required to apply a parallelogram to tlie straight line 
AB, which shall be equal to H G O F 

the figure C, and be deficient 
from the parallelogram upon 
the whole line by a parallelo- 
gram similar to D. 

Divide AB in two equal 
parts (10. 1.) in the point E, 
and upon EB describe the 
parallelc^ram EBFG similar 
(18. 6.) and similarly situated 
to D, and complete the pa- 
rallelogram AG, which must 
cither be equal to C or greater 

than it, by the determination: K N 

and if AG be equal to C, then what was required is already done: 
for, upon the straight line AB, the parallelogram AG Is applied 
equal to the figure C, and deficient by the parallelogram EF si- 
milar to D : but, if AG be not equal to C, it is greater than it : 
and EF is equal to AG; therefore EF also is greater than C. 
Make (25. 6.) the parallelogram KLMN equal to the excess of EF 
above C, and similar and similarly situated to D ; but D is simi- 
lar to EF, therefore (21. a) also KM is similar to EF; let EL 
be the homologous side to EG, and LM, to GF: and because EF 
Is eqad to C and KM.together, EF is greater than KM ; therefore 
Ihe etatfit line BD Is greater than KL, and GF than LM : make 
^ til.IJCi md GO equal to LM, and complete the paral- 

^: thsraiSsie XO is equal and similar to KM ; but 

; wherefore also XO is similar to EF, and 

' era about the same diameter (26. A.); let 

.and complete the scheme: then bPoausA 

• flssNslai 
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EF is equal to C and KM together, and XO a part of the one is equal 
to KM a part of the other, the remainder, viz. the gnomon ERO, is 
equal to the remainder C : and because OR is equal (34. 1.) to XS, 
by adding SR to each, the whole OB is equal to the whole XB : but 
XB is equal (36. i.) to TE, because the base AE is equal to the base 
£1B ; wherefore also TE is equal to OB ; add XS to each, then the 
whole TS is equal to the whole, viz. to the gnomon ERO : but it has 
been proved that the gnomon ERO is equal to C, and therefore also 
TS is equal to C. Wherefore the parallelogram TS, equal to the 
given rectilineal figure C is applied to the given straight line AB defi- 
cient by the parallelogram SR, similar to the given one D, because 
SR is similar to EF (24. 6.). Which was to be dona 

PROP. XXIX. PROB. 

To a given straight line to apply a parallelogram equal to a 
given rectilineal figure, exceeding by a. parallelogram similar to 
another given.** 

Let AB be the given straight line, and C the given rectilineal figure 
to which the parallelogram to be applied is required to be equal, and 
D the parallelogram to which the excess of the one to be apfriied 
above that upon the given line is required to be simUar. It is re- 
quired to apply a parallelogram to the given straight line AB, which 
shall be equal to the figure, C exceeding by a parallelogram similar 
toD. 

Divide AB into two equal parts in the point E, and upon EB de- 
scribe (18. 6.) the parallelogram EL similar and similarly situated to 
D : and make (25. 6.) the parallelogram GH equal to EL and C to- 
gether, and similar and similarly situated to D ; wherefore GH is 
similar to EL (21. 6.); let KH be the side homologous to FL, and 
KG to FE ; and because the parallelogram GH is greater than EL, 
therefore the side KH is greater than FL and KG than FE : produce 
FL and FE, and make FLM equal to KH, and FEN to KG, and 
complete the parallelogram MN. MN is therefore equal and simi- 



lar to GH, but GH is 
similar to EL; where- 
fore MN is similar to 
EL and consequently 
EL and MN are about 
the same diameter (26. 
6.): draw their diame- 
ter FX, and complete 
the scheme. Therefore, 
since GH is equal to 
EL and C together, 
and that GH is equal 
to MN; MN is equal 
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* See Note. 
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to EL and C : take away the oommon part EL: then the repaainder* 
viz. the gnomon NOL, is equal to C. And because AE is equal to 
EB» the parallelogram AN is equal (86. 1.) to the parallelogram NB, 
that is, to BM (43. L). Add NO to each ; therefore the whole, viz. 
the parallelogram AX is equal to the gnomon NOL. But the gno- 
mon NOL is equal to C ; therefore also AX is equal to C. Where- 
fore to the straight line AB there is applied the parallelogram AX 
equal to the given rectilineal C, exceeding by the paralldc^^m PO, 
which is similar to D, because PO is similar to EL (24. 6.). Which 
was to be done. 

PROP. XXX. PROB. 

To cut a given straight line in extreme and mean ratio. 

Let AB be the given straight line ; it is required to cut it in ex- 
treme and mean ratio. 

Upon AB describe (46. 1.) the square BC, and to AC apply the 
parallelogram CD equal to BC, exceeding by the figure AD similar 
to BC (29. 6.) : but BC is a square, therefore 
also AD is a square; and because BC is equal 
to CD, by taking the common part C£ from 
each, the remainder BF is equal to the remain- ^| j*** ^" 

der AD: and these figures are equiangular, 
therefore their sides about the equal angles 
are reciprocally proportional (14. 6.) ; where- 
fore as FE to ED, so AE to EB ; but FE is 
equal to AC (34. 1.), that is, to AB ; and ED is 
equal to AE: therefore as BA to AE, so is AE 
to EB: but AB is greater than AE; where- C F 

fore AE is greater than EB (14. 5.) : therefore the straight line AB is 
cut in extreme and mean ratio in E (3. deC 6.). Which was to be 
done. 

Oihenrise. 

Let AB be the given straight line ; it is required to cut it in ex- 
treme and mean ratio. 

Divide AB in the point C, so that the rectangle contained by AB^ 

BC be equal to the square of AC (1 1. 2.), Then, 1 

because the rectangle AB, BC is equal to the square A C B 

of AC, as BA to AC, so is AC to CB (17. 6.): therefore AB is cut in 
extreme and mean ratio in C (3. deC a). Which was to be done. 

PROP. XXXL THEOR. 

Iir right angled triangles, the rectilineal figure described upon 
the tide opposite to the right ansle, is equal to the similar and 
similarly described figures uponuie sides containing the right 
angle.* 

* DM Note. 
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Let ABC be a right angled triangle, having the right angle BAC ; 
the rectilineal figure described upon BC is etiual to the similar and 
similarly described fiffurcs upon BA, AC. 

Draw the perpendicular AD ; therefore, because in the right angled 
triangle ABC, AD is drawn from the right angle at A perpendicular 
to the base BC, the triangles ABO, ADC are similar to the whole tri- 
an^e ABC, and to one another (8. *.)■ «id because the triangle ABC 
is similar to ADB, as CB to BA, %o is BA to BD (1. 0.} ; and because 
these three straight lines are proportionals, as the first to the third. 
so is the figure upon the first to the similar and aimilariy descritied 
figure upon the second (2 Cor.): therefore aa GB to BD, eo is the 
figure upon CD to the similar and 
similarly described figure upon BA : 
and, inversely (B. 5.), as DB to BC, 
so Is the figure upon BA to that upon 
BC ; for the same reason, as DC to 
CB, so is the figure upon CA to thnt t 
upon CB. Wherefore as BD nnil DC j 
tf^ther to BC, so are the figures 

upon BA, AC to that upon BC (24. 5.) r 

but BD and DC together are equal to BC. Therefore the figure de- 
scribed on BC is equal (A. S.) to the similar and similarly described 
figures on BA, AC. Wherefore, in right angled triangles, 9lc. ^ & D. 




PROP. XXXn. THEOR. 

Ir two triangles which have two sides of the one proportioml 
to two sides of the other, be joined at one augle. so as to bvve 
their homologous sides parallel to one aDother, the TSmaiinng 
adei shall be in a straight Kne.* 

Let ABC, DCtt; be ^wo trian^es which have the two aides BA, AC 
proportlonat to ^ two CD, DE, viz. BA to AC, as CD to DB ; and 
let AB be parallel to DC, as AC to OR BC and CE are in a straight 
line. 

Because AB Is parallel to DC, 
and the straight line AC meets 
them, the alteniBte angles BAC, 
ACD are equal (W. 1.) ; for the 
nine reaaon, the angle CDE Is 
eqnal to the angle ACD ; wberO' 
fore also BAC is equal to CDE : 
and because the trtaugles ABC, B C B 

DOE have one angle at A equal to one at D, and the sides about 
tbeee angles proportionals, viz. BA to AC, as CD to DE, the 
triangle ABC is eqoiangnlar (6. 6.) to pCE: thwdbre the angle 
ABC ii equal to the an^ DCE ; and the angle BAC was proved 
to be equal to ACD; therefore the whole angle ACA is equal to 

■SssNot*. 
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the two angles ABC, BAG ; add the common angle ACB, then the 
angles ACE, ACB are equal to the angles ABC, BAC, ACB : but 
ABC, BAC, ACB are equal to two right angles (89. 1.) ; therefore 
also the angles ACE, ACB are equal to two right angles : and since 
at the point C, in the straight line AC, the two straight lines BC, CB, 
which are on the opposite sides of it, make the adjacent angles ACB, 
ACB equal to two right angles ; therefore (14. 1.) BC and CE are in 
a straight line. Wherefore, if two triangles, &c Q. E. D. 

PROP. XXXffl. THEOR. 

Iif equal circles, angles^ whether at the centres or circumfe- 
rences, have the same ratjo which the circumferences on which 
they stand have to one another : so also have the sectors.* 

Let ABC, DHF be equal circles: and at their centres the angles 
BGCt EHF, and the angles BAD, EIDF at their circumferences : as 
the drcumference BC to the circumference £F, so is the angle BGC 
to the angle EHF, and the angle BAC to the angle EDF ; and also 
the sector BGC to the sector EHF. 

Take any number of circumferences CK, KL, each equal to BC, 
and any number whatever FM, MN, each equal to EF : and join 
GK, GL, HM, HN. Because the circumferences BC, CK, KL are all 
equal, the angles BGC, CGK, KGL are also all equal (37. 8.) : there* 
fore what midtiple soever the circumference BL is of the drcum- 
ference BC, the same multiple is the angle BGL of the angle BGC : 
for the same reason, whatever multiple of the circumference EN is of 
the circumference EF, the same moltijde is the angle EHN of the 
ani^ EHF : and if the drcumference BL be equal to the chncumfe-' 
renoe EN, the angle BGL is also equal (27. 8.) to the angle EHN ; 
and if the drcumference BL be greeiter than EN, likewise the angle 
BGL is greater than EHN ; and if less, less : there being then four 
magnitudes, the two circumferences BC, EF, and the two angles 
BGC, EHF : of the circumference BC, and of the an|^ BGrC, have 
been taken any equiifinltiples whatever, viz. the circumference BL, 
and the angle BGL ; and of the drcamference EF, and of the angle 
EHF, any equimultiples whatever, viz. the drcumference EN, smd 




• See Note. 
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the angle EHN : and it has been proved that if the circumference BL 
be greater than EN, the angle BGL is greater than KHN : and if 
equal, equal ; and if less, less : as therefore the circumference BC to 
the circumference £F, so (5. def. 5.) is the angle fiGO to the angle 
£HF : but as the angle BGC is to the angle £HF, so is (15. 5.) the 
angle BAG to the angle £DF, for each is double of each (20. 3.) : 
therefore, as the circumference BC is to £F, so is the angle BGC to 
the angle £HF, and the angle BAC to the angle £DF. 

Also, as the circumference BC to £F, so is the sector BGC to the 
sector £HF. Join BC, CK, and in the circumferences BC, CK take 
any points X, O, and johi BX, XC, CO, OK : then, because in the 
triangles GBC, GCK, the two sides BG, GC are equal to the two 
CG, GK, and that they contain equal ang]es ; the base BC is equal 
(4. 1.) to the base CK, and the triangle GBC to the triangle GCK : 
and because the circumference BC is equal to the circumference CK, 
the remaining part of the whole circumference of tl* circle ABC, is 
equal to the remaining part of the whole circumference of the same 
circle : wherefore the angle BXC is equal to the angle COK (27. 
8.), and the segment BXC is therefore similar to the segment COK 
(11. def 3.): and they are upon equal straight lines BC, CK: but 
similar segments of circles upon equal straight lines, are equal 
(24. 3.) to one another: therefore the segment BXC is equal to 
the segment COK : and the triangle BGC is equal to the triangle 
CGK ; therefore the whole, the sector BGC, is equal to the whole, 
the sector CGK: for the same reason, the sector KGL is equal to 
each of the sectors BGC, CGK : in the same manner, the sectors 
EiHF, FHM, MHN may be proved equal to one another : tliere- 
fore, what multiple soever the circumference BL is of the circum- 
ference BC, the same multiple is the sector BGL of the sector 
BGC : for the same reason, whatever multiple the circumfeernce 
EN is of EF, the same multiple is the sector EHN of the sector 
EHF : and if the circumference BL be equal to EN, the sector BGL 




is equal to the sector EHN : and if the circumference BL be greater 
than EN, the sector BGL is greater than the sector EHN ; and if 
less, less : since, then, there are four magnitudes, the two circum- 
ferences BC, EF, and the two sectors BGC, EHF, and of the circum- 
ference BC, and sector BGC, the circumference BL and sector BGL 
are any equal multiples whatever : and of the circumference EF, and 
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aector EHF, the circumierence EN and aedor EHN are any eqoi- 
multiples whatever ; and that it has been proved, if the circumference 
BL be greater than EN, the sector BGL is greater than the sector 
EHN ; and if equal, equal ; and if less, less. Therefore (5. deC 5.), aa 
the circumference BC is to the circumference EF, so is the sector 
BOO to the sector EHF. Wherefore, in equal circles, Ac Q. E. D. 

PROP. B. THEOR. 

If an angle of a triangle be bisected by a straight line, which 
likewise cuts the base ; the rectanffle contained by the sides of the 
triangle is equal to the rectangk contained b^ the segments of 
the base, together with the square of the straight line bisecting 
the angle.* 

Let ABC be^i triangle, and let the angle BAG be bisected 1^ the 
straight line AD ; the rectangle BA, AC is equal to the rectang^ BD, 
DC together with the square of AD. 

Describe the circle (5. 4.) ACB about the triangle, and produce AD 
to the circumference in E, and join EC r 
then because the angle BAD is equal to 
the angle CAE, and the anffie ABD ta 
the angle (21. 8.) AEC, lor they are in 
the same segment : the triangl^ ABD, g 
AEC, are equiangular to one another: 
therefore as BA to AD, so is (4. 6.) EA 
to AC, and consequently the rectangle 
BA, AC is equal (la 0.) to the rectan* 
fjtt EA, AD, that is (8. tf.), to the rect- 
angle £1D, DA, together with the square 
of AD : but the rectangle ED, DA, is 
equal to the rectangle {96. t.) BD, DC. Theretee the rectangle BA« 
AC is equal to the rectangle BD, DC, together wMh the square of AD. 
Wherefore, if an angle, dtc. Q. E. D. 

PROP. C. 1*HE0R. 

If from any angle of a triangle a straight fine be drawn per- 
pendicular to the bue ; the rectangle contained by the sides orthe 
trianffle is equal to the rectangle contained by the perpendicular 
and ue diameter of the circle described about the triangle.* 

Let ABC be a triangle, and AD the perpendicular from the angle 
A to the base BC ; the rectangle BA, AC is equal to the rectangle 
contained by AD and the diameter of the circle described about the 
triani^. 




* :• 
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Describe (5. 4.) the drcle ACB about 
the triangle, and draw its diameter AB, 
and join EC; because the right angle 
BDA is equal (31. 8.) to the a^e BCA 
in a semicircle, and the an^ ABD to B 
the angle AEC in the same segment (21. 
3.) ; the triangles ABD, AEC are equi- 
angular : therefore as (4. 6.) BA to AD« 
so is EA to AC ; and consequently the 
rectangle BA, AC is equal (16. 6.) to the 
rectangle EA, AD. It^ therefore, from 
an angle, &c. d. R D. 



PROP. D. THEOR. 

The rectangle contained by the diagonals of a quadrilateral 
inscribed in a circle, is equal to both the rectangles contained by 
its opposite sides.* 

Let ABCD be any quadrilateral inscribed in a circle, and Join AC, 
BD ; the jrectangle contained by AC, BD is equal to the two rectan- 
gles contahied by AB, CD, and by AD« BC.t 

Make the angle ABE equal to the an^e DBC ; add to each of these 
the common angle EBD, then the angle ABD is equal to the angle 
EBC; and the angle BDA is equal (21. 8.) to the angle BCE, be- 
cause they are in the same segment ; therefore the triangle ABD is 
equiangular to the triangle BCE ; where- B 

fore (4. 6.) as BC is to CE, so is BD to a^ 

DA ; and consequently the rectangle '^ — • — ^ ^ 

BC, AD is equal (16. 6.) to the rectan- 
gle BD, CE: again, because the angle 
ABE is equal to the angle DBC, and 
the angle (21. 3.) BAE to the angle 
BDC, the triangle ABE is equiangular 
to the trfengle BCD : as therefore BA 
to AE, so is BD to DC ; wherefore the 
rectangle BA, DC is equal to the rectan- A 
gle BD, AE : but the rectangle BC. AD has been shown equal to the 
rectangle BD, CE; therefore the whole rectangle AC, BD (1. 2.) is 
equal to the rectangle AB, DC, together with the rectangle AD, BC. 
Therefore the rectangle, &c. Q,. E. D. 




• See Note. 

t This ifl a Lemma of CI. PtolomaBUs, in pa^ 9 of hii fx^ynKn o^urrafis. 
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DEFINITIONS. 



L 
A SOLID is that which hath length, breadth and thickness. 

IL 
That which bounds a solid is a superficies. 

in. 

A straight Hne is perpendicular, or at right angles to a plane, when 
it makes right angles with every straight line meeting it in that 
plane. 

IV. 

A plane is perpendicular to a plane, when the straight lines drawn 
in one of the planes perpendiculariy to the common section €( the 
two planes, are perpendicular to the other fhuM. ■ 

V. 

The inclhiation of a straight Ihie to a plane is the acute angle con' 
tained by that straight Une, and another drawn from the point in 
which the first line meets the plane to the point in which a perpen- 
dicular to the plane drawn firom any point of the first line above 
the plane, meets the same {dane. 

VI. 

The inclination of a plane to a plane as the acute angle contained 
by two straight lines drawn from any the same point of their 
common section at right angles to it, one upon one piane, and the 
other upon the other plane. 

VII. 

Two planes are said to have the same, or a like inclination to one 
another, which two other planes have, when the said angles of 
inclination are equal to one another. 
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vm. 

Parallel planes are such which do not meet one another though pro- 
duced. 

IX. 

a" solid angle is that which is made by the meeting of more than two 
plane angles, which are not in the same plane, in one point.* 

X. 

* The tenth definition is omitted for reasons given in the notes.* 

XL 
Similar solid figures are such as have all their solid angles equal, 
each to each, and which are contained by the same number of 
similar planes.* 

xn. 

A pyramid is a solid figure contained by planes that are constituted 
betwixt one plane and one point above it in which they meet. 

XIIL 
A prism is a solid figure contained by plane figures, of which two 
that are opposite are equal, similar, and parallel to one another ; 
and the others parallelograms. 

XIV. 
A sphere is a solid figure described by the revolution of a semidrde 
about its diameter, which remains unmoved. 

XV. 

The axis of a sphere is the fixed straight line about which the semi- 
circle revolves. 

XVI. 
The centre of a sphere is the same with that of a semicircle. 

XVII. 
The diameter of a sphere is any straight line which passes through 
the centre, and is termmated both ways by the superficies of the 
sphere. 

xvin. 

A cone is a solid figure described by the revolution of a right angled 
triangle about one of the sides containing the right angle, which 
side remains fixed. 

If the fixed side be equal to the other side containing the right angle, 
the cone is called a right angled cone ; if it be less than the other 
side, an obtuse angled, and if greater, an acute angled cone. 

XIX. 
The axis of a cone is the fixed straight line about which the triangle 
revolves. 

XX. 
The base of a cone is the circle described by that side containing 
the right angle, which revolves. 

XXI. 
A cylinder is a solid figure described by the revolution of a right an- 
gled parallelogram about one of its sides which remauis fixed. 

♦ See Note. 
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xxn. 

The axis of a cylinder it tiie fixed straight line about which the 
parallelogram revolves. 



The bases of a cylinder are the circles described by the two revolv- 
ing opposite sides of the parallelogram. 

XXIV. 
Similar cones and cylinders are those which have their axes and the 
diameters of their bases proportionals. 

XXV. 

A cube is a solid figure contained by six equal squares. 



A tetrahedron is a sdid figure contained by four equal and equilar 
teral triangles. 

xxvn. 

An octahedron is a solid figure contained by eight equal and eqid- 
lateral trian^es. 

xxvnL 

A dodecahedron is a solid figure contained by twelve equal penta- 
gons which are equUataral and equiangular. 



An icosahedron is a solid figure contained by twenty equal and equi- 
lateral triangles. 

DBF. A. 
A parallelopiped is a solid figure contained by six quadrilateral figures, 
whereof every opposite two are paralld. 

PROP. L THEOR. 

One part of a straight line cannot be in a {daoe, and another 
part above it* 

If it be possible, let AB, part of the straight Rne ABC, be in the 
plane, and the part BC above it : and since the straight line AB is 
in the plane, it can be produced in 
that plane : let it be produced to D : 
and let any plane pass through the 
straight line AD, and be turned 
«bout it unto it pass through the 

pointC: and because the points B, Care in this plane, the straight line 
BC is in it (7. deC 1.) : therefore there are two straight lines ABC, 
ABD in the same plane that have a common segment AB, wtakh is 
InqKmiUe (Cor. 11. 1.). Therefore, one part, ^uc^E.D. 

FROP. JL THBOR. 
Two straight lines which cut one another are in one plane, 

•flisNolt. 





Its rm gLBHurm or eocud. ioox xt. 

and three straight lines which meet one another are in one 

1*^%^ -i)^ two straight lines AB, CD cut one another in E ; AB, CD are 
.. ^^^lOne plane : and three straight lines EC, CB, BE wliich meet one 
;,^^|Mher, are in one jUaae. 

Let any plane paaa tliroi^^ the atrai(^t tine A D 

EB, and iet the plane be turned about EB, pro- 
dvcedt ir necessary, until it pass through the 
p^t C : then because the poiots E, C are in 
this plane, the straight line EC is hi it (T. deC 
1.) : for the same reason, the strmight line BC 
is in the same ; and, by the hypothesis, EB is 
in it ; therefore the three straight lines, EC, CB, 
BE are in one plane : but in the plane in which 

EC, BB are, in the same are (1. 11.) CD, AB: I 
therefore AB, CD are in one plane. Wherefore two straight lines, 
A«. Q. E. D. 

PROP. DL THEOR. 

If two planes cut one another, their common seclioD is a 
straight line.* 

Let two planes AB, BC cut one another, and let the line DB be 
their common section : DB is a 'straight line : 
if it be not, from the point D to B, draw, in 
the plane AB. the straight line DEB. and in 
the plane BC the straight line DFB ; then two 
straight lines DEB. DFB have the same i 
tremities, and therefore include a space betwixt 
them ; which is impossible (in. Ax. 1 .) : there- 
fore BD the common section of the planes AB, 
BC cannot but be a straight line. Wherefore, 
if two planes, &c. Q. E. D. 

PROP. IV. THEOR. 

If a straight line stand at right angles to each of two straight 
lines in the point of their intersection, it shall also be at right an- 
gles to the plane which passes through them, that is, to the plane 
m which they are.* " 

Let the straight line EF stand at right angles to each of the straight 
Unw AB, CD in E, the point ot ^heir intersection : EF is also at right 
anf^ tn the plane passing through AB, CD. 

Take the straight lines AE; EB, CE, BD all equal to one 
another; and through £ draw. In the plane in which are AB, 
CD, any straight line GEH ; and join AD, CB : then, from any 
point F in EF, draw FA, FG, FD, FC, FH, FB : and because the 

•See Note. 
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two straight lines, AE, ED sra equal to the two BE, EC, and that 
they conUln equal angles (15. 1.) AED, BBC, the base AD Is equal 
(4. 1.) to the base BC, and the angle DAE to the angle EBC; ant^ . 
the angle AEG is equal to the angle BEH (15. I.); therefore the til^ . , 
angles AEG, BEH have two angles of one equal to two angles offlK, 
other, each to each, and the sides AE, EB, adjacent to the equal 'Mr'' 
gles, equal to one another; wherefore they shall have thdr other 
sides equal (26. 1.) : GB la therefore equal to EH, and AG to BH ; 
and because AE Is equal to EB, and PE commoa and at right an^ea 
to them, the base AF Is equal (4. 1.) to the base FB ; for the same 
reason, CF Is equal to FD : and because AD Is equal to fiC, and AF 
to FB, the two sides FA, AD are equal to the two FB, BC, each to 
each, and the base DF was proved equal to ~ 

the base EC; therefore the angle FAD Is 
equal (6. 1.) to the angle FBC : again, it was 
proved that GA is equal to BH, and also AF 
to FB ; FA, then, and AG are equal to FB 
and BH, and the angle FAG has been proved 
equal to the angle FBH; therefore the base 
GF (4. 1.) to the base FH: again, because 
it was proved, that GE Is equal to EH, and 
EF la common ; GE, EF are equal to HE, 
EF; and the base GF is equal to the base 
FH ; therefore the angle GEF is equal (8. 1.) 
to the angle HEIF ; and consequently each 

of these angles is a right (10. deC 1.) angle. ' " 

Therefore FE makes rlghbangles with GH, that is, with any straight 
line drawn through E in the plane pnBsiog through AB, CD. In like 
manner, it may be proved, that FE makes right angles witb every 
"straight line which meets It In that plane. But a straight line la at 
right angles to a plane when it makes right ang^ with every straight 
Une which meets it in that plane(3. def II.): therrfbre RP Is at right ■ 
angles to the plane in which ale AB, CD. Wheidbre, tf a straieU' 
Une, &,c. Q. £. D. 




PROP. V. THEOR. 



If three straight lines tneet all in one point, and a straight line 
stands at right angles to each of them in that point) theso three 
straight lines are m one and the same plane.* 

Let the straight line AB stand at right angles to each of (he stiiiighl 
Ihws BC, BD, be; in B the pdnt where they meet; BC, BD, BE are 
in one and the same plane. 

If not let. If tt be possible, BD and BE be In one plane, and B( ' be 
above it ; and let a [^ne pass through AB, BC, the common sertlon 
of which with the plane, in which BD and BE are, iball be a straight 

• 8n Hole. 
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(8. 11.) line; let this be BF: therdbre the three straight lines AB, 

EC, BF are all in one plane, viz. that which passes through AB, BC : 

and because AB stands at right angles to each of the straight lines 

BD, BE, it is also at right angles (4. 1 1.) to the plane passing through 

tfaem; and therefore makes right angles (3. def. 11.) with eyery 

atfaight line meeting it in that plane ; but 

BF, which is in that plane, meets it : there- A 

fore the angle ABF is a right angle ; but the 

angle ABC, by the hypothesis, is also a right 

an^e ; therefore the angle ABF is equal to 

the angle ABC, and they are both in the 

same plane which is impossible: therefore 

the straight line BC is not above the plane 

in which are BD and BE: wherefore the 

three straight lines BC, BD, BE are in one 

and the same plane. Therefore, if three straight lines, Idc. Q. R D. 




PROP. VL THEOR. 



Ir two straight lines be at right angles to the same plane, tbey 
shall be parallel to one another. 

Let the straight lines AB, CD be at right angles to the same plane; 
AB is parallel to CD. 

' Let them meet the plane in the points B, D, and draw the straight 
line B, D, to which draw DE at right angles, in the same plane ; and 
make DE equal to AB, and join BE, AE, AD. A 
Then because AB is perpendicular to the plane, 
it shall make right (3. def. II.) angles with every 
straight line which meets it, and is in that plane: 
but BD, BE, which are in that plane, do each 
of them meet AB. Therefore, each of the an- 
gles ABD, ABE is a right angle: for the same Bl 
reason, each of the angles CDB, ODE is a right 
angle : and because AB is equal to DE, and BD 
common, the two sides AB, BD are equal to the 
two ED, DB : and they contain right angles ; 
therefore the base AD is equal (4. 1.) to the 
base BE: again, because AB is equal to DE, and BE to ADf AB, 
BE are equal to ED, DA ; and, in the triangles ABE, EDA, the 
base AE is common; therefore the angle ABE is equal (8. 1.) to 
the angle EDA : but ABE is a right angle ; therefore EDA is also 
a right angle, and ED perpendicular to DA: but it is also per- 
pendicular to each of the two BD, DC : wherefore ED is at right 
angles to each of the three straight lines BD, DA, DC, in the point 
in which they meet : therefore these three straight lines are all in 
the same plane (5. 11.)^ but AB is in the plane in whk;h are BD, 
DA, because any three straight lines which meet one another are 
in one plane (2. 11.): therefore AB, BD, DC arc in one plane: 
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and each of the angles ABD, BDC is a right angle; therefore AB is 
parallel (28. 1.) to CD. Wherefore, if two straight lines, &c Q. E. D. 

PROP. VIL THBOR. 

Ir two straight lines be parallel, the straight line drawn from 
any point in the one to any point in the other is in the same plane 
with the parallels.* 

Let AB, CD be parallel straight Unes, and take any pohit E in the 
one, and the pohit F hi the other|: the straight line which joins E 
and F is in the same plane with the parallels. 

If not, let it be, if possible, above the plane, as EOF ; and in the 
plane ABCD hi which the parallels A £ E 

are, draw the straight line EHF from ' 

£ to F; and since EGF also is a 
straight Ihie, the two straight lines 
EHF, EGF includes a space between 
them, which is impossible (10. Ax. 1.). 
Therefore the straight line joining the q 
points E, F is not above the plane in * " 

which the parallels AB, CD are, and is therefore In that plane. Where- 
fore, if two straight lines, &c. Ct E. D. 

PROP. Vra. THEOR. 

Ir two straight lines be parallel, and one of them be at right 
angles to a plane, the other also shall be at right angles to the 
same plane.* 

Let AB, CD be two paralld straight Ihies, and let one of them AB 
be at right angles to a plane : the other CD is at right angles to the 
same plane. 

Let AB, CD meet the plane in the points B^ D, and join BD: 
therefore (7. 11.) AB, CD» BD are in one plane. In the plane U> 
which AB is at right angles, draw DE at right angles to BD, and 
make DE equal to AB, and join BE, AE, AD. And because AB is 
perpendicular to the plane, it is perpendicular to every straight 
line which meets it, and is ia that plane (3. def. 11.); therefore 
each of the angles ABD, ABE is a right angle; and because 
the straight line BD meets the parallel straight lines AB, OD, 
the angles ABD, CDB are together equal (29. 1.) to two right 
angles : and ABD is a right angle ; therefore also CDB is a right 
angle, and CD perpendicular to BD: and because AB is equal 
to DE, and BD common, the two AB, BD are equal to the two ED, 
bB^ and the angle ADB is equal to the w^jie EDB, because each of 

"8ieNol0. 
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flwn it a Hgtt aai^; tbanin te bsae AD 

to aqnKi. L) to the |»M BE: agrin, beoufa A 

ABteaqotf «o D% imd KB to AD; tbetwo 

ABiBB are equal to Oa two BD;DA; and 

4| baaa AX ia ooaamoii to the trian^ ABB^ 

iIdA; vhanim tin aii|^ ABB la aqoal (a 1.) 

totha aB|^B>Ai and ABBIaaright aii|^; 

md tbmrmt B BDA^ la a right anglei and ED 

panpendleaiar to DA : bat it la alao perpendlcii- B 

Mr to BD: therefbra ED ft perpoidlciilar 

(4. 11.) to' tiia plane wUob paaaea thzoogh 

BD» DA, and aball (8. deC ll.)ineke right an- 

l^wHh every atndglit Bne meeting It in that , 

plane: botDCia in the plane paaalng through 

BD» DA, beoaoae aD three are hi the plane in 

vfaleh are the parallda ABk CD; iriierefare ED ia at right ai^liia la 

DC; and thereibre CD la at right ang^toDE: bat CD iaalaoafc 

fight ani^ to DB; CD then la at rlj^ aogiea to tibe two aHatgbt 

UneaDE,BD in the point of their InteraeettonD; and therefereia'aft 

iVAan|^(4. n.)tothe plane paaafaig throogh DE| DEk wfatahk 

the aame plane to wUeh AB la at rig^ anglea. ThdnSn^Wma 

alff|iMlnaa,*e.Q.B.D. 

PROP. DL.THBOR. 

I Two alraigfatlineawhidi are each of them parallel tpthgaMDo 
alijiuht Kne^ and not in tbe aame plane wjth it, are pimBal to 
oM another* 

Let AB, CD be each of them paraM to EF, and not in tha*BaBia 

plane with it ; AB shall be parallel to CD. 

In £F take any point G, from which draw, in the plane paaifalB 
through £F, AB, the straight line GH at right angles to EF, and in 
tbe plane passing through EF, CD, draw GK at right angles to the 
same EF. And because EF is perpendicular both to GH and GK» 
EF is perpendicular (4. 11.) to the A H B 

plane HGK passing through them : and 
EF is parallel to AB, therefore AB is at 
right angles (8. 1 1.) to the plane HGK. 
For the same reason, CD is likewise 
at right angles to the plane HGK. 
Therefore, AB, CD are each of them 
at right an^^es to the plane HGK. But ^ 
if two strsd^t lines be at right angles ^ 
to t^ same plane, they shall be parallel (6. 11.) to one another. 
TheiMbre AB is parallel to CD. Wherefore, two straight lines. &a 
ft.E.D. ^ 

PROP. X. THEOR. 

Ir two straight lines meeting one another be parallel to two 
other that meet ^one another, and are not in the same plane 
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wifli the first two, the first two and the other two shall contam 
equal angles.* 

Let the two straight lines AB, BC which meet one another be 
parallel to the two straight lines DE, EF that meet one another, aad 
are not in the same plane with AB, BC. The angle ABC is equal 
to the angle DEF. 

Take BA, BC, ED, EF all equal to one another ; and join AD, CF, 
BE, AC, DF ; because BA is equal and parallel to ED, therefore AD 
is (33. 1.) both equal and parallel to BE. For B 

the same reason, CF is equal and parallel to 
BE. Therefore AD and CF are each of them 
equal and parallel to BE. But straight lines A 
that are puralld to the same straight line, and 
not in the same plane with it, are parallel (9. 
11.) to one another. Therefore AD is paral- 
lel to CF ; and it is equal (1. Ax. 1.) to it, and 
AC, DFjoin them towards the same parts; 
and therefore (33. 1.) AC is equal and parallel 
to DF. And because AB, BC are equal to 
DE, EF, and the base AC to the base DF ; D 
the angle ABC is equal (8. 1.) to the angle DEF. Therefore, if two 
straight lines, &c. Q. E. D. 

PROP. XL PROB. 

To draw a straight line perpendicular to a plane, from a given 
point above it 

Let A be the given point above the plane BH; it is required to 
draw from the ^o\nt A a straight line perpendicular to the plane BH. 

In the plane draw any stra^ht line BC, and firom the point A 
draw (12. 1.) AD perpendicular to BC. If then AD be also perpen- 
dicular to the plane BH, the thing required is ahready done ; but if 
it be not, from the point D draw (1 1. 1.) in the plane BH, the straight 
line DE at right angles to BC : and A 

fi^m the point A draw AF perpen- « 

dicular to DE; and through F draw 
(81. 1.) OH parallel to BC : and be- 
cause BC is at right angles to ED and rr ^ Y 1 .^ 
DA : BC is at right angles (4. II.) to ^ \ ^^ 
the plane passing through ED, DA. \ 
And GH is parallel to BC : but, if two \ 

straii^t lines be parallel, one of which \ ^M. ^ 

is at right an^^es to a plane, the other B DC 

Shan be at right (8. 11.) angles to the same plane ; wherefore GH is 
at right angles to the plane through ED, DA, and is perpendicular 
(3. def 1 1.) to every straight Ihie meeting it in that i^ane. But AF. 
which is in the plane through ED, DA meets it : therefore GH is 
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perpendicular to AF ; and consequentiy AF ia perpendicular to QH, 
and AF is perpendicular to DE: therefore AF is perpendicular to 
each of the straight lines GH, DC But iT a straight line stands at 
right angles to eacli of two straight lloes in the point of their inter- 
section, It shuJ] also be at right angles to the plane passing through 
them. But the plane passing ttirough ED, GH is the plane BH ; 
therefore AF is perpendicular to the plane BH ; therefore, from the 
giraa point A, at>ove the plane BA, the straight line AF is drawn 
peipendicular to that plane. Which was to be done. 

PROP, Xn. PROB. 

To erect a straight line at right angles to a given plane, from 
a point given in the plane. 

Let A be the point given in the plane ; it is required to erect a 
straight line from the point A at right angles D D 

to the plane. 

From any point B above the plane draw 
(11. 11.) BC perpendicular to it; and from 
A draw (31. 1.) AD parallel to BC. Because, 
therefore, AD, CD are two parallel straight 
lines, and one of them BC is a[ right angles 
to the given plane, the other AD is also at , 
right angles to it (8. 11.). Therefore a 
straight line has lieen erected at right angles to a given plane from 
a point given in it. Which was (o be done. 

PROP. Xm. THBOR. 

From the same point in a given plane, there cannot be two 
■tntight lines at right angles to the plane, upon the same side of 
itj and there can^ but one perpendicular to a plane fr«a a 
point above the plane. 

For, if it be possible, let the two straight lines AC, AB be at right 
angles to a given plane from the same point A in the plane, and Opoti 
the same side of it : and let a [riane pass through BA, AC ; the com.^ 
mon section of this with the given [dane is a straight (3. U.} liqe 
passing through A : let DAE t>e their common section : therefore 
the straight lines AB, AC, DAE are in one plane : and because CA 
Is at right angles to the given plane, It shall make right angles with 
every straight line meetbig It in that jdane. But DAE, which la in ttfft 
plan& meets CA; therefore CAE is a B C 

lightangle. For the same reason BAE 
is a rigfit angle. Wherefore the angle 
CAE is equal to the angle BAE ; and 
tt^7 are in one plane, which is Impossi- 
ble, Also, from a point above a plane, 
there can be but one perpendicular to 
that plane ; for, if there could be two. 
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tbejr. ivoald be parallel (6. 11.) to one another, 'which is absurd. 
Therefore, from the same pdnt, &c. Q. E. D. 

PROP. XIV. THBOR. 

PtAirss to which the same straight line is perpendicular, are 
parallel to one another. 

Let the straight line AB be perpendicular to each of the planes CD, 
EF ; these planes are parallel to one another. 

If not, they shall meet one another when produced; let them 
meet; their common section shall be a 
straight line GH, hi which take any pohit 
K, and join AE, BK : then because AB is 
perpendicular to the plane EF, it is perpen- 
dicular (3. def. 1 1.) to the straight line BK 
which is in that plane. Therefore ABK is 
a right angle. For the same reason, BAK 
is a right angle; wherefore the two an- 
gles ABK, BAK of the triangle ABK are 
equal to two right angles, which is im- 
possible (17. 1.) ; therefore the planes CD, 
EF th&igh produced, do not meet one 
another; that is, they are parallel (S, deC 
11.). Therefore, planes, &c. Q. KI). 

PROP. XV. THEOR. 

Ir two straight lines meeting one another, be parallel to two 
straight lines which meet one another, but are not in the same 
plane with the first two, the plane which passes through these is 
pamllel to the plane passing the others.* 

Let AB, BC, two straight ttnes meeth^g one another, be parallel to 
DE, EF, that meet one another, but are not hi the same plane with 
AB, BC : the planes through AB, BC, and DE, EF shall not meet, 
though produced. 

From the poUit B draw BG peipendlcnlar (11. 11.) to the plane 
which passes through DE, EF, and let it meet that plane in Q; 
and through G draw GH parallel (31. 1.) to ED, and GK parallel 
to EF ; and because BG is perpendicular to the plane through 
DE, EF, it shall make right an- 
gles with every straight lii^ meet- 
hig it hi that plane (8. def 11.). B 
But the straight Hues GH, GK, 
In that i^ane meet it: therefore 
each of the angles BGH, BGK is 
a right angle : and because BA is 
paraDd (9. 11.) to GH (for each A 
of them is paralld to DS; and 
they are not both Ia the same 
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plane with It) the angles GBA. BOH are ti^ther equal (39, !.> to 
two right angles : and BGH is a right angle, fliprefore also GBA I* a 
right angle, and GB perpendicular to BA ; for the same reason, GB 
Is perpendicular to BC: since therefore the straight line OB stands 
at right angles to the two straight lines BA. BC, that cut one another 
in B; GBla perpendicular (4. 11.) to the plane through AB, BG-. 
and it is perpendicular to the plane through UE, EIF : therefore BO 
fs perpendicular to each of the planes through AB, BC. and DE, KP: 
but planes to which the same straight line Is perpendicular, are pa- 
rallel ( U. 11 .) to one another ; therefore the plane through AB, BC is 
parallel to the plane through DE, EF. Wherefore, if two straight 
lines &c. ft. E. D. 

PROP. XVI. THEOR. 

Ir two parallel planes Imj cut by another plane, their cotnmon 
sections with it are parallels.* 

Let the parallel planes Aa CD be cut by the plane EFHG. and 
let their common sections with it be EF, GH; EF is paraUel to GH. 

For, if it be not, EF, GH shall meet, if proJuccd, either on the 
aide of FH, or EG; first, let them he produced on the side of FH, 
and meet in the point K ; therefore, since EFK la in the plane AB, 
every point in EFK is in that plane ; K 

and K is a point in EFK ; therefore 
K is in the plane AB: for the same 
reason K ia also In the'l^ane CD: 
wherefore the pisnea AB, CD pn> 
dnced meet one another; but they 
do not meet, since they are parallel 
by the hypothesis ; therefore the 
atralght lines EF, QH do not meet 
when produced on the side of FH; 
In the same manner it may be proved, 
that EF, GH do not meet when pro- " 

duced on the side of EG : but straight lines which are in the same 
plane and do not meet, though produced either way, are poralld : 
therefore EF ia parallel to GH. Wherefore, if two parallel jrianei, 
dtc Q. E. D. / 

PROP. XVn. THEOR. 

If two straight lines be cut by parallel planes, they shall be cut 
in the same ratio. 

Let the straight lines AB, CD be cut by the parallel planes OR, 
KU MN, in the pcdnte A, E, B; C, F, D; as AE is to EB, so is Cf 
ton>. 

J<dn AC, BD. AD, and let AD meet the plane EL in ti»\ 
pcrfnt X : and jcdn EX, XF : because the two parallel pUmM^ 
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KL, MN are cut by the l^ane EBDX, the common sections EX, 
BD, are parallel (16. 11.). Fbr the same reason, because the two 
parallel planes GH, KL are cut by 
the plane AXFC» the common 
sections AC, XF, are paraUel: 
and because EX is parallel to 
BD, a side of the triangle ABD, 
asAEto EB,8ois(2. e.)AXto 
XD. Again, because XF is pa- 
rallel to AC, a side of the trian^^e 
ABC, as AX to XD, so is CF to 
FD : and it was proved that AX 
is to XD, as AE to EB; there- 
fore (U. 5.), as AE to EB, so is 
CF to FD. Wherefore, if two 
straight lines, &c. Q. E. D. 

PROP. XVIIL THEOR. 

If a straight line be at right angles to a plane, every plane 
which passes through it shall be at right angles to that plane. 

Let the straight line AB be at right angles to a plane CK; every 
plane which passes through AB shall be at right angles to the plane 
CK. 

Let any plane DE pass through AB, and let CE be the common 
section of the planes DE, CK ; take any point F in CE, from which 
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draw FG in the plane DE at right 
angles to CE; and because AB is 
perpendicular to the plane CK, 
therefore it is also perpendicular 
to every straight line in that plane 
meethig it (3. def 11.); and con- 
sequently it is perpendicular to 
CE: wherefore ABF is a right 
angle; but GFB is likewise a 
right angle : therefore AB is paral- 
lel (28. 1.) to FG. And AB is at right an^^es to the i^ane CK: 
thensfore FG is also at right angles to the same plane (8. 11.). But 
one plane is at right angtes to another plane when the strqjght lines 
drawn in one of the planes at right angles to their common section, 
are also at right an^^es to the other plane (4. deC 11.): and any 
straight line FG in the plane DE, which is at right angles to CE the 
common section of the plane8,.has been proved to be perpendicular 
to the other plane CK ; tiierefore the {^ne DE is at right angles to 
the plane CK. In like manner, it may be proved that all the jdanes 
which pass through AB are at right angles to the plane CK. There- 
fore, ifa straight line, &c. €t E. D. 




"* PROP. XIX. THEOK. 

Ik two planes cutting one another be each of them perpendi- 
cular to a third plane; iheir common section shall be perpendi- 
cular to the same plane. 

Let the two planes AB, BC Ijo each of tbem perpendicular to a 
third plane, and lei BD be the common aecllon of llie first two ; BD 
la perpendicular to the third plane. 

If it be not, from the point D draw in the plane AB, the straiglit 
line DE at right angles to AD, the common section of tlie plane AB 
with the third plane; and in the plane BC draw DF at right angles 
to CD the common section of the plane BC with the third plane. 
And because the plane AQ is perpendicular to 
the third plane, and DE is drawn in the plane 
AB at right angles to AD their common sec- 
tion, DE is perpendicular to the third plane (4. 
def. 11.), In the same manner, it may he 
proved that DF is perpendicular to the third 
plane. Wherefore, from the point D two 
straight lines stand at right angles to the third 
plane, upon the same itide of il, which is im- 
possible (13. 11.): therefore, from the point D 
ther« cannot be any straight line at right an- 
gles lo the third plane, except BD the common 
aecllon of the planes AB. BC. BD therefore is 
perpmdicular to the third idane. Wherefbre^ IT two flauet, && 
O-E-D. 

PROP. XX. THEOR. 

It a solid angle be conuined by three plane angles, a&y two 
of them are greater than the third." 

Let the sdld angle at A be contained by the three plane an^ea, 
•BAC, CAD, DAB. Any two of them ate greater tiian the third. 

If the angles BAC, CAD, DAB be all equal, H h evident tiMt 
any two of them are greater tlian the third. But if they be oot, 
let BAC be that angle which is not less than either of the other 
two, and it greater than one of them DAB ; and at the point A 
in the stfalght tine AB, make, in the [riane which panes throng 
BA, AC, the angle BAE equal (23. 1.) to the angle DAB; and 
make A£ equal to AD, and through E draw BEC cutting AB, 
AC in the points B, C, aod Join DB, DC. And btMiiae DA li 
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equal to AE, and AB is common, the two D 

DA, AB are equal to ttie two EA, AB, and 
the angle DAB is equal to fh9 angle EAB : 
therefore the base DB Ib equal (4. 1.) to the 
base BE. And because BD, DC are great- 
er (20. 1 .) than CB, and one of them, BD, 
has been proved equal to BE a part of CB, 
therefore the other DC is greater than the g 
remaining part EC. And because DA is 
equal to EA, and AC common, but the base DC greater than the base 
EC : therefore the angle DAC is greater (25. 1.) than the angle EAC : 
and, by the construction, the angle DAB is equal to the angle BAE ; 
wherefore the angles DAB, DAC are together greater than BAE, 
EAC, that is, than the angle BAC. But BAC is not less than either 
of the angles DAB, BAC : therefore BAC, with either of them, is 
greater than the other. Wherefore, if a solid angle, &c. Q. E. D. 
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PROP. XXI. THEOR. 

Evert solid angle is contained by plane angles which together 
are less than four right angles. 

First, let the solid angle at A be contahied J)7 three plane angles 
BAC, CAD, DAB. These three togetheLare less than four right an- 
gles, ^ 

Take in each of the straight lines AB, AC, AD any points B, C, D, 
and join BC, CD, DB : then, because the solid angle at B, is contain- 
ed by the three plane angles CBA, ABD, DBC, any two of them are 
greater (20. 11.) than the third; therefore the angles CBA, ABD, are 
greater than tKe angle DBC; for the same reason, the angles BCA, 
ACD are greater than the angle DCB; and the angles CDA, ADB, 
greater than BDC : wherefore the six angles CBA, ABD, BCA, ACD, 
CDA, ADB, are greater than the three an- 
gles DBC, BCD, CDB ; but the three an^^es 
DBC, BCD, CDB, are equal to two ri^ an- 
gles (82. 1.): therefore the six angles CBA, 
ABD, BCA, ACD, CDA, ADB are greater 
than two right angles: and because the 
three angles of each of the triangles ABC, 
ACD, ADB are equal to two right angles, 
therefore the nine angles of these three triangles, viz. the angles 
CBA, BAC, ACB, ACD, CDA, DAC, ADB, DBA, BAD are equal to 
six right angles ; of these the six an^s CBA, ACB, ACD, CDA, 
ADB, DBA are greater than two right angles : therefore the remain- 
ing three angles BAC, DAC, BAD, which contain the solid angle at 
A, are less than four right angles. 

Next let the solid angle at A be contained by any number of ptane 
angles BAC, CAD, DAE, EAF, FAB ; these together are less than 
four right angles. 

Let the planes in which the angles are, be cut by a plane, and let 

22 
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the common section of It with those planes be BC, CD, DE, BF, 
FB; and because the solid angle at B li contained by three |duie 
angles CBA, ABF, PBC, of which any two an greater (20. 11.) than 
the third, the angles CBA, ABF, are greater than the an^ FBC : for 
the same reason, the two [4ane angles at A. 

each of the points C, D, E, F, viz. the an- 
gles whlcb are at the bases oftbe triangles, 
having the common vertex A, are greater 
than the third angle at the same point, 
which Is one of the angles of the polygon 
BCDEF: therefore all the angles at the 
bases of the triangles are together greater 
than all the angles oftbe polygon : and be- 
cause an the angles of the triangles are to- 
gether equal to twice as many right angles 
as there are triangles (32. 1.); that is, 
as there are sides In the polygon BCDEF : " 

and that all the angles of the polygon, together with fimr right an- 
gles, are likewise equal to twice as many right angles as there are 
sides in the polygon (1. Cor. S2. 1.) : therefore all the angles of the 
trian^B are equal to bH the angles of the polygon together with lour 
right angles. But all the angles at the bases of the triangles are 
greater than all the angles of the pcdygon, as has been proved. 
Wherefore, the remaining angles of the Wangles, viz. those at the 
vertex, which contain the Afld angle at A, are less than four right 
angles. Therefore every solid angle, &.c. Q. K D. 

PROP. XXII. THEOR. 

If every two or three plane angles be greater than the third, 
and if the straight lines whicli contain them be all equal ; a tri- 
angle may be made of the straight tines, that join the extremities 

of those equal straight lines.* 

Let ABC, DEF, GHK be thi-ec plane angles, whereof every two 
are greater than the third, and are contained by the equaJ straight 
lines AB, BC, DK. EF, CH, HK ; If their extremities be joined by the 
straight lines AC, DF, GK, a triangle may be niaile of three straight 
lines ciiual to AC, UF, GK ; that is, eveiy two of ijiein together great- 
er thun the third. 

If tlie angles at B, E, H ore equal ; AC. DF, GK are also equal 
(4. 1.), and any two of them greater than the third: but if the 
angles be not all equal, let the angle ABC be not less than either 
of the two at E, H : therefore (he straight line AC Is not less than 
either of the other two DF, GK (4. Cor. 24. 1.); and It is plaiji 
that AC, togetlier with either of the otlier two, must l>e greater 
than the third: also, DF, with GK, are grrator thun AC: for at 
tlie point B in the .straight line All make ('43. 1.] the angle ABL 
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equal to the angle QHK, and make BL eqnal to one of the straight 
lines AB, BC, DE, EF. GH, HK. and join AL, LC; then because 
AB, BL are equal to GRi; HK, and the angle ABL to the angle GHK, 
the base AL is equal to the base GK ; and because the angles at B* 
H are greater than the angle ABC, of which the angle at H Is equal 
to ABL ; therefore the remaining angle at £ is greater than the an- 
gle LBC ; and because the two ndes LB, BC are equal to the two 

B 
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DE, EF« and that the angle DEF is greater than the angle LBC, the 
base DF is greater (24. L) than the base LC: and it has been 
proved that GK is equal to AL ; therefore DF and GK are greater 
than AL and LC; but AL and LC are greater (20. L) than AC: 
much more then are DF and GK greater than AC. Whereibre 
every two of these straight lines AC, DF, GK are greater than tiK 
third ; and, therefore, a triangle may be made (22. 1.) the sides of 
which shaU be equal to AC, DF, GK. O. E. D. 

PROP. xxm. pRoa 

To make a solid angle which shall be contained by three 
given plane angles, anv two of them being greater than the third, 
and all three together less than four right angles.* 

Let the three given plane angles be ABC, DEF, GHK, any two of 
wfakh are greater than the third, and all of them together less than 
fcor right angles. It is re qu he d to make a solid angle contained by 
three plane angles equal to ABC, DEF, GHK, each to each. 

B H 
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Prom the stntght lEnet conUlnlng the angles, cut off AB, BC, DB, 
£F, OH, HE, bU equal to one another ; and join AC, DF, OK ; then 
atrluiRle may be made (22. 11.) of three strstght lines equal to AC, 
DP, OK. Let this be the triangle LMN (22. 1.) so that AC be equal 
to LH, DF to MN, and GK to LN ; and about the triangle LMN 
describe (5. 4.) a circle, and find Its centre X, which will either be 
witbin the triangle, or in one of its sides, or without it. 

First : let the centre X be within the triangle, and join LX, MX, 
NX : AB is greater than LX ; if not, AB must cither be equal to. 
or less, than LX ; first let it be equal : then because AB is equal to 
LX, and that AB is also equal to BC, and LX to XM, AB and BC 
are equal to LX and XM, each to each ; and the base AC is, by 
construction, equal to the base LM : wherefore the angle ABC is 
equal to the angle LXM (B. 1.)- For tbe same reason, the angle 
DEF is equal to the angle MXN, and 
the angle GHK to the angle NXL; there- 
fore the three angles ABC, DEF, GHK 
are equal to the three angles LXM, 
MXN, NXL : bnt the three angles LXM, 
HXN, NXL are equal to four right an- 
gles {2. Cor. IS. 1.) : therefore also the 
three angles ABC, DEF, GHK, are equal 
to four right angles ; but by the hypo- 
tlfcsls, they are less than four right an- 
gles ; which is absurd ; therefore AB is 
not equal to LX : but neither can AB 
be less than LX ; for, if possible, let it 
be less, and upon the straight line LM, 
the side of it on which is the centre X, dfsciilje the triangle LOM, 
thesides LO, OM of which are equal to AB, iM ■ ; and because the 
base LM is equjil tn the buse AC, the annle |,oM is eiiual to the 
angle ABC (S. I.) : and AB, that is LO, by tlie hypothesis, is less 
than LX ; wheicfore LO, OM fall within the triangle I-XM ; for if 
they fell upon its sides, or without it, they would be equal to, or 
greiilcr than LX, XM (21. 1.) : therefore the angle LOM, that is thft 
angle ADC, is greater than the angle LXM (21. 1.) : in the same 
manner it may be proved that the R 

angle DKF is greater than the angle 
MX.N, and the angle GHK preater 
than the angle NXL. Therefore the 
three angles ABC'. UEK, GHK are 
greater than the three angles LXM, 
MXN, NXL; that is, than four right 
angles ; but the same angles ABC, 
DEF, UHK are less than four right 
angles ; which >s absurd : therefore 
AB is not less tiian LX, and it ha.s 
been proved that it is not equal to 
LX; wherefore AB is greater than 
LX. 

Next, let the centre X of the circle 
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M in one of the sides of the triangle, via. in MN, and Join XL: in 

this case also AB is greater than LX. If nol» AB is either equal to 

LX, or less than it; first, let it be equal to XL: therefore AB and 

BC, that is, D£ and EF, are equal to R 

MX and XL, that is, to MN : but by 

the construction, MN is equal to DF ; 

therefore DE, £F are equal to DF, 

which is imp(»sibie (20. 1.) : wherefore 

AB is not equal to LX ; nor is it less ; 

for then, much more, an absurdity 

would follow : therefore AB is greater 

than LX M 

But let the centre X of the circle M 
without the triangle LMN, and johi LX, 
MX, NX. In this case likewise AB is 
greater than LX: if not, it is either 
equal to or less than LX: first, let it be equal; it may be iNX>ved in 
tl^ same manner, as in the first case, that the angle ABC is equal 
to the angle MXL, and GHK to LXN ; therefore the whole angle 
MXN is equal to the two angles ABC, GHK; but ABC and GHK 
are together greater than the angle DBF ; therefore also the anfi^ 
MXN is greater than DEF. And because DE, EF are equal to MX, 
XN, and the base DF to the base MN, the angle MXN is equal (8. 1.) 
to the angle DEF: and it has been proved that it is greater trim 
DEF, which is absurd. Therefore AB is not equal to LX. Nor yet 
is it less ; for then, as has been proved in the first case, the angle 
ABC is greater timn the angle liiXL, and the angle GHK greater 
than the angle LXN. At the point B in the straight line CB make 

B H 
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the angle CBP equal to the angle GHK, and make BP equal to HKf 
and join CP, AP. And because CB is equal to GH; CB, BP are 
equal to GH, HK, each to each, and they contain equal angles ; 
wherefore the base CP is equal to the base GK, that is, to LN. And 
in the isosceles triangles ABC, MXL, because the angle ABC is 
greater than the angle MXL, therefore the angle MLX at the base is 
is greater (32. 1.) than the angle ACB at the base. For the same 
reason, because the angle GHK, or CBP, is greater than the angle 
LXN, the angle XLN, is greater than the angle CBP. Therefore 
the whole an^e MLN is greater than the whole angle ACP. And 
because BftL, LN are equal to AC, CP, each to each, but the angle 
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MLN U greater than the angle ACP, the R 

base MN Is greater (34. 1.) £an the base 

AP. And MN is equal to DF; therefore 

also DF is greater than AP. Again* 

because DE, £F are equal to AB, BP, 

but the base DF greater than the base 

AP, the angle DEF is greater (25. 1.) than 

the angle ABP. And ABP is equal to 

the two angles ABC, CBP, that is, to the 

two angles ABC, GHK; therefore theM 

angle DEF is greater than the two an- 

1^ ABC, GHK ; but it is also less than 

these ; which is impossible. Therefore 

AB is not less than LX, and it has been 

proved that it is not equal to it ; therefore 

AB is greater than LX. 

From the point X erect (12. 11.) XR at right angles to the plane 
of the circle LMN. And because it has been proved in all the cases, 
that AB is greater than LX, find a square equal to the excess of the 
square of AB above the square of LX, 
and make RX, equal to its side; and join 
RL, RM, RN. Because RX is perpen- 
dicular to the [dane of the circle LMN, 
it is (8. def. 11.) perpendicular to each of 
the straight lines LX, MX, NX. And 
because LX is equal to MX, and XR 
common, and at right angles to each of 
them, the base RL is equal to the base M 
RM. For the same reason, RN is equal to 
each of the two RL, RM. Therefore 
the three straight lines RL, RM, RN are 
all equal. And because the square of 
XR is equal to the excess of the square 
of AB above the square of LX ; there- 
fore the square of AB is equal to the squares of LX, XR. But 
the square of RL is equal (47. 1.) to the same squares, because 
LXR is a right angle. Therefore the square of AB is equal to the 
square of RL, and the straight line AB to RL. But each of the 
straight lines DC, DE, EF, GH, HK is equal to AB, and each of the 
two RM, RN, is equal to RL. Wherefore AB, BC. DE, EF, GH, HK 
are each of them equal to each of the straight lines RL, RM, RN. 
And because RL, RM are equal to AB, BC, and the base LM to the 
base AC ; the angle LRM is equal (8. 1.) to the angle ABC. For 
the same reason, the angle MRN is equal to the angle DEF, and 
NRL to GHK. Therefore there is made a solid angle at R, which is 
contained by three plane angles LRM, MRN, NRL, which arc equal 
to the three given plane angles ABC, DEF, GHK, each to each. 
Which was to be done. 
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PROP. A. THfiXUL 

If each of two solid angles be contained by three plane angles 
equal to one another, each to each ; the planes in which the equal 
angles are, have the same inclination to one another.*" 

Let there be two sdid angles at the points A, B; and let the angle at 
A be contained by the three [dane angles CAD, CAB, EAD ; and the 
angle at B by the plane angles FBQ, FBH, HBQ, of which the angle 
CAD is equal to the angle FBQ; and CAB to FBH; and BAD to 
HBG: the planes in which the equal angles are, have the same incli- 
nation to one another. 

In the straight line AC take any point K, and in the plane CAD 
from K draw the straight line KD at right angles to AC, and in the 
plane CAB the straight A B 

line KL at right an^es 
to the same AC: there- 
icgre the angle DKL is the 
inclination (9. de£ 11.) of 
the plane CAD to the 
plane CAB. In BF take 
BM equal to AK, and 
from the point M draw, 
in the planes FBQ, FBH, 
the straight lines MG, MN at right angles to BF ; therefore the angle 
GMN is the inclination (6. def. 11.) of the plane FBG to the plime 
FBH; join LD, NG; and because in the triangles KAD, MBG, the 
angles KAD, MBG are equal, as also the right angles AKD, BMG, 
and that the sides AK, BM, adjacent to the equal angles, are equal to 
one another ; therefore KD is equal (26. I.) to MG, and AD to BG: 
for the same reason, in the triangles KAL, MBN, KL is equal to BIN, 
and AL to BN: and in the triangles LAD, NBG, LA, AD are equal 
to NB, BG, and they contain equal angles ; therefore the base LD is 
equal (4. 1.) to the base NG. Lastly, in the triangles KLD, MNG, 
the sides DK, KL are equal to GM, MN, and the base LD to the 
base NG : therefore the angle DKL is equal (8. 1.) to the angle GMN : 
but the angle DKL is the inclination of the plane CAD to tlie plane 
CAB, and the angle GMN is the inclination of the plane FBG to the 
plane FBH, which planet have therefore the same inclination (7. de£ 
Il.)tooneanotlier: and in the same manner ft may be demonstrated, 
that the other planes hi which the equal angles are, have the same 
inclinatkm to one another. Therefore, if two solid angles, Ac Q. B. D. 

PROP, a THBOR. 
If two solid angles be contained, each by three plane angles 

•See Note. 
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which afo equal to one another, each to each, and alike situated ; 
these solid angles are equal to one another.* 

Let there be two solid angles at A and B, of which the solid angle 
at A is contained by the three plane angles CAD ; CAE, EAD ; and 
that at B, by the three plane angles FBG, FBH, HBG; of which CAD 
is equal to FBG; CAE to FBH; and EAD to HBG: the solid angle 
at A is equal to the solid angle at B. 

Let the solid angle at A be applied to the solid angle at B; and, 
first, the plane angle CAD bdnn: applied to the plane angle FBG, so 
as the point A may coincide with the point B, and the straight line 
AC with BF ; then AD coincides with BG, because the angle CAD 
is equal to the angle FBG ; and because A B 

the inclination of the plane CAE to the 
plane CAD is equal (A. H.) to the incli- 
nation of the plane FBH to the plane 
FBG, the plane CAE coincides with the \ ^ H 

plane FBH, because the planes CAD, £ ^ 

FBG coincide with one another : and be- ^ ^ ^ 

cause the straight lines AC, BF coincide, and that the angle CAE is 
equal to the angle FBH; therefore AE coincides with BH, and AD 
coincides with BG; wherefore the {dane EAD cdncides with the 
jAane HBG : therefore the solid angle A coincides with the solid an- 
fgie B, and consequently they are equal (A. 8. L) to one another. 
€t B.D. 

PROP. C. THEOR. 

Solid figures contained by the same number of equal and simi- 
lar planes alike situated, and having none of their solid angles 
contained by more thnn three plane angles ; are equal and similar 
to one another.* 

I^t AG, KCl be two solid figrures contained by the same number 
of similar and equal planes, alike situated, viz. let the plane AC be 
similar and equal to the plane KM ; the plane AF to KP; BG to LQ; 
GD to QN ; DE to NO ; and lastly, FH similar and equal to PR : the 
solid figure AG is equal and similar to the solid figure KQ. 

Because the solid angle at A is contained by the three plane 
angles BAD, BAE, EAD, which, by the hypothesis, are equal to 
the plane angles LKN, LKO, OKN, which contain the solid angle 
at K, each to each ; therefore the solid angle at A is equal (B, 11.) 
to the solid angle at K : in the same manner, the other solid angles 
of the figures are equal to one another. If, then, the solid figure 
AG be applied to the solid figure KQ, first, the plane figure AC 

• See Note. 
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being applied to the H G R 

plane figure KM : 
the straight line AB 
coinciding with KL 
the figure Ap must 
coincide with the fi- 
gure KM, because 
they are equal and 
similar : therefore the straight lines AD, DC, CB, coincide with KN, 
NM, ML, each with each ; and the points A, D, C, B, with the points 
K, N, M, L: and the solid angle at A coincides with (B. 11.) the 
solid angle at K ; wherefore the plane AF coincides with the plane 
KP, and the figure AF with the figure KP, because they are equal 
and similar to one another : therefore the straight lines AE, EF, FB, 
coincide with KO, OP, PL ; and the points E, F, with the points.O, 
P. In the same manner, the figure AH coincides with the figure 
KR, and the straight line DH with NR, and the point H with the 
point R : and because the solid angle at B is equaJ to the solid angle 
at L, it may be proved, in the same manner, that the figure BG coin- 
cides with the figure LQ, and the straight line CQ with MQ, and 
the point G with the point Q, : since, therefore, all the planes and 
sides of the solid figure AG coincide with the planes and sides of the 
solid figure K% AG is equal and similar to Kd: and, in the same 
manner, any other solid figures whatever contained by the same 
number of equal and similar planes, alilie situated, and having none 
of their solid angles contained by more than three plane angtoSi may 
be proved to be equal and similar to one another. Q. R D. 

PROP. XXIV. THBOR. 

Ir a solid be contained by six planes, two and two of which are 
parallel ; the opposite planes are similar and equal parallelograms.* 

Let the solid CDGH be contained by the parallel i^anes AC, GF ; 
BG, CE ; FB, AE : its opposite planes are similar and equal paral- 
lelograms. 

Because the parallel {danes BG, CE are cut by the plane AC, thefar 
common sections AB, CD are parallel (16. 11.). Again, because the 
two parallel planes BF, AE are cut by the plane AC, their common 
section AD, BC are parallel (16. 11.) ; and AB is parallel to CD; 
therefore AC is a parallelogram. In like manner it may be proved 



that each of the figures CE, FG, GB, BF, 
AE Is a parallellelogram :. join AH, DF ; 
and because AB is parallel to DC, and 
BH to CF ; the two straight lines AB, 
BH, which meet one another, are paral- 
lel to DC and CF which meet one an- 
other, and are not in the same plane 
with the other two : wherefore they con- 
tain equal angles (10. IL); the angle 

• 8m Note. 
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ABH U'diereftH-e equal to the angle DCF ; and because AB, BH are 
equal to DC, CF, and the angle ABH equal to the angle DCF ; there- 
fore the base AH ia equal (4. 1.) to the base DP, and the triangle ABH 
to the trian^ DCF : and the parallelogram BG ia double (S4. 1.) 
of the triangle ABH, and the parallelogram CK double of thetriangle 
DCF; therefore the parallelc^am BO ia equal and Blroilar to the 
pamllelogram CE. In the aame manner It may be proved, that the 
ptrallBlogram AC is equal and similar to the parallelogram GF> and 
the parallelogTam A£ to BF. Therefore, If a solid, &c Q. E. D. 

WIOP. XXV. THEOR. 

Ir a aoiid parallelopiped be cut by a plane parallel to two of 
Its opposite planes, it divides the whole into two solids, the base 
of one of which shall be to the base of the other, as the one solid 
ia to the other.* 

Let the sdld paralleloplped ABCD be cut by the [dane EV, which 
is parallel to the opposite planes AR, HD ; and divides the whole 
bsto the two soUda ABFV, EGCD ; as the base AEFY of the first is 
to the baae EHCF of the other ; so is the solid ABFV to the solid 
BQCD. 

PndiKx AH both ways, and take any number of straight lines 
HH, MN, each equal to EH, and any number AK, EL eacb equal 
to EA, and complete the parallelograms LO, KY, HQ, MS, and the 
solids LP, KR, HU, MT : then because Die straight lines LK, KA, 
AE are all equal, the parallelograms LO, KY, AF are equal (36. 1.) ; 
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and likewise the parallelograms KX, BK, AG, (36. 1.) ; as also (24. 
11.) the parallelograms LZ, KP, AR, because they are opposite 
planes ; for the same reason the parallelograms EC, IIQ, MS arc equal 
{36. 1 .) ; and the parallelograms HG, HI. IN, as also (24. U.) HD, MU, 
NT ; therefore three planes of the solid LP, are oqual and similar to 
three planes of the solid KR, as also to three planes of the soliil AV : 
but the three planes opposite to these three are equal and similar (24. 
11.) to them in the several solids, and none of their solid angles are 
c<Milained by more than three plane angles : therefore the three solids 
LP, KR, AV are equal (C. 1 1.) to one another : for the same reason. 
the three solids ED, HU, MT are equal to one another: therefore 
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what moltlple loever the baM LF la of the baae AF, tbe same multi- 
ple is the solid LV of the aolld AV : for the same reason, whatever 
multiple the base NF is of the base HF, the same multiple is the 
solid NV of the solid ED ; and if the base LF, be equal to tbe 
base NF, the solid LV is equal (C. 11.) to tbe solid NV; and ff 
thfi base LF be greater than the base NF, the stdid LV is greater 
than the solid NV ; and if less, less : since then there are four 
magnitudes, viz. the two bases AF, FH, and the two s<4ida AV, 
X B Q I 
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ED, and of the base AF and solid AV, the base LF and BOHd LV 
are any equknnltlples whatever ; and of the base FH and solid ED, 
the tiase FN and solid NV are an7 equimnltlplea whatever ; and it 
has been proved, that if the base LF is greater than the base FN, 
the solid LV is greater than the solid NV ; and if equal, equal ; and 
if less, less. Therefore (fi. deC S.) as tbe base AF Is to the baas 
FU, so is the solid AV to the solid ED. Wherefore, If a aoKd, Ac. 
Q.E.D. 

PROP. XXVt PROR 

At a siren point in a given straight line, to make a folid an- 
gle equalto a given solid angle contained by three plane anf^es.* 

Let AB be a given str^ht line, A a given point In It, and D a 
given solid angle contained by the three pkne angles EDC, EDF, 
FDC : it is required to make at the point A in the straight line AB 
a solid angle equal to the solid angle D. 

In the straight line DF take any point F, from which draw (11. 
II.) GF perpendicular to the plane EDC, meeting that plane in O; 
](rin DG, and at the point A tn the straight line AB make (98. 1.) 
tbe angle BAL equal to the angle EDC, and in the plane BAL make 
the angle BAK equal to the angle EDG ; then make AK equal to 
DQ, and from the point E erect (12. 11.) KH at right angles to the 
idane BAL; and make KH equal to OF, and Join AH: then the 
sobd angle at A, which Is contained by the three i^ne angles BAI<, 
BAH, HAL, is equal to the solid angle at D contained by tbe three 
plane angles EDC, EDF, FDC. 

Take the equal straight lines AB, DE, and Join HB, KB, PE, 
OB: and because FG is perpendicular to the plane EDC, It 
makes right angles (8. def. 11.) with every straight Hne meeting 

•SmNsM. 
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it 111 thai plane : therefore each of the angles FGD, FGK is a rifhl 
ungle: Ibr the same reason, HKA. HKB, are right angles: and be- 
cause KA, AB are eqoaJ to GD, DE, each to each, and contain equal 
U^les, therefore the base QK is equal (4. 1-) to the base EO : and 
KH is equal to OF, and HKB, FY;iE: are right angles, therefore HB is 
equal (i. I.) to FE: again, because AK, KH are equal to DG, OF, 
and contain right angles, the Imsc AH is equal to the base DP; and 
AB is eqnai to DE ; therefore HA. AB are equal to FD, DE, and the 
baseHB is c^ual to the A D 

base FE, therefore the an- 
gle BAH is equal {8. 1.) 
to the angle EOF : for the 
same reason, the angle 
HAL is equal to the an- 
gle FDC. Because if AL 
and DC be made equal, 

and KL. HL, GC, FC be H f 

joined, since the whole angle GAL is equal to the whole EDC, and 
the parts of them BAK, EDG are. by (he construction, equal; tbere^ 
fore the remaining angle KAL is equal to the remaining angle GDC : 
and because KA, AL ai'e equal to GD, DC, and contain equal angles, 
the base KL Is equal (4. I.) to the base GC : and KH is equal to GF, 
so that LK, KH are equal to CG, GF, and they contain right angles : 
therefore the base HL is equal to the base FC : again, because HA, 
AL are equal to FD, DC, and the base HL to the base PC, the anslc 
HAL ia equal [8. I,) to the angle FDC: therefore, because (he three 
plane ao^es BAL, BAH, HAI^ which contain the solid angle at A, 
are equal to the three plane angles BDC, BDF, FDC, which contain 
the solid angle at D, each to each, and are situated in the same order, 
tlie solid angle at A is equal (& 11.) to the solid angle at D. There- 
fore, at a given point in a given straight line, a solid angle has been 
made equal to a given solid angle contained by three plane angles. 
Which was to be done. 



PROP. XXVU. PROa 

To describe from a given straight line a solid paraUelo[Mped 
similar and similarly situated to one given. 

Let AB be the given straight line, and CD the given solid porallda- 
Viped. tt ia required from AB to describe a solid paralleloplped A- 
ndlar and similarly situated to CD. 

At the point A of the given straight Une AB, make (86. IL) 
a sdld an^e equal to the solid angle at ; and let BAE, KAH, 
HAB, be the three plane angles which contain it, so that BAK 
be equal to the angle ECG, and KAH to GCF, and HAD to 
BC£: and as BC to CG, so make (12. 6.) BA to AK: and as 
OC to CF, so make (12. 6.) KA to AH ; wherefore ex xquaH (22. 
S.) as EC to CF, so Is BA to AH; comfdete the parallehignun 
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BH, and the solid AL: 
and because, as EC to 
CG, so BA to AK, the 
sides about the equal an- 
gles EGG, BAK are pro- 
portionals : therefore the 
parallelogram BK is simi- 
lar to EG. For the same 
reason, the parallelogram 
KH is similar to GF, and 
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HB to FK Wherefore three parallelograms of the solid AL are 
similar to three of the solid CD ; and the three opposite ones in each 
solid are equal (24. 11.) and similar to these, each to each. Also, 
because the plane angles which contain the soUd angles of the figures 
are equal, each to each, and situated in the same order, the solid an- 
gles are equal (B. 1 1.) each to each. Therefore the solid AL is simi- 
lar (1 1. def. 11.) to the solid CD. Wherefore from a given straight 
line AB, a solid parallelopiped AL has been described similar and 
similarly situated to the given one CD. Which was to be done. 



PROP. XXVra. THEOR, 

Ir a solid parallelopiped be cut by a plane passing through the 
diagonals of two of the opposite planes ; it snail be cut into two 
equal parts.* 

Let AB be a solid parallelopiped, and DE, CF the diagonals of the 
opposite parallelograms AH, GB, viz. those which are drawn betwixt 
the equal angles in each : and because CD, FE are each of them pa- 
rallel to GA, and not in the same plane with it, CD, FE are paraUel 
(9. 11.) ; wherefore the diagonals CF, DE are in the plane in which 
the parallels are, and are themselves paral- C B 

Ms (16. 11.); and the plane CDEF shall cut 
the solid AB into two equal parts. 

Because the triangle (5gF is equal (34. 1.) 
to the triangle CBF, and the triangle DAE, 
to DHE ; and that the parallelogram CA is 
equal (24. 11.) and similar to the opposite 
one BE ; and the parallelogram GE to CH : 
therefore the prism contained by the two 
triangles CGF, DAE, and the three parallel- 
ograms CA, GE, EC, is equal (C. 11.) to the prism contained by the 
two triangles CBF, DHE, and the three parallelograms BE, CH, EC ; 
because they are contained by the same number of equal and similar 
planes, alike situated, and none of their solid angles are contained by 
more than three plane angles. Tlyerefore the solid AB is cut into 
two equal parts by the pkme CDEF. Q. E. D. 

« N. B. The insisting straight lines of a parallelopiped, mentioned 
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in the imct and some fonowing propositions, are the sides of the pa- 
rallelograms betwixt the base and the opposite plane paraHel to it* 

PROP. XXIX. THEOR. 

SouD parallelopipeds upon the same base, and of the same 
altitodev tne insisting lines of which are terminated in the same 
ainighc lines in the plane opposite to the base, are equal to one 
aootner.* 

Let the solid parallelopipeds AH, AK be upon the same base AB, 
and of the same altitude, and let their insisting straight lines AF, 
AQ, LM, LN be terminated in the same straight line FN, and CD, 
OE, BH, BK be terminated in the same straight line DK ; the solid 
AH is equal to the solid' AK.t 

First, let the parallelograms DO, HN, which are opposite to the 
base AB, have a common side HG : then, because the solid AH is 
cut by the plane AGHC passing through the diagonals AG, CH of 
the opposite planes ALOF, CBHD, AH is cut into two equal parts 
(28. 11.) by the plane AGHC : therefore the solid AH is double of the 
prism which is contained betwixt the triangles ALG, CBH; for the 
same reason because the solid AE D H K 

is cut by the plane LOHB through 
ttue diagonals LG, BH of the oppo- 
site planes ALNG, CBKH, the solid 
AK is double of the same prism 
which is contained betwixt the tri- C 
angles ALG, CBH. Therefore the 
solid AH is equal to the solid AK. ^ 

But let the parallelograms DM, EN opposite to the base have 
no common side : then, because CH, CK are parallelograms, CB is 
equal (34. 1.) to oacli of the opposite sides DH, EK ; wherefore 
DH is equal to EK : add or take away the common part HE ; then 
DE is equal to HK : wherefore also the triangle CDE is equal 
(38. 1.) to the triangle BHK: and the parallelogram DC is equal 
(36. 1.) to the parallelogram HN : for the same reason the triangle 
D HE KDEHK 






A L A L 

AFG is equal to the triangle LMN, and the parallelogram CF 
is equal (24. 11.) to the parallelogram BN, and CG to BN; for 
they are opposite. Therefore the prism which is contained by 
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the two trioDglea AFG, CD£, and the three panlldogruni AD, DO, 
GC, is equal (C. 11. to tbe prism contained by the two triangles 
LMN, BHK, and the three paraUelograms BM, MK, EL. If therefore 
the prism LMNBHK be taken from the solid of which the base is 
the paraUelogram AB, and in which FDKN is the one opposite to it; 
and if from this same solid there be taken the prism AFOCDE, tbe 
remaining solid, viz. the parallelopiped AH, is equal to the mnaiiiing 
parallelopiped AK. Therefore, solid paralleloidpeds, &c. ^ B, J). 

PROP. XXX. THEOR. 

Solid parallelopipeds upon the same base, and of th« same 
altitude, tlie insisting straight lines of which are not terminated in 
the same straight lines in me plane opposite to the base, are equal 
to one another.* 

Let the parallelopipeds CM, CN be upon the same base AB, and of 
the same altitude, but their insisting strdght lines AF, AG, LM, LN, 
CD, CE, BH, BK, not terminated in the same straight ilnea ; tbe 
solids CM, CN, are equal to one another. 

Produce FD, MH, and NG, KE ; and let tbem meet one another is 
tbe points O, P, Q, R ; and join AO, LP, BO, CR : and because the 
plane LBHN is parallel to the opposite plane ACDF, and that tbe 




plane LBIIM is that in which are the parallels LB, MHPQ, In whicli 
also is the figure BLPQ, and the plane ACDF is that in which are 
tbe parallels AC, FDOR, in which also is the figure CAOR ; therefore 
the figures BLPQ, CAOR are is parallel planes ; in hke manner, be- 
cause the plane ALNQ is parallel to the opposite plane CBKE, and 
that the plane ALNO is that In which are the parallels AL, OPGN, In 
which also is the figure ALPU ; and the plane CBKE U that Id which 
are the parallels CB, RQEK, in which also is the figure CBQR; 
therefore the figures ALPO, CBQR are in parallel planes ; and tbe 
planet ACBL, QRQP ore parallel; therefore the solid CP Is a paral- 
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Utopipedi bnt tbe solid CM, <f whidi tbe bue is ACBL, to which 
FDHH is tbe <qipcnlte parallelagTBin, is equal QtO. 11.) to tbe solid 
CP, of which tbe base is the poralldagraiD ACBL, to which ORQP 




Is the one opposite ; because tlte^ are upon the same base, and their 
insisting straight lines AF, AO, CD, CR ; LM, LP. BH, Ba are in 
tbe same straight Itnes FR, MQ: and the solid CP is equal ^ II.) 
to the solid ON : for they are upon the same base ACBL, and tbetr 
insisting straight lines AO, AG, LP, LN ; CR, CE, BO, BK, are in 
the same straight lines ON, RK : therefore the solid CM is equal to 
the solid CN. Wherefore, solid parallelopEpeds, &c. Q.. E. D. 

PROP. XXXI. THEOR. 

Solid parallelepipeds which are upon equal bases and of the 
same altitude, are equal to one another.* 

Let the solid parallelopipeds AE, OF be upon equal bases AB, C'D, 
and be of the same altitude ; Ihe solid AE is equal to the solid OF. 

First, let the insisting straight lines be at right angles to the bases 
AB, CD, and let the bases be placed in the same plane, and so as that 
iIh- sides CL, LB be in a straight line ; thetefore the straight line LM 
wliich is at right angles to the plane in which the bases are, in the 
IMiint L,is common (13. 11.) to the two solids AE, CF; let the other 
Inalsling lines of the solids be AG, HK, BE; DF, OP, CN : and first, 
let the nngle ALB be equal to the angle OLD ; then AL, LD are in 
» (itnilEbl line (14. L). Produce CD, HB. and lot them meet in ft, 
and ciiiiipletc the solid parailelopiped LR, the base of which is the pa- 
rali'lop'iiinLQ, and of which LM is one of its insisting straight lines: 
Itifroliire, l}ecause the parallelogram AB is equal to CD ; as the liase 
All Id to the base lA, so is (T. 5.) the base CD to the same LCI : and 
lm-uiM(i the solid porailelopijied AR is cut by the plane LMEB, which 

■ Sec Note. 
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is paraM to the opposite idauea AK, DR ; u the base AB !■ to the 
boaeLQ. bo is (25. 11.) the aohd AE to the mUd LR: for the nme 
reason, because the solid parallelopiped CR is cat by the plane 
LMFD, which is parallel to the opposite planes CP, BR j ■> the base 
CD to the base LA, so ~ 
is the solid CF to the 
solid LR: but as the 
base AB to the base 
LO, so the base CD to 
to the base LO, as be- < 
fore was proved : there- 
fore as the soHd AE to 
the solid LR, so is tbe 
solid CF to the solid 
LR ; and therefore the solid AE is equalfe. S.) to the solid CF. 

Bat let the solid parallelopipeds 8^ CF be upon equal bases SB, 
CD, and be oT the same altitude, and let th^ insisting straight lines 
be at right angles to the bases ; and place the bases SB, CD In the 
same plane, so that CL, LB be in a straight line ; and let tbe an^ee 
8LB, CLD be unequal ; tbe solid S£ is also In this case equal to the 
solid CF: produce DL, TS, until they meet in A, and from B draw 
BH paraflel to DA ; and let HE, OD produced meet in Q, and com- 
plete the solids AE, LR ; therefore the solid AE, of which the base 
is the parallelograni LE, and AK the one opposite to it, is equal (S9. 
11.) to the solid SE, of which the base U LE, and to which BX is 
opposite : for they are upon the same base LE; and of the same alti- 
tude, and their insisting straight lines, viz. LA, LS, BH, BT ; HO, 
BiV, £K, EX, are in tbe same straight lines AT, QX ; and because 
the parallelogram AB is equal (SB. I.) to SB, for they are upon tbe 
tame base LB, and between the same perallds LB, AT ; and that 
the base SB Is equal to the base CD { therefore tbe hose AB is equal 
to the base CD, and 
the angle ALB is equal 
to the angle CLD; 
therefore, by the first 
case, the solid AE is 
equal to the solid CF; i 
but the solid AB Is 
equal to the aoBA 8E, 
- as was demonstrated ; 
therefore the solid SE 
is equal to the solid CF. 
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But if the insisting stralf^t lines AO. HK, BE, LM ; CN, RS, DF, 
OP, be not at right an^es to the bases AB; CD ; in this case Uks> 
wise the solid AE, is equal to the solid CF : from the points Q. K, 
B, M i N, S, F, P, draw ttte straight lines GO, KT, EV, ICX ; NY, 
8Z, Fl, PU, perpendicular (11. 11.) to the plane in which are the 
bases AB, CD ; and let them meet it In thepohits Q, T, V, Z ; Y,^ 
I, U and Join QT, TV, VX, XQ, ; YZ, ZI, lU, UY : then because 
Gd, KT are at right angles to the same plane, they are parallel (6. 
34 




AHQT CR Y Z 

1 1 .) to one another ; and MG, EK are parallels ; therefore tlie plane 
MQ, ET, of which one passes through MG, Gft, and the other 
through KK, KT, which are parallel to MG, GQ^ and not in the same 
plane with them, are parallel (15. 11 .) to one another. For the some 
reason the planes MV, GT arc parallel to one another : therefore the 
solid Q,E is a paiallelopiped : in like manner it may be proved, that 
Uie solid TP is a parallelopiped: but, from what has been demon- 
strated, the solid EU is equal to the solid FY, because tbey arc upon 
equal bases MK, PS, and of the same altitude, and have their insist- 
ing straight lines at right angles to ttie bases : and the solid EQ is 
«qual (29. or 30. 1 1.) to the solid AE ; and the BOlid FV to tlie solid 
CF 1 because they are upon the some bases and of the same altl- 
tadp : therefore the solid AE is equal to the solid CF. Wherefore 
solid paraltelopipeds, &c. d. E, D. 

PROP. XXXU. THEOR. 

Solid parallelopiped 3 which have the same altitude, are to one 
another as their bases.* 

Let AB, CD be solid parallelo;[dped8 oTthe satoealtldiide; they are 
to one another aa their bases ; that Is, as the base AE to the baae 
CP, so is the solid AB to the solid CD. 

To the straight line FG apply the parallelogram FH equal (Cor. 
46. 1.) to AE, ao that the angle FGH be equal to the angle LCG, 
and complete the solid parallelopiped QK upon the base F^ one of 
vbose insisting lines is FD, whereby the solids CD, QK must be of 
tbe same altitude ; therefore the solid AB is equal (81. 11.) to the 
soltd OK, because * B D K 

tbey are upon equal 
buM AB, FH, and 
- areoftheMUDeallt 
tudo; and becaote 
tbe. solid paralMo- 
Iriped CK is cat 
kgr tbe plane DG 
WUch is parallel to 

S opposite planes, the base HF is (26. 11.) to the base FC, as th« 
IS HD to the solid DC : but the base HF is equal to the base AS. 
I the scdld GK to tbe st^d AB : therefore, as the base A£ to the 
bue CF, so is the solid AB to the solid CD. Wherefore s<did poral- 
Mofripeds, &c O. G. D. 

■ See Note. 
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CoK. From tbis It Is inanUait tint prisms upon triangular bases, 
of the some aKItude, are to csie anotber as their bases. 

Let the prisms the bases of whkdi are the triangles AEM, CFG' 
and NBO, PDQ the trianglea opposite to them, have the same alti- 
tude i and complete the patuUdograms AB, CF, and the solid paral- 
kioplpeds AB, CD, In the first of which let HO, and In the other let 
OQ be one v( the bislstliig lines. And because the stdld pant 
leloplpeds AB, CD have the same attitude, they are to one anotber as 
the base AE is to the base CF; wherefore the prisms, which an 
their halves (28. 11.) are to one another as the base AK to the base 
CF ; that Is, as the triangle AEM to the triangle CFO. 
PROP. XXIIIL THEOR. 

Similar solid parallelopipeds are one to another in the triplicate 
ratio of their homologous sides. 

Let AB, CD be similar solid paralleloidpeds, and the side AE ho- 
mologous to the side CF: the si^id AB has to the solid CD the tri- 
[dicate ratio of that which AE has to CF. 

Produce AE, GE, HE, attd hi these produced take EE equal toCF, 
EL equal to FN, and EM equal to FR; and complete the panDelo- 
gram EL, and the solid KO : because Ki^ EL are equal to CF, FN, 
and the angle KBL, equal to the angle CFN, because It is equal 
to the angle AEG, which Is equal to CFN, by reason that the 
solids AB, CD are similar ; therefore the paraDeic^nvm KL is simi- 
lar and equal to the paraUelogram CN: for the same reaaon, the 
parallelogram ME Is rimllur and equal to CR, and also OE to FD. 
Therefore three parallelogrums of the solid EO are equal and similar 
to three paralldograms ~ ~ 

of the solid CD ; and 
the three opposite ones ^ 



k: 



In each solid are equal 
(M. 11.) and similar to 
these : therefore the so- 
lid KO Is equal (C. II.) 
and similar to the aolfd 
CD: comiriete the pa- 
raUelogram GK wid 
cimplete the solids EX. 
LP upon the bases OK, 
KL, so that EH be aa 
inslsthig straight Hne in each c^ them, whereby they moat be of the 
same altitude with the solid AB : and because the solids AB, CD an 
similar, and, by permutation, as AE Is to CF, so Is BG to FN, and so 
Is EH to FR; and FC U equal to EK, and FN to EL, and 
FR to EM; therefore as AE to EE, so isEGtoBUond soisHE 
to EM: but, as AEto EE, so (1. 6.) la the parallelogram AG to tbe 
parallelogTHm GK ; and as GE to EL, so Is (1 . 6.] GK to KL, and as 
HE to EM, so (1 . 6.) is PE to KM : therefore as the parallelogram 
AG to the parallelogram GK, so is GK to KL, and FE to KM : but 
as AG to GK, so {26. 11.) Is the solid AB to the solid EX ; and as 
GKtoKL,ao(U. 11.}U tbesdid EX tottiasolid PL; andaa PB 
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to KM. as (25- 1 1.) is the solid PL to the solid KO : and therefore aa 
the solid AB to the solid EX, so is EX to PL, and PL to KO : but if 
four magnitudes he continual proportionals, the first is said to have 
to the rourtb, the triplicate ratio of that which it has to the second : 
therefore the solid AB has to the solid KO the triplicate ratio of that 
which AB has to EX : but as AB is to EX, so is the parallel ogram 
AG to the parallelograni GK, and the Gtralghl line AE to the straight 
lino KK. Wherefore the solid AB has to the solid KO the triplicate 
ratio of that which AE has to EK. And the solid KO is equal to the 
aolid CD, and the straight line EK is equal to the straight line CP. 
Therefore the solid AB has to the solid CD the triplicate ratio of that 
which the side AE has to the homologous side CF, Sx. Q. E. D. 

Cor. From this It is manifest, that, if four straight lines be con- 
tinual proportionals, as the firsl is to the fourth, so is the solid paral- 
Iclopiped described from the first to the similar solid similarly describ- 
ed from tlio second ; because the first straight line has to the fourth 
the triplicate ratio of that which it has to tlie second. 

PROP. D. THEOR. 

SoMD parallelepipeds conlained b^ parallelograms equiangular 
to one another, each to each, that is, of which the solid angles 
are equal, each to each, have to one another the ratio which is 
the same with the ralio compounded of the ratios of Iheir sides.* 

Let AB, CD be solid paral lelopipeds, of which AB is contained by 
the parallelograms AE, AF, AG, equiangular, each to each, to the 
parallelograms CH, CK, CL, which contains the solid CD. The ralio 
which the solid AB has to the solid CD, is the same with that which 
is compounded of the ratios of the sides AM to DL, AN to DE, and 
AO to DH. 

Produce MA, NA, OA, to P, O, R, so that AP be equal to DL, AQ 
to DK, and AR to DH; and complete the solid paral lelopiped AX 
ocotalned by the parallelognuns AS, AF, AV, similar and equal to 
C^C£,CL, each to each. Therefore the solid AX is equal (C. 11.) 
to the solid CD. Complete likewise the solid AY, the base of which 
la AS, and of which AO is one of its inaUling straight lines. Take 
any Mralght line a, and as MA to AP, so make a to b, and as NA to 
Adi 00 make b to c ; and a> AO to AR, so c to d : then because the 
paraKetogram AE is equiangular to AS, A£ is to AS, as the straight 
Hne a to c, as is demonstrated In the 23d prop, book 6 : and the 
acMM AB, AY, being betwixt the parallel planes BOY. EAS, are of 
tb» nme altitude. Therefore the solid AB is to the solid AY, as 
dtk. 11.) the base AE to the base AS; that is as the straight 
Un a la to c. And the soHd AY, Is to the solid AX, as (25. 
11;) Am baae OQ is to the base QR; that Is, as the straight 
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line OA to AR ; that iSi as the straight line c to the straight line d. 
And because the soUd AB is to the solid AY, as a Is to c, and the 
solid AY to the solid AX as c is to d ; tx tegvoH, the soUd AB is to 
the solid AX, or CD which fs equal to it, as the straight line a Is to 
d. But the mtlo of a to d is said to be compoimded (deC A. 8.) of 
the ratios of a to b, b to c, and c to d, which are the same with ratioa 
of the sides MA, to AP, NA to AO, and OA to AR, each to each. 
And the aides AP, AQ, AR are equal to the sides DL, DK, DH, each 
to each. Thereibre the solid AB has to the solid CD the ratio which 
Is the same with tliat which is compounded ctf'tbe ratios of the sides 
AM to DL, AN to DE, and AO to DH. Q.. E. D. 

PROP. XXXIV. THKOR. 

The bases and altitudes of equal solid parallelopipeds, are re- 
dprocally proportional : and if the bases and altitudes be recipro- 
cally proportional, the solid parallelopipeds are equal* 

Let AB, CD be eqnal solid parallelopipeds ; their bases are redpro- 
caOy proportional to their altitudes ; that is, as the base BH is to the 
base NP, so U the altitude of the soUd CD to the altitude of the solid 
AB. 

First, let the insisting straight lines, AG, EF, LB, HE ; CM, NX 
OD, PR be at right angles to the bases. As the base £H to the base 
NF. ao is CU to AO. If the " 
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base EH be equal to the base 
NP, then because the solid AB 
Is Ultewise equal to the solid 
CD, CM shall be equal to AG. 
Because If the bases EH, NP be 
equal, but the altitudes AG, CM 
be not equal, neither shall the 
solid AB be equal to the solid 
CD. Bat the solids are equal, by the hypothesis. Therefore the al- 
titude CM is not unequal to the altitude AG ; that is, they are equal 
Wberefbre, as the base EH to the base NP, so is CM to AG. 





a (7. 5.) the solid CD lo the solid CV. 
But Bs Ihe solid AB to the solid CV, so (32. 11.) Ib Ihe base EH to 
the base NP; for the solids AB, CV are of the same altitude; and as 
On solid CD lo CV. so (25. 1 i is the base MP to the base PT, and 
■0 (1. 6.) is the straight line MC to CT ; and CT is equal to AG. 
Therefore, as the base EH to the base NP. so is MC lo AG. Where- 
tbtt, the bases of the solid parallelepipeds AB, CD are reciprocdly 
proportional to their altitudes. 

Let now the bases of the solid parallel opipeds AB, CD be recipro- 
cally proportional to their altitudes; viz. as the base EH to the base 
NP, so the altitude of Ihe solid K B R D 

CD to the altitude of the solid 
AB ; the solid AB is equal to the 
solid CD, Let the insisting 
lines bo, as before, at right an- 
gles to the bases. Then, if the 
Ijase EH be equal to the base 
NP, since EH is to NP, as llie 
•Mtude of the solid CD is to the 
Ritltude of the solid AB, therefore the altitude ttf CD is eqoal (A. B.) 
to tbe altitude of AB. But solid panUlelopIpeds upon equal baaes. 
and of the same altitude, are equal (31. 11.) to one another: therefore 
the BoUd AB is equal to the solid CD. 

Bat let the bases EH, NP be unequal, and let EH be the greater 
of the two. Therefore, alnce bm the base EH to tbe base NP, so 
la CM the altitude of the R D 

Mild CD to AG the alti- 
tude of AB, CM is great- 
er (A. 0.) than AG. Again, 
take CT equal to AO, and 
oomplete, as before, the 
aoHd CV. And becauae 
the base EH is to the base 
NF, as CM to AG, and 
thU AG is equal to CT, 
therefore the base EH is 
to the base NP, as MC to 
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CT. But u tin bue EH i> to NP, so (82. 11.) la the solid AB to 
tbe solid CV ;' for the solids AB, CV are of the same altitude; and 
asMCtoCT, sola the base UP to the base PT, and the solid GD to 
the solid (25. 11.) CV : and therefore aa the solid AB to tbe solid 
CV, so Is the solid CD to the solid CV ; that is, each of the soUds 
AB, CD has the same raUo to the solid CV ; and therefore the solid 
AB Is equal to the solid CD, 

Second genenU case. Let the insisting straight lines FE, BL, GA. 
KH; XN, DO, MC, RP not be at right angles to tbe bases of the 
solids; and Irom the points F, B, K, G ; X, D, R, U draw perpen- 
diculars to the planes bi which are the bases EH, NP, meeting those 
planes ui the points S, Y, V, T ; Q, I, U, Z ; and complete the solids 
FV, XU, which are parallelopipeds, as was proved in the last part of 
Prop. 31. of this Book. In this case likewise, if the solids AB, CD 
be equal, their bases are reciprocally proportional to their altitudes, 
viz. the base EH to the base NP, as the altitude of the solid CD to 
the altitude of the solid AB. Because the solid AB is equal to ths 
solid CD, and that tbe solid BT is equal (29. or 80. 1 1 .) to tbe solid 
BA, for they are upon tbe same base FK, and of the same aMtt ' 
and that the solid DC is equal (20, or SO. 11.) to the 8olldDZ,b> 




upon tbe same base XR, and of tbe same altitude ; therelbre tbe 
sdid BT Is equal to tbe solid DZ : but the bases are reciprocally 
proportional to tbe attitudes of equal solid parallelopipeds of which 
tbe insisting straight lines are at right angles to their bases, as be- 
fon was proved. . Thwefbre as the base FK to the base XR, so ia 
tbe altitude of the solid DZ to the altitude of the solid BT : and the 
bue FE is equal to the base EH, and tbe base XR to the base NP. 
Wberefbre, as the base EH to the base NP, so is the altitude of the 
aoUd DZ to the alUtnde of the solid BT : but the altitudes of the 
MBda DZ, DC, as also of the solids BT, BA are the same. There- 
in as the base EH to the base NP, so is the altitude of the solid 
CD to the altitude of the solid AB ; that is, the bases of the solid pa- 
rallelopipeds AB, CD are reciprocally proportional to their altitudes. 
Next, let the bases of the solids AB, CD be reciprocally propor- 
tional to their altitudes, viz. tbe base EH to the base NP, as tbe alti- 
tude of the solid CD to the altitude of the solid AB ; tbe solid ABis 



I 



equal to the solid CD : the same construction being made : because 
as the base EH to tlic base NP, so is tlie altitude of the solid CD to 
tbe altitude of tlie solid AB; and that Ihe base EH ia equal to the 
base FK ; and NP to XR ; therefore the base FK is to Ilie base XR, 
as the attituile of the solid CD to Ihe altitude of AB. But the alti- 
tudes of the solids AB, BT ara the same, as also of CD and DZ ; 




tbcrcTore as the base FE to tbe base XR, so is the altitude of the 
solid DZ to the altitude of the solid BT : wherefore Ihe bases of the 
sotlds BT, DZ are reciprocally proportional to their altitudes ; and 
their insisting straight linea are at right angles to the bases ; where- 
fore, as was before proved, the solid BT is equal to the solid DZ : 
but BT is equal (29. or 30. II.) to the solid BA, and DZ to the solid 
DC, t>ecause th<^y are upon the same bases, and of the same altitude. 
Therefore the solid AB is equal to the solid CD. Q. K D. 

PROP. XXXV. THEOR. 

Ir, from the vertices of two equal plane anetes, there be drawD 
two straight lines elevated above the planes in which the ancles 
are, and coRtaining equal angles with the sides of those an^es, 
each to each ; and if in the lines above the planes there be taken 
any points, and from them perpendiculars be drawn to tbe plaoes 
in wnich the first named angles are : And from the pomts ia 
which they meet the planes, straight lines be drawn to the ver- 
tices of the angles first named ; these straight lines shall contain 
equal angles with tbe straight lines which are above the plabei 
of tbe angles.* 

Let BAC, EDF be two eqnal plane angles ; and from the polnti 
A, D let the straight lines AO, DM be elevated above the plaoef 
of the angles, making eqnal angles with their sides, each to eadi, 
Vb. the angle GAB equal to the angle MDE, and GAO to HDP : 
add in AG, DM let any points G, M be taken, and from tben let 

• SMNoto. 
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perpendiculars GL, MN be dtavA to the [danes BAC, EDP, meeUiie 
these planes in the polnto UN, and join LA, NO: UieangieGALto 
equal to the angle MDN. 

Hake AH equal to DM, and through H draw HK paraOd to QL, 
But GL is perpendicular to the plane BAC ; wherefore HK la per^ 
pendicular (8, 11.) to the same plane; from the points K, H to the 
straight lines AB, AC, DE, DF, draw perpeodicidars KB, K(^ KB, 
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NF; and join HB, BC, ME, £P: Because HK is perpendknlRr (>' 
the plane BAC, the plane HBK which passes through HK is J|~ 
angles (18. 11.) to the plane BAC : and AB is drawn In tlw I 
BAC at right angles to the common section BK of the two idanw; 
therefore AB is perpendicular (4. deC 11.) to the plane HBK, and 
makes right angles (3. def. 11.) with every straight line meeting tt 
In that plane. But BH meets it in that plane ; therefore ABH is % 
right angle. For the same reason, DEM Is a right angle, and n ' 
therefore equal to the angle ABH : and the angle HAB is equal to 
the angle MDE. Therefore in the two triangles HAB, UDE tbetc 
are two angles in one equal to two angles In the other, each to each, 
and one side equal to one side, opposite to one of the equal angloa 
in each, viz. HA equal to DM ; therefore the remaining sides are equal 
(liO. 1.) each to each : wherefore AB is equal to DB. In the saoM 
manner, if HC and MF be joined, ft may be demcHiatrated that AC 




is equal to DF ; therefore, since AB is equal to DE, BA and AC are 
equal to ED and DF ; and the angle BAC is equal to the anj^EDF; 
wherefore the base BC Is equal (4. 1.) to the base BF, and the re- 
maining ao^ to the lanaining an^ : tbe an^ ABC is tharelbn 
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equal to the angle DEF : and the right angle ABK is equal to the 
r^fat angle DEN, whence the remaining angle CBK is equal to the 
remaining angle FEN : for the same reason, the angle HCK is equal 
to the angle EFN : therefore in the two triangles BCK, EFN there 
are two angles in one equal to two angles in the other, each to each, 
and one side equal to one side adjacent to the equal angles in each, 
viz. BC equal to EF ; the other sides, therefore, are equal to the other 
sides ; BK then is equal to EN ; and AB is equal to DE ; wherefore 
AB, BK are equal to DE, EN ; and they contain right angles : where- 
fore the base AK is equal to the base DN : and since AH is eriual to 
DM, the square of AH is ecjual to the square of DM : but the squares 
of AK, KH are equal to the square (47. 1.) of AH, because AKH is 
a right angle : and the squares of DN, NM are equal to the s(]uare 
of DM, for DNM is a right angle : wherefore the squares of AK, KH 
are equal to the squares of DN, NM ; and of those the square of AK 
is equal to the square of DN ; therefore the remaining square of KH 
is equal to the remaining square of NM ; and the straight line KH to 
the straight line NM ; and because HA, AK are equal to MD, DN, 
each to each, and the base HK to the base MN, as has been proved; 
therefore the angle HAK is equal (8. 1.) to the angle MDN. O. E D. 
Cor. From this it is manifest, that if, from the vertices of two 
equal plane angles, there be elevated two equal straight lines con- 
tflinhig equal angles with the sides of the angles, each to each : the 
perpendiculars drawn from the extremities of the equal straight lines 
to the planes of the first angles are equal to one another. 

Another Demonstration of the CoroUarif. 

Let the plane anfjles BAC, EDF be equal to one anotlior, and let 
AH, DM, be two ccjual strai^Iit lines above tho planes of the antrlos, 
containing equal angles with HA, A(' ; Ki), DF, each to each, viz. 
the angle II AB, erpjal to MDK, and HA( ' r<inal to the angle MDF ; 
and from H, M let UK, MN be perpendiculars to the i)lanes IJAC, 
EDF; HK is equal to MX. 

Because the solid angle at A is contained by tho three plane an- 
gles BAC, BAH, HA(\ which are, each to each, ecjual to the three 
plane angles EDF, EDM, MDF containing the stolid angle at 1) ; the 
solid angles at A and D are equal, and therefore coincide with one 
another ; to wit, if the plane angle BAC be applied to the j)lane an- 
gle EDF, the straight line AH coincides with DM, as was shown in 
Prop. B. of this Book : and because AH is Cfpial to DM, the* point H 
coincides with the point M ; wherefore HK, which is i)orpendicular 
to the plane BAC, coincides with MN (13. 11.), which is perpendicu- 
lar to the plane EDF, because these planes coincide with one another. 
Therefore HK is equal to MN. Q. E. D. 

PROP. XXXVl. THKOIl. 

If three straight lines be proportionals, tho solid parallelopipcd 
described from all three as its sides, is equal to the equilateral 
parallelopiped described from the mean proportional, one of the 
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solid angles of which is contained by three plane angles equal, 
each to each, to the three piano angles containing one of the 
solid angles of the other figure.* 

Let A B, C, be three proportionals, viz. A to B, as B to C. The 
solid described from A, B, C is equal to the equilateral solid de- 
scribed from B, equiangular to the other. 

Take a solid angle D contained by three plane angles EDF, FDG, 
GDE ; and make eadi of the straight lines ED, DF, DG equal to B, 
and complete the solid parallelepiped DH. Make LK equal to A, 
and at the point K in the straight line LK make (26. 11.) a solid 
angle contained by the three plane angles LKM, MKN, NKL, equal 
to the angles EDF, FDG, GDE, each to each ; and make KN equal 
to B, and KM equal to C; and complete the solid parallelepiped 
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KO, and because, as A is to B, so is B to C, and that A is equal to 
LK, and B to each of the straight lines DE, DF, and C to KM : there- 
fore LK is to ED, as DF to KM ; that is, the sides about the equal 
angles are reciprocally proportional ; therefore the parallelogram LM 
is eciual (14. 6.) to EF: and because EDF, LKM are two equal plane 
angles, and the two equal straight lines DG, KN are drawn from 
their vertices above their planes, and contain equal angles with their 
sides ; therefore the perpendiculars from the points G, N, to the planes 
EDF, LKM are equal (Cor. 35. 11.) to one another: therefore the 
solids KO, DH are of the same altitude ; and they are upon equal 
bases LM, EF, and therefore they are equal (31. 11.) to one another: 
but the solid KO is described from the three straight lines A, B, C, 
and the solid DH from the straight Jinc B. If therefore three straight 
lines, &c. Q. E. D. 

PROP. XXXVU. THEOR. 

If four straight lines be proportionals, the similar solid paral- 
Iclopipeds similarly described from them shall also be propor- 
tionals. And if the similar parallclopipcds simil29*ly described 
from four straight lines be proportionals, the straight lines shall 
be proportionals.* 



'See Note. 
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Let the four straight lines AB, CD, EF, GH be proportionals, viz. 
OM AB to CD, so EP to GH; and let the similar parollelopipeds AE, 
CL, EM. GN be similarly described from them, AK is to CL, as 
EUtoCN. 

Hake (II. 6.) AB, CD, O, P continual proportionals, as also EF, 
OH, Q» n ; and because oa. All is to CU, so EF to GH ; and that 
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CD Is (U. 5.) to O, as QH to O. and O to P, as ft to R; therefore, 
€x wguali (23. 5.), AB is to P, as EF to R : but as AB to P. so {Cor. 
3a. II.) i« the solid AK to the solid CL ; and as EP to R, bo (Cor. 
33. 11.) Is the solid EM to the solid GN; therefore (11. 5.) as the 
solid AK to the solid CL, so is the solid EM to the solid GN. 

But let the solid AK be to the solid CL, as the solid EM to the 
solid GN ; the straight line AB is to ED, as EF to GH. 

Takp AD to CD. as EF to ST, and from ST ilf scribe (27. 11,) 
a solid pantllelopiped BT slinilar and similarly situated to eitiier 
of the Hilids EM, GN : and because AB Is to CD, as EF to 




ST, and that from AB, CD the solid paraUdoinpeds AK, CL are 
sbnilarly described, and In like maimer the stdids EM, SV from the 
straight Hnes BF, ST; therefiMre JX Is to CL, as EM to SV : but. 
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by the hypothesis, AK is to GL, as EM to GN ; therefore GN Is equal 
(9. 5.) to SV : but it is likewise similar and similarly situate^ to 8V ; 
therefore the planes which contain the solids GN, S V are similar and 
equal, and their homologous sides GH, ST equal to one anotl^ : 
and because as AB to CD so £F to ST, and that ST is equal toGH, 
AB is to CD, as EF to GH. Therefore, if four straight lines, &c. 
Q.K.D. 

PROP. XXXVra. THEOR. 

*' If a plane be perpendicular to another plane, and a straight 
line be drawn from a point in one of the planes perpendicular to 
the other plane, this straight line shall fall on the common section 
of the planes."* 

^ Let the plane CD be perpendicular to the plane AB, and let AD 
be their common section; if any point E be taken in the plane CD, 
the perpendicular drawn from £ to the plane AB shall &11 on AD. 

** For, if it does not, let it, if possible, &11 elsewhere, as EF ; and 
let it meet the plane AB in the point F ; and from F draw (12. 1.) in 
the plane AB a perpendicular FG to DA, which is also perpendicular 
(4. deC 11.) to the plane CD; and joki EG: then because FG is per- 
pendicular to the plane CD, and the C 
straight line EG, which is in that plane, 
meets it ; therefore FGE is a right an- 
gle (3. deC 1 1.) : but EF is also at right 
angles to the plane AB ; and therefore . 
EFG is a right angle ; wherefore two 
of the angles of the triangle EFG are 
equal together to two right angles; 
which is absurd : therefore the perpen- 
^cular from the point E to the plane AB, does not &I1 elsewhere than 
upon the straight line AD ; it therefore &lls upon it. If therefore a 
plane,** &c Q. E. D. 

PROP. XXXIX, THEOR. 

Iir a solid parallelopiped, if the sides of two of the opposite 
planes be divided each into two equal parts, the common section 
of the planes passing through the points of division, and the di- 
ameter of the solid parallelopiped cut each other into two equal 
parts.* 




* See Note. 



Let the aidf^H of (he 
Dppoiitc planes C'F, 
AH of IllH solid \mrai- 
ldy|)liicd AF, be di- 
vided cacli into two 
(.•qiDil puns in the 
points K, L, M, N; X. 
O, P. n ; and join KL, 
MN. XO, PK: and 
because DK, CL arc 
A^oal arid ijarallet, EL 
Is paralld (33. 1.) tg 
DC : for the same rea- 
8on, MN is parallel to 
BA : and BA is paral- 
lel to DC; therefore 
twcause KL, BA, are 



^ 


r^ 


^^ 


\ 


o 




\\ 


c 




NT 


— --- 


N 


\ 


^ 


\ 


V 

\ 


s 


\ 




^ 




UN 




H 


■^ 


I' 


\J 




S 


:J 


- g 


J 



G 



each of them parallel to DC, and not in the same plane with it, KL 
Is parallel (fl, 1 1.) to BA : and because KL, MN are eacli of them pa- 
rallel to BA, and not in the same plane with it. KL is parallel (9. 1 1 .) 
to MN ; wherefore KL, MN are in one plane. In like manner, It may 
be proved, that XO, PR are in one plane. Let YS be the common 
section of the planes KN, XR ; and DO the diameter of the solid 
parallclopiped AF : YS and DG do meet, and cut one another into two 
equal parts. 

Join DY, YE, BS, SG. Because DX is parallel to OE, the al- 
ternate angles DXY. YOE are equal (29. i.) to one another: and 
because DX is equal D K F 

to OE, and XY to YO, 
and contain equal an- 
gles, the base DY is 
equal (4. 1.) to the 
base YE, and the 
other angles are equal ; 
therefore the angle 
XYD is equal to the 
angle OYE, and DYE 
is a straight (14. I.) 
line ; for the same rea- 
son BSG is a straight 
One, and BS equal to 
SG: and because CA 
is equal and parallel 

to DB, and also equal A N G 

and parallel to EG, 

therefore DB is equal and parallel (9. 11.) to EG: and DE, BO join 
their extremities ; therefore DE is equal and parallel (33. 1.) to BG : 
and DG. YS are druwii fi-om points in the one, to poiiits in the other: 
lUd are therefore in one [ilanc : whence it is manifest, that DG, YS 
must meet one another ; let them meet in T : and because DE is pa- 
rallel to BG, the alternate angle* ^)T, BGT are equal (29. I.) ; 
and the angle DTY is e()ua1 (1$. 1.) to the angle GTS : therefore in 
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the triangles DTY, GTS there are two angles in the one/ equal to 
two angles in the other, and one side equal to one aide, opi|mlte,tflr 
two of the equal angles, viz. DY to GS ; for they are the ialvii -of 
DE, BG : therefore the remaining sides are equal (26. 1.) cfH^ .^ 
each. Wlierefore, DT is equal to TG, and YT equal to TS. When- 
fore, if in a solid, &c. Q,. £. D. 

PROP. XL. THEOR. 

If there be two triangular prisms of the same ahitude, the base 
of one of which is a parallelogram, and the base of the other a 
triangle; if the parallcllogram be double of the triangle, the 
prisms shall be equal to one another. 

Lei the prisms ABCDEF, GHKLMN be of the same altitude, the 
first whereof is contained by the two triangles ABE, CDF, and the 
three parallelograms AE, DE, EC ; and the other by the two trian- 
gles GHK, LMN, and the three parallelograms LH, HN, NG ; and 
let one of them have a parallelogram AF, and the other a triangle 
GHK for its base ; if the parallelogram AF, be double of the triangle 
GHK, the prism ABCDEF is equal to the prism GHKLMN. 

Complete the solids AX, GO; and because the parallelogram AF 
is double of the triangle GHK ; and the parallelogram HK double 
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(34. 1 .) of the same triangle ; therefore the paraUelogram AF is equal 
to HK. But solid parailelopipeds upon equal bases, and of the 
same altitude, are equal (3L 11.) to one another. Therefore the 
solid AX is equal to the solid GO ; and the prism ABCDFJi" is half 
(28. 1 1.) of the solid AX ; and the prism GHKLMN half (28. 11.) of 
the solid GO. Therefore the prism ABCDEF is equal to the prism 
GHKLMN. Wherefore, if there be two, ^. Q. £. D. 
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s the first proposition or the lenlh book, aod h 
some or the propoattioas of tliis book. 

If from the greater of two unequal magnitudes, there be taken 
more than lis half, and from the remainder more than its hall", 
and BO on : there shall at length remain a magnitude leai than 
the least of the proposed magnitudes.* 

Let AB and C be two unequal magnitudes, of 
vhlcb AB is the greater. If from AB there be taken 
more than its halt and from the remainder more D 

than Its half, and so on ; there shall at length re- 
main a magnitude less than C. 

For C may be multipUed, so at length to tiecome 
greater than AR Let it besomoltlplied, andletDE 
Its multiple be greater than AB, and let DK be di- 
vided into DF, FG, GK, each equal to C. Prom AB 
take BH greater than its half, and from the remain- 
der AH take HK greater than its half, and so on, 
until there t>e as many divisions in AB as there are 
in DE : and let the divisions in AB be AK. KH, HB ; 
and the divisions in ED be DF, FQ, GE. And be- 
cause DE is greater than AB, and that EG taken B C 
Irom DE is not greater than its halfl but BH. taken from AB is great- 
er than its half; therefore the remainder GD is greater than the re- 
mainder HA. Again, t>ecause GD Is greater than HA, and that GF 
la not greater than the half of GD, but HK is greater than the half 
at HA ; therefore the remainder FD is greater than the remata>der 
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AK And PD is equal to C, therefore C is greater than AK ; thatis, 
AK is less than C. O. E. D. 

And if only the halves be taken away, the same thing may in tlie 
same way be demonstrated. 

PROP. I. THEOR. 

r 

Similar poljrgons inscribed in circles are to one another as the 
squares of their diameters. 

Let ABODE, FGHSXi be two circles, and in them the similar poly- 
gons ABODE, FGHKL ; and let BM, QN be the diameters of the 
circles ; as the square of BM is to the square of QN, so is the poly- 
gon ABODE to the polygon FGHKL. 

Join BE, AM, GL, FN : and because the polygon ABODE is simi- 
lar to the polygon FGHKL, and similar polygons are divided into 
similar triangles : the triangles ABE, FGL are similar and equiangn- 

A F 





lar (6. 6.) ; and therefore the angle AEB is equal to the angle FIX?: 
but AEB is equal (21. 8.) to AMB, because they stand upon the 
same circumference ; and the angle FLG is, lor tN^ same reason, equal 
to the angle FNG : therefore also the an^ AMB is equal to FNO : 
and the right angle BAM is equal to the right (81. 8.) angle GFN ; 
wherefore Uie remaining angles in the triangle ABM, FGN are equal» 
and they are equiangular to one another : therefore as BM to GN, so 
(4. 6.) is BA to GF; and therefore the duplicate ratio of BM to GN» 

A F 





is the same (10. de£ 6. and 23. 6.) with the duplicate ratio of BA to 
GF: but the ratio of the square of BM to the square of GN fs the 
duplicate (20. 6.) ratio of that which BM has to GN ; and the ratio of 
the polygon ABCDE to the polygon FGHKL is the duplicate (20. d.) 
of that which BA has to GF: Hi^ralbre, as the square oC BM to the 
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square of GN. so is the polygon ABODB, to the iwlygon PGHKL. 
Wherefore, similar polygons, &.c. Q_ E. D. 

PROP. U. THEOR. 

Circles are to one another as ihe squares of their diameicra.* 

Let ABCD. EFGH be two circles, and BD. FH their diameters : as 
•the square of BD to the square of FH, so is the circle ABCD, to the 
circle EFGH. 

Por, if it be not so, the square of BD shall be to the square of FH, 
M the circle ABCD is to some space either less than the circle EFQH, 
or greater than it.t First, let it be to a space S less than the circle 
EFGH ; and in the circle EFGH describe the square EFGH : this 
square ia greater than half of the circle EFGH : because il^ through 
the points E, F, G, H, there be drawn tangents to the circle, the 
square EFGH is half (41. I.) of the square described about the circle ; 
and the circle is less titan the square described about it ; therelbre 
the square EFGH is grealer than half of the circle. Divide the cir- 
cumibrences EF, FG, GH, HE, each into two equal parts in the points 
K, L. M, N, and join EK. KF, FL, LG, GM, MH, HN, NE: therefore 
each of the triangles EKF, FLG, GMH, HNE is greater than half of 
the segment of the circle it Stands in ; because, if straight lines touch- 
ing the circle be drawn through the points K, L, M, N, and parallelo- 
grams upon the straight lines EF, FG, GH, HE be completed ; each 
of the triangles EKF, FLG, GMH. HNE shall be the half (41. 1.) 
of the paralleliipiani In which it is : but every segment is less than 
tbe penUIelognun in which it is; wherefore each of the triangles 
BKF, FLG, GMH, USE ia greater than half the segment of the cir- 
cle whkh contains Jt : and if these circumferences before named be 
divided each into two equal parts, and their extremities be joined 




by straight lines, by continuing to do this, there will at length re- 
main segments of tbe circle, which, together, shall be less than the 

•Sea Note. 

t For then b rane iqaire equal (o (be circle ABCD ; tct P be liie aide of it ; 

|d lo three etrtigbt linen BD, FU, and P, thirc can be n fourth prcporliuua) ; let 
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excess of the circle EFGH above the space S : because, by the pre- 
ceding lemma, if from the greater of two unequal magnitudes there 
be taken more than its halC and from the remainder more than its 
half, and so on, there.shall at length remain a magnitude less than 
the least of the proposed magnitudes. Let then the segments EK, KF, 
FL, LG, GM, MH, HN, NE, be those that remain and are together 
less than the excess of the circle EFGH above S : therefore the rest 
of the circle, viz. the polygon EKFLGMHN, is greater than the space 
a Describe Ukewise in the circle ABCD the polygon AXBOCPDR 
similar to the polygon EKFLGMHN: as therefore, the square 
of BD is to the square of FH, so (L 12.) is the polygon AXBOCPDR 
to the polygon EKFLGMHN : but the square of BD is also to the 
square of FH, as the circle ABCD is to the space S : therefore as the 
circle ABCD is to the space S, so is (1 L 5.) the polygon AXBOCPDR 
to the polygon EKFLGMHN : but the circle ABCD is greater than 
the polygon contained in it : wherefore the space S is greater (14. 5.) 

A 
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than the polygon EKFLGMHN : but it is likewise less, as has been 
demonstrated : which is impossible. Therefore the square of BD is 
not the square of FH, as the circle ABCD is to any space less than 
the chrcle EFGH. In the same manner it may be demonstrated, 
that neither is the square of FH to the square of BD, as the circle 
EFGH is to any space less than the circle ABCD. Nor is the square 
of BD to the square of FH, as the circle ABCD is to any space 
greater than the circle EFGH: for, if possible, let it be so to T, a 
space greater than the circle EFGH : therefore, inversely* as the 
square of FH to the square of BD, so is the space T to the drcle 
ABCD. But as the space T« is to the circle ABCD, so is the drde 

• For, u in the fer^n; note, at t it wm explained how it waa powible thers 
eould be a ftarth praportioaal to the aqnarea of BD, FH, and the circle ABCD^ 
wliich wae named flw So in Uk« manner there can be a fourth nroportiooal to lUs 
other apaoe named T, and the cirelea ABCD, EFGH. And the like if to be 
undenlood in eome of the foOowinf pvopoiitMa. 
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KFOH to some space, which must be leas (14. 5.) than the circle 
ABCD, because the space T is greater by hypothesis, ihan the circle 
EPGH. Therefore aa the square of FH is to the square of BD, so 
is the circle EtXiH to a space less than the circle ABCD. which has 
been demonsl rated to be impossible ; therefore the square of BD is 
not to the square of FH, aa the circle ABCD is to any space grealw 
than the circle EFGH : and it has been demmislrated, liiaf nelUier Is 
the equare of BD to the square of FH. as Ibe circle ABlD la to any 
space leas than the circle EFGH ; wherefore, as the square of BD to 
tiw aquare of FH, so is the circle ABCD to the circle EFGH.' Clr- 
Ctof IhereTore are. &c. Q. E. D. 

PROP. ni. THKOE. 

EvEHT pyramid having a triangular base, may be divided into 
two equal iind similar pyramids having triangular bases, and 
which are similar to the whole pyramid; and into two niiuol 
priama which together arc greater than half of the whole pyra- 
mid.t 

Let there be a pyramid of which the base is the triangle ABC, 
Md lis vertex the point D: the pyramid ABCD may bo divijed into 
two equal and similar pyramids having triangu- D 

tar bases, and similar to the wliole ; and into 
two equal prisms which logetlier are greater 
thfta half of the whole pyramid. 

Divide AB, EC. CA, AD, DB, DC. each into 
two equal parts in the points E, F. G, H, K, L. 
and join EH, BG. GH, HK, KL, LH, EK, KF, 
FG. Because AE is equal to EB, and AH to 
HD, HE is parallel {2, 6.) to DB; for the same 
reason. HK is parallel to AB: therefore HEBK 
is a parallelogram, and HK equal (34. 1.) to EB: 
butElBis equal to AE; therefore also AE is 
equal to HK : and AH is equal to HD ; where- 
fore EA, AH are equal to KH, HD, each to 
each; and the angle EAH ia equal (29. 1.) to j^ 
the angle KHD; therefore the base EH is equal 
to the base ED, and the triangle AEH equal (4. 1.) and similar to 
the triangle HED : for the same reason, the triangle AGH is equal 
and similar to the triangle HLD; and because the two straight 
Sues EH, KG, which meet one another, are parallel to KD, DL, 
that meet one another, and are not In the same plane . with them, 
^ley'contaln equal (10. 11.} angles; therefore the angle EHG is 
fiqwl to the angle EDL. Again, because EH, HG, are equal to 
U), DL each to each, and the angle EHG equal to the angle EDL ; 
therefore the base EG Is equal to the base EL ; and the triangle 
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EHO equal (4. 1.) and similBr to the triangle^ KDL ; for the same 
raaaon the triangle AEG ia also equal and similar to the triangle 
HKL. Therefore the pyramid of which the base is the triangle AEG. 
and of which the vertex la the point H, ia equal (C. II.] and similar 
to the pyramid the base of which is the triangle KHU and vertex 
the point D : and becauae HK is parallel to AB a " 

aide of the triangle ADB, the triangle Al!>B, Is 
equiangular to the triangle HDE, and ttielr sides 
are proportionals (4. 0.) : therefore the triangle 
ADB is similar to the triangle HDK : and for the 
same reason, the triangle DBC is similar to the 
triangle OKLj and the triangle ADU to the tri- 
angle HDL ; and also the triangle ABC to the 
triangle ABQ : but the triangle AEG is shnilar to 
the trlan^e HEL, as before was proved ; there- 
fore the triangle ABC Is similar (21. 6.) to the 
triangle HKL. And the p)rramid of which the 
base Is the triangle ABC, and vertex the p<rint D, 
is therefore similar (a 11. and 11. dcT. 11.) to the j 
pynmU of which the base is the triangle HKL, k 
and vertex the same pcdnt D: but the pyrBmid B F C 

of which the txise Is the triangle HKL, and vertex the ptrint D, Is 
■Unllar, as has been proved, to the pyramid the tiase of which Is tiie 
triangle AEG, and vertex the point H : wherefore tlie pyramid, the 
base of which is the triangle ABC, and vertex the point D, Is slmOar 
to the pyramid of which the base is the trlan^e AEG and vertex H: 
therefore each of the pyramids AEOH, HKLD ia similar to the whole 
pyramid ABCD: and because BF is equal to FC, the parallelogram 
EEFG is double (41, 1.) of the triangle GFC : but when there are 
two prisms of the same altitude, of which one has a parallelognun 
for Its base, and the other a triangle that Is half of the parallelogram, 
tliese prisms are equal (40. U.) to one another; therefore the prism 
having the parallelogram EBFG for Its base, and the straight line 
KH opposite to it, is equal to the prism having the triangle GFC for 
Us base, and the triangle HKL opposite to It ; for they are of the 
same altitude, because they are between the parallel flft. 11.) planes 
ABC, HKL : and II la manifest that each of these prisms Is greater 
than either of the pyramids of which the triangles AEG, HKL are 
the bases, and the vntices the points H, D ; because If E, F be Jolit- 
ed, the prism having the ponUlelogram EBFG for its base, and KH 
tbo straight line o^XMlte to i^ is greater than tlie pyramid of which 
the base Is the triangle EBF, and vertex the point K ; but this pyra- 
mid Is equal (C II.) to the pyramid the base of which isthetrian^ 
AEG, and vertex the pdnt H ; because they are contahied by equal 
and similar idanes : wherefore the prism having the parallelognun 
BBFO for tta base, and opposite side KH, is greater than the pyramid 
of which the base is the triangle AEG, and vertex the point H : and 
the prism of which the base is the parallelogram EBFG, and oppo- 
alte ^de KH. Is equal to the prism having the triangle GFC for Its 
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hose, onJ HKL the triangle opposite to it ; and thi^ pyramid of which 
t)io base is tlie triangle AEG, and vertex H, Is equal to the pyramid 
of wliich llje base is the tiiaugle HKL, and vertex D: therefore the 
two prisms before mentioned are greater than the two pyramids of 
which the bases are the triangles AEG, HKL, and vertices the points 
H, D. Therefore [lie whole pyramid of which the Ijase is the trian- 
gle ABC", and vertex the JMint D, is divided into two equal pyramids 
similar to one another, and to tha whole pyramid; and Into tw» 
equal prisms ; anj the two prisms are together greater than half of 
Ihe whole pyramid. Q. K. O. 

PROP. IV. THEOR. 

Ir there be two pyramids of the same altitude, upon triangular 
bases, pud each n( them be divided into two equal pyramids 
similar to tho whole pyramid, and also into two equal prisms; 
and if each of these pyramids be divided in the same manner as 
Ihe first two, and so on : as the base of one of the first two 
pyritmiiis is to the base of the other, so shall all the prisms in one 
01 them bo to all Ihe prisms in the other, that are produced by 
Ihe same number of divisions.* 

Let there be two pyramids of the same altitude upon the trisn* 
gular bases ABC, DEF, and having their vertices in the points O, 
H; and let each of them be divided into two equal pyramids similar 
to the whole, and into two equal prisms; and let each of the pyra- 
mids. thus made he coneeived to be divided in Ihe like manner, and 
ao on : as the base ABC is to the base DEF, so are all the priniu in 
the pyramid ABCG, to all the prisms in the pyramid D£FH made by 
the same number of divisions. 

Make the same construction as in the foregoing proposition : and 
because BX is equal to XG, and AL to LC ; therefore XL Is paral* 
lei (2. 0.) to AB. and the triangle ABC similar to the triangle LXC : 
for the same reason, the triangle DEF is similar to RVF: and be- 
cause BC is double of CX, and EF double of FV, therefore BC is to 
CX, as EF to FV : and upon BC, CX are described the similar and 
rimilariy situated rectUineal figures ABC, LXC ; and npon EF, FV, 
In like manner, are described the similar figures DEF, RVF: theie- 
fbre, as the triangle ABC is to the triangle LXC, so (22. 6.) is the 
triangle DEF to the triangle RVF, and, by permutation, as the triaa- 
gte ABC to the triangle DEF. so Is th^rian^e LXC to the trian^ 
RVP : and because the planes ABC, OMTi, as also the planes DBF. 
BTY are parallel (6. 11.), the perpendiculars drawn from the points Q, 
H to the bases ABC, DBF, which, by the hypothesis, are equal to one 
another, shall twcut each into two equal (17. It.) parts by the planei 
OMU, ST T, because the straight tines QC, HF are cut into two eqiu) 

■ Sm Note. 
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parts in the points N, Y by the same planes ; therefore the prisms 
LXCOMN, RVPSTY are of the same altitude; and therefore as the 
base LXC to the base RVF; that is, as the triangle ABC to the tri- 
angle DEF, so (Cor. 32. 11.) Is the prism havbg the triangle LXC 
for Its base, and OMN tlie triangle opposite to it, to the prism of which 
the base is the triangle RVF, and the opposite triangle STY .- and be- 
cause the two prisms In the pjrramid ABCG are equal to one another, 
■and also the two prisms in the pyramid DEHiTI equal to one another, 
as the prism of wbicti the base is the parallelogram EBXL and oppo- 
site aide MOt to the prism having the triangle LXC for its base, and 
OMN the triangle opposite to it, so is the prism of which the base 
(7. 6.) is the parallelogram PEVR, and opposite side TS, to the prism 
of which the base is the triangle RVF, and opposite triangle STY. 
Therefore componendo, as the prisms K6XLM0, LXCOMN together 
are unto the prism LXOMN, so are the priams PEVRTS, RTPSTY, 




to the prism RVPSTY; and permutando, as the prisma KBXLMO, 
LXCOMN are to the priams PEVRTS, RVFSTY, so is the prism 
LXCOMN to the prism RVFSTT : but as the prism LXCOMN to 
the prism RVFSTY, so is, as has been proved, the t>ase ABC to the 
base DEF : therefore, as the base ABC to the base DEF, so are the 
two prisms in the pyramid ABCG to the two prisms in the pyramid 
DEPH: and lilcewlseJf the pyramids now made, for example, the two 
OMNG, STYH, be divided in the same manner; as the base OMN 
is to the base STY, so shall the two prisms in the pyramid OMNG 
be to the two prisms in the pyramid STYH: but the base OMN is 
to tbe base STY, as the base ABC to the base DEF; therefore, as 
tiie base ABC to the tiase DEF, so are tKe two prisms in the pyra- 
mid ABCG to the two prisms in the pyramid DEFH ; and so are tbe 
two prisms in tije pyramid OMNG to the two prisms in the pyramid 
STYH ; and so are all four to all four : and the same thing may be 
shown of the prisms made by dividing the pyramids AKLO and 
DPRS, and of all made by the same number of dlvisioDS. Q. K D. 



PROP. V. THEOR. 

PvniMiM of the same altitude, which have triangular bases, 
are to one anolhcr as their bases.* 

Let ttm pyramiils of which the triangles ABC, DEF are the bases, 
antl of which the vertices are the points G, H, be of the same altitude ; 
as the base ADC, to the base DEF, so is the pyramid ABCG to the 
pyramid DEFH. 

For, if it be not so, thp base ABC must be to the base DEF, as the 
pyramid ABCG to a solid either less than the pyramid DEJFH, or 
groater than it.t First, let it be to a solid Jess than It, vtz. to the 
s<^ld ^: and divide the pyramid DEFH into two equal pyramids, 
similar lo the whole, and into two equal prisms: therefore these two 
prUms are greater (3. 13.) than the half of the whole pyramid. And 
again, let the pyramids made by this division be in like manner di- 
vided, and so on, until the pyramids which remain undivided in the 
pyramid DEFH be, all of them together, less than the excess of the 
pyramid DEFH above the solid Q.: let these, for example, be tlie 
pyramids DPRS, STYH ; therefore the prisms, which make the rest 
of Uie pyramid DEFH, are greater than the solid Q, : divide likewise 
the pyramid ABCG in the same manner, and into as many parts, as 
the pyramid DEFH : therefore, as the base ABC to the base DEIF, so 
(4. 12.) are the prisms in the pyramid ABCG to the prisms in the 
pyramid DEFH ; but as the base ABC to the base DEF, so, by hy- 
pothesis, is the pyramid ABCG to the solid Q, ; and therefore, as the 
pyramid ABCG to the solid H, so iire the jirisms in the pyramid 
ABCG, to the prisms in the pyramid DEFH ; but the pyramid ABCG 
is greater than the prisms contained in it ; wherefore (14. &.) also 
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the solid Q is greater than the prisms in the pyramid DEFH. But 
it is also less, which is impossible. Therefore the base ABC is not 
to the base DEF, as the pyramid AfiOQ to any solid which is less 
than the pyramid DEFH. In the same manner it may be demon- 
strated, that the base DEF is not to the base ABC, as the pyramid 
DEFH to any solid which is less than the pyramid ABCG. Nor can 
the base ABC be to the base DEF, as the pyramid ABCG to any 
solid which is greater tlian the pyramid DEFH. For, if it be possi* 
ble, let it be so to a greater, viz. the solid Z. And becanse the base 
ABC is to the base DEF, as the pyramid ABCQ to the sc^ Z ; by 
inversion, as tiie base D£^ to the base ABC, so is the solid Z to the 
pyramid ABCQ. But as the solid Z is to the pyramid ABCG, so Is 
the pyramid DEFH to some solid,* which must be less (14. 5.) than 
the pyramid ABCG, because the solid Z is greater than the pyramid 
DEFH. And therefore, as the base DEF to the base ABC, so is the 
pyramid DEFH to a solid less than the pyramid ABCG; the contrary 
to which has been proved. Therefore the base ABC is not to the 
base DEF, as the pyramid ABCG to any solid which is greater than 
the pyramid DEFH. And it has been proved, that neither is the 
base ABC to the base DEF, as the psrramid ABCG to any solid 
which is less than the pjnramid DEFH. Therefore, as the base ABC 
is to the base DEF, so is the pyramid ABCG to the pyramid DEFH. 
Whereibre pyramids, &c. Q. E. D. 

PROP. VL THEOR. 

FviiAinDS of the same altitude, which have polygons for their 
bases, are to one another as their bases-f 

Let the pyramids which have the polygons ABCDE, FQHKL for 
their bases, and thehr vertices in the points M, N, be of the same al- 
titude: as the base ABCDE to the base FGHKL, so is the pyramid 
ABCDEM to the pyramid FGHKLN. 

Divide the base ABCDE into the trian|^ ABC, ACD, ADE ; and 
the base FGHKL into the triangles FGH, FHK, FKL: and upon 'the 
bases ABC, ACD, ADE let there be as many pyramids of which the 
comm(m vertex is the point M, and upon the remaining bases as 
many psnramids having their oommon vertex in the pdnt N : there- 
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fore, since Ihe triangle ABC is to the triangle FGH, as (5. 12.) the 
pyrnmid ABCM to Ihe pyraminl I-XiHN; and the triangle ACDtotlie 
triangle VGH, as the pyramid ACDM to the pyramid FGHN ; and 
also the triangle ADE to the triangle FGH, as the pyramid ADKM 
lo the pyramid FGHN ; os all the first antecedents to their common 
consequent, so (2. Cor. 21, 8.) are all the other antecedents to their 
common conseiiuent : that is as the base ABCDE to the l>ase FGH, 
so is the pyramid ABCDEM to Ihe pyramid FGHN : and. for the 
same reason, as Ihe base FQHKL to the base FGH, ao is the pyra- 
mid FCHKLN to the pyramid FGHN : and, by inversion, as the 
base FGH to the base FGHKL; so is the pyramid PGHN to the 
pyramid FGHKLN : then, because as the base ABCDE to tlie base 
FGH. so Is the pyramid ABCDEM to the pyramid FGHN ; and as 
the base FGH to the base FGHKL; so is the pyramid PGHN to 
the pyramid PGHKLN ; therefore, er neqimli, <22. 5.) as the base 
ABCDE to the base FGHKL, so the pyramid ABCDEM to Ihe pyra- 
mid FGHKLN. Therefore, pyramids, &c. Q. E. D. 



» PROP. VII. THEOR. 

£vEiir prism having a triangular base, may be divided into 
three pyramids that have triangular bases, and are c<{ual to one 
another. 

Lrt there be a prism of which the base is the triangle ABC, and 
Irt DBF be the trian^e opposite to it : the prism ABCDEF may be 
divided into three equal pyramids having triangular bases. 

Join BD, EC, CD ; and because ABED is a parallelc^am of which 
BD la the diameter, the triangle ABD is equal (34. 1.) to the triangle 
£BD i therefore the pyramid of which the base is the triangle ABD, 
aod vertex the point C, is equal (0. 12.) to the pyramid of which tlie 
bue is the triangle EBD, and vertex the point ; but this pyramid 
is the same with the pyramid the base of which is the trian^ EBC, 
and vertex the point D ; for they are contained by the same planes : 
therelbre the pyramid of which the base is the triangle ABD, and 
vertex tl>e point C, Is equal to the pyramid, the base of which is the 
triangle EBC, and vertex the point D : again, because FCBE, is a 
parallelogram of which the diuneter la CE, Uie F 

triangle ECF Is equal (34. 1.) to the trian^e 
BCB : therefore the pyramid of which the base 
Is the triangle ECB, and vertex the point D, is ] 
eqaal to the pyramid, the base of which is the 
triangle ECF, and vertex the point D : but the 
pyramid of which the base is the triangle ECB, 
and vertex the point D, has been proved equal 
to the pyramid of which the base is the trian- 
gle ABD, and vertex the point 0. Therefore 
the prism ABCDEF is divided into three equal pyramids having 
triangular bases, viz. into the pyramids ABDC, EIBDC, ECFD : and 
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because the pyramid of which the base is the triangle ABD, and ver- 
tex the point C, is the same with the pyramid of which the base is 
the triangle ABC, and vertex the point D, for they are contained 
by the same planes ; and that the pyramid of which the base is the 
triangle ABD, and vertex the point C, has been demonstrated to be 
a third part of the prism, the base of which is the triangle ABC, and 
to which DEF is the opposite triangle; therefore the pjnramid of which 
the base is the triangle ABC, and vertex the point D, is the third part 
of the prism which has the same base, viz. the triangle ABC, and 
DEF is the opposite triangle. Q. R D. 

Cor. 1. From this it is manifest, that every pyramid is the third 
part of a prism which has the same base, and is of an equal altitude 
with it ; for if the base of the prism be any other figure than a trian- 
gle, It may be divided into prisms having triangular bases. 

CoR. 2. Prisms of equal altitudes are to one another as their bases ; 
because the pyramids upon the same bases, and of the same altitude, 
are (6. 12.) to one another as their bases. 

PROP. Vm. THEOR. 

SnoLAR pyramids having triangular bases are one to another 
in the triplicate ratio of that of their homologous sides. 

Let the pyramids having the triangles ABC, DEF for their bases, 
and the points G, H for their vertices, be similar, and similarly situ- 
ated ; the pyramid ABCG has to the pyramid DEFH, the triplicate 
ratio of that which the side BC has to the homologous side EF. 

Complete the parallelograms ABCM, GBCN, ABGK, and the solid 
parallelepiped BQML contained by these planes and those opposite to 
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them : and, in like manner, complete the solid paraDelopiped EHPO con- 
tained by the three paralldograms DEFP, HEFR, DEHX^ and those 
opposite to them : and, because the pjrramid ABCG is similar to the py- 
ramid DEFH, the angle ABC is equal (11. def. 1 i.) to the angle DEF 
and the angle GBC to the angle HEF, and ABG to DEH: and AB is 
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<1. deC 6.) to DC ss DE to KF : ihat Is, the sides about the equal angles 
aro praptirtloiials; wherefore the parallelogram BM is almllar lo EP : 
for Iho same rc-nson, the parallelogrBm BN is siniilsr to Elt, and BK 
to EX; therefore tJi« three parallelograms BM, BIV, BK nre similar to 
the three EP. BR, EK ; but the throe BM, BN, BK. arc equnl nnd si- 
mUar (24. 1 1.) to the three which are opposite to them, and the three 
KP, ER, EX, equal and similar to the three opposite to them : where- 
fore the solids BGML. EHPO nre contained by the same number of 
similar planes ; and their solid angles are equal (B. 11.); and therefore 
the solid BGML. Issimibr(ll.def 11.) to the solid EHPO: but simi- 
lar solid parallelopipeds have the triplicale (33. 1 1 .) ratio of that wliich 
their homologous sides have : therefore the solid BGML has to the 
Bolid EHPO the triplicate ratio of that which the side BC has to the 
homologous Bide EF ; but as the solid BGML is to the solid EHPO. 
so is (15. 6.) the pyramid AB(X) to the pyramid DEFH; because the 
pTTonudsarethesixthpart of the solids; since the prism, which is the 
half (88. IL) of the solid parallelepiped Is triple (7. 12.) of the pyra- 
mid. Wherefore likewise the pyramid AI3CG has to the pyramid 
DEFH the triplicate ratio of that which BC has to the homologous 
side EF. Q.. E. D. 

CoH. From this it is evident, that similar pyramids which have 
multangular bases, are likewise to one another in the triplicate ratio 
of their homologous aides : for they may be divided Into similar pyra- 
mids having triangular bases, because tlie similar polygons, which 
are their bases, may be divided into the same number of similar tri- 
angles homologous to the polygons; therefore as one of the triangu- 
lar pyramid in the first multangular pyramids is to one of the trian- 
gular pyramids in the other, so are all the triangular pyramids in the 
first to all the triaticiilar pyramids in the other ; that is. so is the first 
multangular pyramid to the other : but one triangular pyramid la lo 
Its similar triangular pyramid, in the triplicate ratio of their homolo- 
gous sides ; and therefore the first multangular pyramid has to the 
otber, the tri[dicate ratio of that which one c( the eides itf the first has 
to the homologout side of the other. 

PROP. IX. THEOR. 

The bases and altitudes of equal pyramids having triangular 
bases are reciprocally proportional: and triangular pyramids of 
vhich the bases and altitudes are reciprocally proportional, are 
equal to one another. - 

Let the pyramids of which the triangles ABC, DEF are the bases, 
and which have their vertices in the points G, H, lie equal to one 
another: tbe bases and altitudea (f the pyramids ABCO, DEFH ore 
redprocally proportional, viz. the bese ABC Is to the base DEF, n 
fbe alHtude of the pyramid DEFH to the. altitude of the pyrsinid 

Cmnplcte the perallelogrBms AC, AG, OC, DF, DH, HF, and 
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the soHd psrallelopipeds BGML, EHPO contained by these planes 
and those o[q>08Jte to them : and because the pyramid A6CG is equal 
to the pyramid DEFH, and that the solid BGML is sectuple of the 
pyramid ABCG, and the solid EHPO sectuple of the pyramid DEFH ; 
therefore the solid BGML is equal (1. Ax. S.) to the solid EHPO: 
but the bases and altitudes of equal solid paralleloplpeds are recipro- 
caUy proportional (34. IL); therefore as the base BM to the base 
EP, so is the altitude of ttie scdid EHPO to the altitude of the solid 
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BGML: but as the base BM to the base EP, so ia (IS. 6.) the trian- 
gle ABC tp the triangle DEF ; therefore as the triangle ABC to the 
triangle DEF, so Is the altitude of the solid EHPO to the alUtude of 
the solid BGML : but the altitude of the soUd EHPO is the same with 
the alUtude of the pyramid DEFH ; and the altitude of the solid 
BGML is the same with the altitude of the pjramld ABCG: tha«- 
fore, as the baae ABC to the base DEF, so la the altitude of the 
pyramid DEFH to the altitude of the pyramid ABOQ : wherefore the 
bases and altitudes of the pyramids ABCO, DEFH are redprocally 
proportional 

Again, let the bases and altitudes of the pyramids ABCG, DEPB 
be redprocotly proportional, viz. the base ABC to the base DEF, as 
the altitude of the pyramid DEFH to the altitude of the pyramid 
ABCG : the pyramid ABCX3 la equal to the pyramid DEFH. 

The same construction being made, because as the base ABC to 
the hose DEF, so is the altitude of the pyramid DEFH to the altitude 
of the pyramid ABCG; and as the base ABC to the base DEF, so is 
the parallelc^ram BM to the parallelogram EP : therefi>re the paral- 
lelogram BM is to EP, as the altitude of the pyramid DEFH to the 
attitude <^ the pyramid ABCQ : but the altttnde of the pyramid DEFH 
la the same with the attitude of the wUd parallelopiped EHPO : and 
the attitude of the pyramid ABCQ Is the aame with the altitude <£ 
of the Mdidparalkdoplped BGML: as, tberefwe, the base BH to the 
base EP, so is the altitude of the st^id parallelt^iped EHPO to the 
■Ititade of the solid parallelopfped BGML. But solid paralleloplpeds 
having their bases and altitudes reciprocally proportional, are equal 
(84. U.) to one another. Therefore the solid paralleloptped BGML 
U equal to the solid paralletoplped EHPO. And Uie pyramid ASCG 
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I« the Birth part oftliff soliJ BGML, and the pyramid DEFIt Is the 
sixth part of the aolid EPHO. Therefore the pyramid ABCD is equal 
to tlie pyramid DEFH. Therefore the bases, &.c. Q. E. D., 

PROP. X. THEOR. 

EvERv cone is a third part of a cylinder which has the same 
base, and is of an equal altitude willi it. 

Let a cone have the snme base with a cylinder, viz. the circli? 
ABCD, and tlie same altitude. The cone is the third part of the 
cylinder ; that is, the cylinder is triple of the cone. 

If the cylinder be not trifde of the cone, it must either be greater 
(ban the triple, or less than it. First, let it be greater than the triple : 
and describe the square ABCD in the circle ; this square is greater 
than the half of the circle ABCD:* Upon the square ABCD erect a 
prism oi the same altitude with the cylinder; this prism is greater 
than half of the cylinder r because if a square be described about the 
circle, and a prism erected upon the square, of the same altitude 
with the cylinder, the inscribed square is half of that circumscribed ; 
and upon these square bases are orecteil solid parallelopiprda, viz. 
the prisms of the same altitude ; therefore the prism upon the square 
ABCD is half of the prism upon the square described atwut the cir- 
cle : because they arc to one anotlier as their bases (32. 11.); and 
the cylinder is less than the prism upon the square described about 
the circle ABCD : therefore the prism upon thp square ABCD of the 
same altitude with the cylinder, is greater thiin half of the cylinder. 
Kaect the circumferences AB, BO, CD, DA in the points E, P, G, H, 
andjcnn AE. EB, BF, FC, CO, OD, DH, HA: then each of the trian- 
gles AEB, BFC, CGD, DHA is greater than half of the s^ment of the 
circle In which it stands, as was shown in prop. 2. of this book. 
Erect prisms upon eacti of these triangles, of the same altJtude 
with the cylinder ; each of these prisms A 

b greater than half of the segment of 
the cylinder in which it is ; because if 
through the points E, F, G, H, parallels 
be drawn to AB, BC, CD, DA, and pa- 
ndlelograms be completed upon the 
same AB, BC, CD, DA, and solid pa- 
nllelapipeds be erected upon the pa- 
nlMograms ; the prisms upon the tri- 
logies AEB, BFC, CGD, DHA are the 
halres of the solid paralleloplpeds (2. u 

Cor, 7. 12.). And the se^menU of the cylinder which are upon 
the segments of tlie circle cut off by AB, BC, CD, DA, are leas 
than the solid paralleloplpeds which contain them. Therefore the 
prisma upon the triangles AEB, BFC, CGD, DHA, are greater 
than half of the segments of the cylinder in which they are ; tbere- 

* As WW «bown in prop. 9. of this book. 
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fore if each of the drcumferences be divided into two equal parts, 
and straight lines be drawn from the points of division to the ex- 
tremities of the circumferences, and upon the triangles thus made, 
prisms be erected of the same altitude with the cylinder, and so on, 
there must at length remain some segments of the cylinder which 
together are less (Lem.) than the excess of the cylinder above 
the triple of the cone. Let them be those upon the segments of the 
circle AE, EB, BF, FC, CG, GD, DH, HA. Therefore the rest of the 
cylinder, that is, the prism of which the base is the polygon 
AEBFCGDH, and of which the altitude is the same with that of the 
cylinder, is greater than the triple of the cone: but this prism is triple 
(1. Cor. 7. 12.) of the pyramid upon the same base, of which the ver- 
tex is the s4me with the vertex of the cone ; therefore the pyramid 
upon the base AEBFCGDH, having the same vertex with the cone, 
is greater than the cone, of which the base is the circle ABCD : but 
it is also less, for the pyramid is contained within the cone ; which 
is impossible. Nor can the cylinder be less than the triple of the 
cone. Let it be less, if possible : therefore, inversely, the cone is 
greater than the third part of the cylinder. In the curcle ABCD de- 
scribe a square ; this square is greater than the half of the circle : and 
upon the square ABCD erect a p3nramid having the same vertex with 
the cone : this pyramid is greater than the half of the cone ; because, as 
was before demonstrated, if a square be described about the circle^ 
the square ABCD is the half of it ; and \£, H 

upon these squares there be erected solid 
parallclopipeds of the same altitudes Mrith 
the cone, which are also prisms, the prism 
upon the square ABCD shall be the half 
of that which is upon the square described E 
about the circle; for they are to one another 
as their bases (82. 11.); as are also the 
third parts of them ; therefore the pyramid, 
the base of which is the square ABCD, is 
half of tlie pyramid upon the square de- 
scribed about the circle: but this last pyra- 
mid is greater than the cone which it contains ; therefore the pyra- 
mid upon the square ABCD, having the same vertex with the cone, 
is greater than the half of the cone. Bisect the circumferences AB, 
BC, CD, DA in the points E, F, G, H, and join AE, EB, BF, FC, CG, 
GD, DH, HA : therefore each of the triangles AEB, BFC, CGD, DHA 
is greater than half of the segment of the circle in which it is : upon 
each of these triangles erect pyramids having the same vertex with 
the cone. Therefore each of these pyramids is greater than the half 
of the segment of the cone in which it is, as before was demonstrated 
of the prisms and segments of the cylinder : and thus dividing each 
of the circumferences into two equal parts, and johiing the points of 
division and thdr extremities by straight lines, and upon the triangles 
erecting pyramids havmg their vertices the same with that of the 
cone, and so on, there must at length rcmam some s^ments of the 
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conci which together sbdl be iesa than the excess of Ihe cone above 
the third part of the cylinder. LE<t these be the segments upon AG, 
EftBF, FC, CG, GD. UH. HA. Therefore the rest of the cone, that 
is. the pyramid, of which the bane is the H 

polygon AB3FCODH. and of whici) the 
vertex is ttie same with that of the cone, 
is greater than Ihe third part of [he cylin- 
der. But this pyramid is the third part of 
the prism upon the same base AEDFC^GDH, 
and of the same altitude with the cylinder. 
Therefore tliis prism is greater than the 
cylinder of which the base is the circle 
ABCD. But it is also leas ; for it is con- 
tained within the cylinder ; which is im- 
possible. Therefore the cylinder is not less than the triple of the 
cone. And it has been demonstrated that neither is It prenter than 
the triple. Therefore the cylinder is triple of the cone, or the cone 
Is the third part of the cylinder. Wherefore eveiy cone, i&c. Q. E. D. 
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Let the cones and cylinders, of which the bases arc Qie circles 
ABCD, EFGH, and the axes KL, MN, and AC, EG the diameters of 
their bases, be of the same altitude. As the circle ABCD to the cir- 
cle EFGH, so is the cone AL to the cone EN. 

If it be not so, let the circle ABCD be to the circle EFGH, as the 
. cooe AL to some solid either less than the cone EN, or greater than 
'' It First, let it be to a solid less than EN, viz. to the solid X ; and 
let Z be the solid which is equal to the excess of the cone EN above 
the solid X; therefore the cone EN is equal to the solids X, Z to- 
gether. In the circle EFGH describe the square EFGH, titerefcffe 
this square Is greater than the half of the circle r upon the square 
EFGH erect a pyramid of the same altitude with the cone ; this pyra- 
mid Is greater than half of the cone. For, If a square be described 
about the cirde, and a 'pjramid be erected upon it, having the same 
vertex with the cone,t the pyramid inscribed in the cone Is half (^ the 

tmid circumscribed about It, because they are to one another as 
bases (6. 12.) : but the c(»ie is less than the circumscribed pyn- 
therefore the p)rramid of which the base Is the square EFGH, 
and its vertex the same with that of the cone, is greater than half of 
the cone : divide the circumferences EF, F^, GH, HE, each Into two 

•BaeNotK 

t VuiBx ii pat ID Ibe ]JMa of ■Ititode, whidi ii in thB Oreek, becand tfa« pfiuBid, 
in whU fbllovra, u mppoMd lo be drciuntcribcd Kbmt the cone, and id mart h«M 
Un Mma raitex. And the mm* claage a mule in mhim pUc«a (bllawiD(. 



equal parts in the points O, P, R, S, and icOn EO, OF, FP, FO, GR, 
RH, H8, SB : there((»« each of the trlan^ EOF, FPQ, QRM, H8B 
Is greater than half erf* the segment of thedrcletn which It is: vpoa 




eacli of these trioiiKles erect a pyramid having the same vertex with 
the cone; each of these pyramids is greater than the half of tite seg- 
ment of the cone in which it Is : end thus dividing each of these dr- 
cnmlercnccB Into two equal parts^ and from the points of divisioa 
drawing straight Hnes to the extremities of the circumferences, and 
upon each of the triangles thus made erecting pyramids, having the 
nme vertex with the cone, and so on, there must at length remain 
some segments of the cone which are together less (Lem. 1.) than 
the solid Z r let these be the Moments upon EO, OF, FP, PG, OR, 
RH, HS, SE: therefore the remainder of the cone, viz. the pyramid, 
of which the base is the polygon EOFI^RHS, and its vertex the 
same with that of the cone, is greater than the solid X : tn the circle 
ABCD describe the polygon ATBYCVDQ slrotiar to the pirfyfBB' 
BOFPGRHS, and upon it erect a p}rramld having the some vertn 
AL : and because as the square of AC is to the square of BQ, so (1. 
IS.) U the polygon ATBYCVDQ to the pcriygon EOFPGRHS ; and 
as the square of AC to the sqnnrc of EO, so is (S. 12.) the circle 
ADCD to the drcle EFOH ; therefOTe the circle ADC^D (11. 6.) Is to 
the drde EFQH, as the polygon ATBYCVDa to the pcdygtMl 
EOFPQRHS : but as the ckcle ABCD to the circle EIPQH, so la the 
cone AL to the soUd X, and as the polygon ATBYCTDQ to the 
polygon EOPPORH8, to is (6. 13.) the pyramid of which the base 
is the first oftliese pcdygons, and vertex L, to the pynuuM of which 
36 
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the base is the other polygon, and Its vcrtes N : therefore, as the 
tone AL to the solid X, so is the pyramid of which the base Is tiw 
polygon ATBVCVDQ, and vertex L, to tlie pyramid the base of 
which Is the iwlygon EOPPGRHS, and vertex N : but the cone AL 
Is greater than Iho pyramid contained in it ; therefore the soUd X Li 




greater (14. &.) than the pynunid in the cone EN ; but it is less, as 
was shown, which is atwurd : therefore the circle ABCD is not to 
the circle EFGH, as the cone AL to any solid which is less than the 
cone £N. In the same manner it may be demonstrated tlist the 
drcie EFGH is not to the cjrcle ABCD, as the cone EN to any solid 
less then the cone AL. Nor can the cLrcle ABCD be tn the circle 
EFGH, as the cone AL to any solid greater than the cone EN : for, 
If It be possible, let it be so to the solid I, which is greater than the 
cone EN : therefore, by inversion, as the circle EPGH to the circle 
ABCD, BO is the soHd I to the cone AL : but as the solid I to the 
cone AL, so is the cone EN to some solid which must be less (14. 
6.) than the cone AL, because the solid 1 Is greater than the cone 
EN : therefore as the drcle EFGH is to the circle ABCD, so is the 
cone EN to a solid less than the cone AL, which was shown to be 
impossible ; therefore the circle ABCD is not to the circle EFGH. 
as the cone AL is to any solid greater than the cone EN : and It 
has t>een demonstrated that neither is the circle ABCD to the cir- 
cle EFGH, as the cone AL to any solid less than the cone EN : 
therefore the circle ABCD is to the circle EFGH, as the cone 
AL to the cone EN : but as the cone is to the cone, so (16. 5.) is 
the cylinder lo the cylinder, because the cylinders are tripk (10. 
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12.) of the cone, each to each. Therefore, as the circle ABOD to the 
circle EFQH, so are the cylinders upon them of the same aftitude. 
Wherrfore cones and cylinders of the same altitude are to one 
another as their bases. Q. E. D. 



PROP. Xn. THEOR. 

Similar cones and cylinders have to one another the triplicate 
ratio of that which the diameters of their bases have.* 

Let the cones and cylinders of which the bases are the drcles 
ABCD, EFGH, and the diameters of the bases, AC, BiQ, and KL, 
MN the axes of the cones or cylinders, be similar: the cone of whkji 
the base is the circle ABCD, and vertex the point L, has to the cone 
of which tlie base is the drde EFQH, and vertex N, the triplicate 
ratio of that which AC has to EQ. 

For, if the cone ABCDL has not to the cone EFGHN the triplicate 
ratio of that which AC has to EG, the cone ABCDL shall have the 
triplicate of that ratio to some solid which is less or greater than the 
cone EFGHN. First, let it have it to a less, viz. to the sdid X. 
Make the same construction as in the preceding proposition, and it 
may be demonstrated the very same way as in ^t proposition, that 
the p3nramid of which the base is the polygon EOFPGRHS, and ver- 




E 








• See Note. 
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tex N, la pT«3trr than llw solid X. Pescribo also In the circle ABCD 
Ihe polygon ATUYl'Vl>a similar to Ihc polygon EOFPGRU8. upon 
whiuh erect a pyrnmiJ having Ihp same vertes witli the cone ; and 
lei LAU he one of thr trian(;lc-s containing the pyramid uptm the 
polygon ATBYCVDQ the vertex of which is L ; and let NES be one 
oTthe triangles containing the pyramid upon the polygon EOFPGRHS 
uf which the vertex is N ; and join KQ. MS : because then the cone 
ABCDL is similar to the cone EFGIIN, AC is (24. ilrf. U.) to EG. 
aa the axis KL to the axis MN ; and as AC to EG. wt (IS. 5.) is AK 
to EM; therefore as AK to EM, ao is KL to MN; and. alternately, 
AK tn KL. M EM to MN : and the ri>rht angles AKL. EMN are equal : 
therefore \\ip sUii^a about these equal angles Iteing pro|)orUonaIa. the 
trlBOgle AKL le similar (G. 6.) to the triangle EMN. Again, becanw 
AK to I^) KQ, fls EM to MS, and that these siileir are abotU equal 
m^ea AKQ, EMS, because these «n|^ are, each iiflhem. the sanH- 
part of four right angles at the ceaQIM % M ; Iherefbrc the triangle 
AKQ Is similar (G. 8.) to the Irian^flUS : and bceanae It has been 
flhown. that as AK to KL. so is EM lo^MN, and that AK Is equal (o 
KQ, and EM to MS. as QK to EL. so is 8M to MN. and therefore 
the sides about the right angles QKL, SMN Iwing proportionals, the 
trhingte IJCQ la similar to the triangle NMS: and because of the 
almllarlly of the triangles AKL, EMN, as LA la to AK, so la NE to 
RM : and by the similarity of the triangles AKO, EMS, as KA to AQ, 
so ME to ES ; fx itijuaii, (22. 6.) LA Is to AQ aa NE to ES. Again, 
because of the simflarity of the triangles LQK, N8M; as LQ to UK, 
so NS to SM; onJ from the similarity of the triangles KAQ. MES, 
Us KQ. to QA, so MS to SE; tx xquali, (22. 5.) LQ is to Q.h, as 
NS to SE: and it was proved that QA is to AL as SE to EN, tliere- 
tom, again, ex teguali, at QL to LA, so is SN to NE ; wherefore the 
trianglea LQA, NSE, having the sides about all their angles propor- 
tionals, are equiangular (5. fl.) and similar to one another: and there- 
ton the pyramid of which the base Is the triangle AKQ and vertex 
L, la similar to the pyramid the base of which is the triangle EMS, 
and vertex N, because their solid angles are equal (B. IL) to one 
another, and they are contained by the same number of similar 
planes: but similar pyramids which have triangular bases have to 
one another the triplicate (8. 12.) ratio of that which th^ homologous 
^es have; therefore the pyramid AKQL has to the pyramid EMSN 
the triplicate ratio pf that which AK has to EM. In the same man- 
ner, if straight iincs be drawn from the points D, V, C, Y, B, T to K, 
and from the points H, R, G, P, F, O to M, and pyramids be erected 
apon the triangles having the same vertices with the cones, it may 
be demonstrated that each pyramid in the first cone has to each tn 
the other, taking them in the same order, the triplicate ratio of that 
which the side AK has to the side EM ; that is, which AC has to GQ: 
bat as one antecedent to its consequent, so are all the antecedents 
to bH the consequents f 12. 5.); therefore as the pyramid AKQL to 
tbe pyramid EMSN. so is the whole pyramid the base of which 
Is the polygon DaATBYCV. and vertex L, to the whole pyramid 
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of which the base is the polygon HSEOFPGR, and vertex N. Where- 
fore also the first of these two last named pyramids has to the other 
the triplicate ratio of that which AC has to EG. But by the hypo- 
thesis, the cone of which the base is the circle ABCD, and vertex L, has 
to the solid X, the triplicate ratio of that which AC has to EO : there- 
fore as the cone of which the base is the circle ABCD, and vertex 
L, is to the solid X, so is the pyramid the base of which is the pdy- 
gon DQATBYCVt and vertex L, to the pyramid the base of which 
is the polygon HSEOFPGR, and vertex N : but the said cone is 
greater than the P3nramid contained in it, therefore the solid X is 
greater (14. 6.) than the pyramid, the base of which is the polygon 
HSEOFPGR, and vertex N ; but it is also less; which is impossible; 
therefore the cone, of which the base is the circle ABCD, and TertBt 
L, has not to any solid which is less than the cone of which the MV 




M 



is the circle EFGH and vertex N, the triplicate ratio of that which 
AC has to EG. In the same manner it may be demonstrated that 
neither has the cone EFGHN to any solid which is less than the 
cone ABCDL, the triplicate ratio of that which EG has to AC. Nor 
can the cone ABCDL have to any solid which is greater than the 
cone EFGHN, the triplicate ratio of that which AC has to EG : for. 
If it be possible, let it have it to a greater, viz. to the solid Z : there- 
fore, inversely, the solid Z has to the cone ABCDL, the triplicate 
ratio of that which £X]^ has to AC : but as the solid Z is to the cone 
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ABCDL, BO Is Ihe conp RFGHN to some solid, wliich must be leas 
{14. 5,) than the cone ABCDL. Iiecause the solid Z is greater than 
tlie conP KFGHN : therefore the cone EFGHN has to a solid which 
in loss than the cone ABi:;DL. the triplicate ratio of that which BU 
hs« to AC. which was demonstrated to be impossible : therefore the 
cone ABCDL has not to any solid greater than the cone EFGMN. 
tb« triplicate ratio of that which AC bas to EG ; and it was demon- 
Htralcd that it could not have that ratio to any solid less than the 
cone EFGHN : therefore the cone ABCDL has to the cone EFGHN 
the triplicate ratio of that which AC has to EG : but as the cone U 
to the cone, so (IS. 5.) the cylinder to the cylinder; for every cone 
Is the third part of the cylinder upon the same base, and of the same 
aUtude : therefore also the cylinder has to Ihe cylinder the triplicate 
rabo of that which AC has lo EG. Wherefore similar cones, &.c. 
Q. K. D. 

PROP. Xm. THEOU. . 

Ir a cylinder be cut by a plane, parallel to its opposite planes, 
or bases, it divides the cylinder into two cylinders, one of which 
is to the other as the axis of the first lo the axis of the other,' 

Let the cylinder AD be cut by the plane 
GH, parallel to the opposite planes AD, CD, 
meeting the axis EF in the point K, and let the 
lim; GH be the common section of the plane 
GH and the surface of the cylinder AD : let 
AEFC be the parallelogram, in any position of R 
it, by the revolution of which about the straight 
line EF the cylinder AD is described ; and let 
GK be the common section of the plane GH, 
and the plane AEFC ; and because the paral- A 
lel planes AB, GH are cut by the plane AEKG, 
AE^ KG, their common sections with it, are 
parallel (16. 11.): wherefore AK is a paral- 
lelogram, and GK equal to EA the straight G 
line from the centre of the circle AB : for the 
same reasAi each of the straight lines drawn q 
from the point K to the line GH may be proved 
to be equal to those which are drawn from the 
centre of the circle AB to its circumference, ^ 
and are therefore all equal to one another. 
Therefore the line GH is the rircumfprenec of * 
a circle, (16. deC I.) of which the centre is the point K : therefore 
the plane GH divides the cylinder AD into the cylinders AH, GD; 
for they are the same which would be described by the revolution 
of the parallelograms AK, GF, about the straight lines EK, KF: and 
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it is to be shown, that the cylinder AH is to the cylinder HC, as 
the axis £K to the axis KF. 

Produce the axis £F both ways ; and take any number of straight 
lines £N,^ NL, each equal to £K ; and any number FX, XM each 
equal to FK; and let planes parallel to AB, 
CD pass through the points L, N, X, M ; there- O 
fore the common sections of Uiese planes with 
the cyluider produced are circles the centres 
of which are the points L, N, X, M, as was R 
proved of the plane GH : and these planes cut 
off the cylinders PR, RB, DT, Td : and be- 
cause the axes LN, NE, £K are all equal, there- 
fore the cylinders PR, RB, BG are (11. 12.) to A 
one another as their bases : but their bases are 
equal, and therefore the cyUnders PR, RB, BG 
are equal: and because the ttes LN, NE, EK 
are equal to one another, as also the cylinders 
PR, RP, BG, and that there are as many axes 
as cylinders ; therefore, whatever multiple the 
axis KL is of the axis KE, the same multiple 
is the cylinder PG of the cylinder GB : for the 
same reason^ whatever multiple the axis MK T 
is of the axis KF, the same multiple is the cy- 
linder dG of the cylinder GD: and if the axis V 
KL be equal to the axis KM, the cylinder PG 
is equal to the cylinder GQ ; and if the axis KL be greater than the 
axis KM, the cylinder PG is greater than the cylinder QG ; and if Id^s,. 
less : since therefore there are four magnitudes, viz. the axes EK, KF, 
and the cylinders BG, GD, and that of the axis EK and cylinder BG, 
there has been taken any equimultiples whatever, viz. the axis KL 
and cylinder PG ; and of the axis KF and cylinder GD, any equimul- 
tiples whatever, viz. the axis KM and cylinder GQ : and it has been 
demonstrated, if the axis KL be greater than the axis KM, the cylin- 
der PG is greater than the cylinder GQ ; and if equal, equal ; and if 
less, less : therefore (5. de£ 5.) the axis EK is to the axis FK, as the 
cylinder BG to the cylinder GD. Wherefore^ if a cylinder, du;. 
Q.E.D. 




PROP. XIV. THEOR. 



Cones and cylinders upon equal baaes are to one another as 
their altitudes. 

Let the cylinders EB, FD be upon the equal bases AB, CD : as the 
cylinder EB to the cylinder FD, so is the axis GH to the axis KL. 

Produce tlie axis KL to the point N and make LN equal to the 
axis GH, and let CM be a cylinder of which the base is CD, and axis 
LN : and because the cylinders EB, OM, have the same altitude, they 
are to one another as their bases : (U. 12.) but their bases are equal : 



) equal. And because the 
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Ibererore also the cylinders EB, CM i 

cylinder FM is cut by the plaae CD 

parallel to ita opposite planes, as [he 

cylinder CM to the cylinder FD, so 

is (tS. U.} the axis LN to the axis 

KL. But the cylinder CM is equal 

to the cylinder EB, and the axis LN E^ 

to the axis GH: therefore as the cy- 

lla&r EB to the cylinder FD, so is 

the axis GH to the axis KL : and as 

llie cylinder EB to the cylinder FD, 

ao b [15. 6.) the cone ABG to the 

oooe CDK, because the cylinders 

ttre triple [10. I'J.) of the cones: 

therefore also the axis OH Is to the 

axis KL. aa the cone ABO to the cone CDK, and the cylinder KB to 

the cylinder FD. Wherefore cones, &e. Q. E. D. 

PROP. XV. THEOR. 

Tius bases and altitudes of e<jtml cones and cylinders arc re- 
ciprocally prugiortionalj and, if [lie liiisesniid iillitudox be recipro- 
cally proportiuiial, the cotiua and cyljiitlers nro eijuni to one 
another." 

Let the circles ABCD, EFGH, the diameters of which are AC, EG, 
be the bases, ami IvL, MN ll)e axes, as also the alUluJes of e(>ual 
cmies and cylinders ; and let ALC, ENQ be the cones, and AX, EO 
the cylinders : the bases and altitudes of the cylinders AX, BO are 
reciprocally proportional; that is, as the base ABCD to the bene 
EFQH, so fa the altitude MN to the altitude KL. 

EUther the altitude MN is equal to the altitude KL, or these altitudes 
are not equal. First, let them be equal : and the cylinders AX, EO, 
being also equal, and cones and cyluidera of the same altitude being 
to one another as their bases, 
(11. 12.) therefore the base ABCD 
is equal (A. 5.) to the base 
EFGH i and as the base ABCD 
is to the base EIFQH, so is the 
altitude MN to the altitude KL. 
Bat let the altitudes KL, MN 
be unequal, and MN the gMater 
of the two, and from MN take 
MP, equal to KL, and, through 
the point P, cot the cylinder EO 
by the plane TVS, parallel to the 
opposite planes of the circles 
Eai<3H, RO; therefore the com- 
mm section of the plane TYS 'and the cylinder EO is a circle, and 
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oonsequently ES is a cylinder, the base cf which \b the circle EFHG, 
and altitude MP: and because the cylinder AX is equal to the cylin* 
der E0« as AX is to the cylinder ES, so (7. 5.) is the cylinder EO to 
the same ES. But as the cylinder AX to the cylinder ES, so (11. 
12.) is the base ABCD to the base EFGH ; for the cylinders AX, ES 
are of the same altitude ; and as the cylinder EO to the cylinder ES» 
so (18. 12.) is the altitude MF to the altitude MP, because the cylin- 
der EO is cut by the i^lane TYS parallel to its opposite planesi 
Therefore as the base ABCD to the base EFGH, so is the altitude 
MN to the altitude MP : but MP is equal to the altitude KL : where- 
fore as the base ABCD to the base EFOH, so is the altitude BIN to 
the altitude KL : that is, the bases and altitudes of the equal cylin- 
ders AX, EO are reciprocally proportional. 

But let the bases and altitudes of the cylinders AX, EO be recipro- 
cally proportional, viz. the base ABCD to the base EFGH, as the al- 
titude MN to the altitude KL: the cylinder AX is equal to the cylin- 
der EO. 

First, let the base ABCD be equal to the base EFGH ; then be- 
cause as the base ABCD is to the base EFGH, so is the altitude MN 
to the altitude KL; MN is equal (A. 6.) to KL, and therefore the 
cylinder AX is equal (11. 12.) to the cylinder Ea 

But let the bases ABCD, EFGH be unequal, and let ABCD be the 
greater ; and because as ABCD is to the base EFGH, so is the altitude 
MN to the altitude KL ; therefore MN is greater (^ ft.) than KL. 
Then, the same construction being made as before, because as the 
base ABCD to the base EFGH, so is the altitude MN to the altitude 
KL ; and because the altitude KL is equal to the altitude MP ; there- 
fore the base ABCD is (11. 12.) to the base EFGH, as the cylinder 
AX to the cylinder ES ; and as the altitude MN to the altitude MP 
or KL, so is the cylhider EO to the cylinder ES : therefore the cylin- 
der AX is to the cylinder ES, as the cylinder EO is to the same ES; 
whence the cylinder AX is equal to the cylinder EO ; and the same 
reasoning holds in cones, d. £• D. 

PROP. XVI. PROa 

To describe in the greater of the two circles that have the 
same centre, a polygon of an even number of equal sides^ tliat 

sliall not meet ttie lesser circle. 

. 

Let ABCD, EFGH be two given drclea havfaig the same centre 
K : it is required to inscribe in the greater cirde ABCD a polygon 
of an even number of equal sides, tliat shall not meet the lesser circle. 

Through the centre K draw the straight line BD, and fixim the 
point O, where it meets the circumference of the lesser drde, draw 
GA at right angles to BD, and iMrt>duoe it to C ; therefore AC touches 
(16i 8.) the circle EFGH: then, if the circumference BAD be bisect- 
ed, and the half of it be again bisected, and so on, there must at 
length remain a drcumierence leu (Lemma.) than AD : let tikis be 
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LD ; and rrom the poiiil L dr&w LM pee- 
pendicular ta DU, and produce it (o N i 
and join LD, DN. Therefore LD is 
oqual to DN ; aiul because LN is paral- 
lel to AC, and that AC touches thedrclc bL 
BFGH, therefore LN does not meet the 
circle EFUH ; and much less shall the 
Btralfthi lineji LD, DN meet llie circle 
aeOH, BO that if straight linos «nial to 
LD be applied In Uie circle ABC^D from 
(he imint L around to N, there shall be described in the circle a poly- 
gon of an even number of equal sides not meeting the lesser cirrie. 
Which WB8 lo be done. 



LGMMA 11. 

Ir two irapeDums ABCD, EFGH be inscribed in the circles, 
riiB centres of which are ihe pomtH K, L; and if tf)C sides AB, 
DC be parallel, as also EF, HG ; and the other four sides AD. 
BC. EH, FG be all equal to one another ; buttheiiidc AU greater 
than EF, and EC greater than HG ; the strai'/jht line KA from 
the centre of the circle in which ihe greater sides are, is greater 
than the straight line LE drawn from the centre lo the circum- 
ference of the other circle. 

If it be possible, let KA be not greater than LE ; then KA must be 
either equal lo It or less. First, let KA be equal to LE : therefore 
because in two equal circles, AD, DC In the one. are equal to EII, 
PQ in the other, the circumferences AD, B(' are equal ('J9. 3.) to the 
circumferences EH, FG ; but because tlie straight lines AB, DC are 
respectively grenler than EF, GH, the circumferences AB, dC are 
greater than EF, HG : therefore the whole circumference ABCD 
is greater than the whole EFGH : but it is also e(|ual to it, which 
is linpoBsible : therefore the straight line KA Is not equal to LB. 

But let KA t>e less than LE, and make LM equal to KA, and from 
the centre L, and distance LMi deacribe the circle MNOPt ueeting 
Ibr straight Unas LE, hS, LG, LH, in M, », O, P ; and join HN. 
NO. OP, PM, which are respectively parallel (2. 6.) to and less thata 
EF, FG, GH, HG : then because EH is greater than MP, AD is 
frcaler than MP; and theisbcles ABCD, MNOP are eqml : tbere- 
ive the circumference AD is greater tlian MP ; for the same reason, 
tbe eiTcumference BC is greater than NO ; and becadse the straig^ 
Hat AB is greater tlian EF, which is greater than MN, miM^^MMTe is 
jU i^ter than HN : therefore tbe oircumference AB is gnip|l|' tkam 
Ifift arul for the aaaie reason, tbe circumference £>C ia greAerthU 
PD: therefore the whole circumfiirence ABCD is greater than Ae 



whde HNOP; but it ia likewlie eqaal to it, which is ImpoMlble: 
IbereforeKAisnotlM^yiaQLE; DorisiteqiuU to it: the straight 
line KA mnst thefefcavbe greater than LE. ft. K D. i 




Cor. And If there be an isosceles trianf^Si the rides of wMch are 
eqnal to AD, BC, but Its base leas than AB tba greater oC ttw two, 
sides AB, DC ; the straight line KA may, In tbe same manper, bp 
demonatrated to be greater than the atralgtit line drawn fn»n the 
centre to the circumference of the circle described about the triangle. 

PROP. xvn. pRoa 

To describe in the greater of two spheres which have the 
some centre, a solid ixHybedroii, the superficies of which diall 
not meet the lesser spnere.* 

Let there be two qiheres about the same centre A ; it Is required to 
describe in the greater a aolld polyhedron, the superficies of which 
shall not meet the lesser sphere. 

Let the spheres tie cat by a plane pasring through tbe centre; the 
common sections of it with the spheres shall be circles: because the 
sphere is described by the revolution of a semicircle about the diame- 
ter remaining unmoveal>Ie: so that In whatever position the semi- 
circle be conceived, the common section of the plane in which It is 
with the superfides of tbe sphere is the circumference of a circle ; 
and this is a great cirele dT tbe sphere, because the diameter of tbe 
sphere, which Is likewise the diameter of the circle, is greater (16. 
3.) than any straight line tn the circle or sphere : let then ths circle 
made by the section of the plane with the greater sphere I>e BCDE, 
and with the lesser sphere be FQH ; and draw the two diameters 

BD, CE at ri^t an^ to one another ; and In BCDE, the greater of 
the two circles, describe (16. 12.) a polygon of an even number of 
equal aldea, not meeting the lesser circle PGH ; and let lU sides. In 

BE, the fourth part of the circle, be BK, KI^ LM, ME ; Jtdn KA and 
produce it to N ; and from A draw AX at Tight angles to tbe plane 
of the oirde BCDE, meeting the superfides of the q^MN in tbe point 
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X;and let the planes pass through AX, and eachof theslrajghtlinps 
BD, KN, which, from what has been sali],sbfttl produce great drdes 
on the su^rficies of the sphere ; and let 6XD, KXN be the semirir- 
cles thus made upon the diameters BD, KN : therefore, because XA 
la at right angles to the plane of tlie circle BCDE. every plane which 
passes through XA is at right (18. II.) angles to the plane of the 
circle BCDE; wherefore the semicircles BSD, KXN, are at right an- 
gles to that plane ; and because the semicircles BED, BXD, KXN, 
upon the equal diameters BD, KN are equal to one another, their 
halves BEI. BX, KX, are equal to wie another; therefore, as many 
sides of the polygon as are in BE, so many there are in BX, KX 
equal to the sides BE, KL, LM.ME: let these polygons be described, 
and their sides be BO, OP, PR, RX ; KS, ST, TY. YX, and join 03, 
PT, RY ! and from the points O, S, draw OV, s4 perpendiculars to 
AB, AK: and because the plane BOXD b at right angles to the 
plane BCDK and in one of them BOXD, OV is drawn perpendicular 
to AB tlie common section of the planes, therefore OV is perpendicu- 
lar (4. def. II.) to the plane BCDE: for the same reason Sa is per- 
■pendicular to the same plane, because the plane KSXN is at right 
Mig-les to the plane BCDE. Join VQ ; and because in the equal semi- 
drdea BXD, KXN the drcumferences BO, KS are equoi, and OV. 




84 ue perpendienlar to theii diameters, therefore (2IL 1.) OV to 
eqnal to 8Q, and BY eonal to EQ; but the vhole BA la equal to the 
wMe KA, ihertfore tbe remainder VA to equal to the remainder 



^ ; u tbertfora BV la to VA, so is KQ to aA, vberelbre VQ is 
ponlM (S. 6.) to BK; wufi because OV, 8Q are each of them at 
li^t angles to the plans of the circle BCDE, OV is parallel (6. 1 1.) 
to Stt ; and It has t>een proved that it is also equal to it ; therefora 
QV, SO are equal and parallel (33. 1.) ; and because QV Is paralld 
to SO, and also to KB, OS te paralld (9. 11.) to BK ; and therefore 
BO, KS which jdn tbem are in the same plane in which these paral- 
Ida are, and the qnadrllateral figure KBOS is In one plane ; and If 
PB, TK be Joined, and perpendiculars be drawn from the points P, 
T to the straight lines AB, AE, It may be demonstrated, that TP is 
parallel to KB In the ver; same way that 80 was shown to be pa- 
rallel to tlM Bwne KB ; wherefore (g. 11.) TP Is parallel to SO, and 
the quadrilateral figare SOFT is In one plane : for the same reascm, 
the quadrilateral TPRY ia In one plane ; and the figure YRX is also 
In one plane (S. 11.}. Thereibre, if from the points 0, S, P, T, R, Y 




tbere be drawn straight lines to the point A, there shaD be fbnned a 
acdld polyhedron between the clrcnmferaices BX, KX composed of 
pyrminids, the bases erf' which are the quadrilaterals KB08, SOPT, 
TPRT, and the triangle YRX, and of which the common Tertex Is 
the pdnt A : and if the same construction be made upon each of the 
sides KL, LH, ME, as has been done upon BK, and the Hke be done 
also In the oUur three quadrants, and in the other hemisphere ; there 
shaO be tmned a scud polyhedron described la the sphere, composed 
of pyramids, the bases of which are the dbresaMquadrft tf e t alfigMres 



and the triangle VIIX, and those ToroieJ in Uie like manner in rlic 
n-M of the Mpliore, llie common vertex DflAeni all being tlie (xiint A; 
and [he siipcr(i).'ies or Ihis solid polytiedron does not meet tlie lesser 
•ptiere In which U the circle FGH : for, from Ihc pulnt A Uiiiw (I I. 
I }.) AZ perpendicular ro tlie plane of the quadrilateral KBOS, meel- 
ing it in Z, and join BZ, ZK: and because AZ is perpendicular to 
Uw pliine liDUH, It makes tight tin^Fes with every straight line meet- 
tng it in that plane ; therefore AZ in perpendicular to HZ and ZK ; 
and because AH is «iual to AK, and thai tfte squares of AZ, 2B are 
equal to llic square of AB ; and the squares of AZ, ZK to the square 
cf AK (47. ].} : therefore the scjuares of AZ, ZB nm equal to the 
squares of AZ, ZK ; take from these equals Ihc square of AZ. the 
renuiininf> square of flZ Is equtU to Ihc remaining square of ZK ; 
and Ibcreibre the strnit'ht line BZ is equal to ZK : in the like man- 
ner It may be demonstrated, that tlie straight lines drawn from tlie 
point Z to the points O. 8, arc equal to BZ or ZK : therefore tlie 
circle described from the centre Z, and distance ZB, shall pass 
through the points K, O. 8, and KBOS shall be a quadrilateral figure 
f la the circle: and because KB is greater than UV, and .Q,V equal 
to 80, therefore KB is greater than SO ; but KB U equal to each of 
the straight lines BO, KS ; wherefore each of the circumferences cut 
off by KB, BO, KS Is greater than that cut off by OS ; and these 
three circumferences, together with a fourth equal to one of them, 
are greater than Ihc same three together with that cut olf by OS ; 
that is, than the whole circumleience of the circle ; therefore the 
circumference subtended by KB is greater than the fourth part 
of the whole circumference of the circle KBOS, and consequently 
the angle BZK at the centre is greater than a right angle; and 
because the angle BZK is obtuse, the square of BK is greater (12. 
2.) than the squares of BZ, ZK; that ia, greater than twice the 
square of BZ. Join KV, and because in the triangles KBV, OBV, 
KB, BV are equal to OB, BV, and that they contain equal angles ; 
the angle KVB Is equal (4. 1.) to the angle OVB: and OVB Is a 
right angle ; therefore also KVB Is a right angle : and becaase BD 
Is less than twice DV, the rectangle contained by DB, BV is less 
than twice the rectangle DVB ; that is (8. 6.), the square of KB Is 
less than twice the square of KV : but the square of KB' is greater 
than twice the square of BZ ; therefore the square of KV fs greater 
than the square nf BZ : and because BA is equal to AK, and that 
the squares of BZ, ZA are equal together to the square of BA, and 
the squares of KV, VA to the square of AK ; therefore ;the squares 
<rf BZ, ZA are equal to the squares of KV, VA ; and of these the 
iqnareofKV is greater than the squansofSZ; therefore the aqitars' 
(tfV'AlsIess than the square of ZA,sndth« straight IfiieAZ gieat^ 
rt than VA : much more then Is AC greater than AG ; becaase. Id 
(be ^receding proposition, ft was shown that KV fiills wttbout tlie 
(•teffcFGH: and AZ ts perpendicular to the plane KBOS, and Is 
diwefore the shortest of all the straight lines that can be drawn from 
JtJ'the centre of the sphere, to that plane. Therefore the plane KG08 
<ldM not meet the leratr sphere. 
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And tiiat the other planes between the quadrants BX, KX fall with- 
out the lesser sphere, is thus demonstrated ; from tl)e point A draw 
AI perpendicular to the plane of the quadrilateral SOPT, and join 
lO: and, as was demonstrated of the plane KBOS, and the point Z, 
in the same way it may be shown that the point 1 is the centre of a 
circle described about SOPT ; and that OS is greater than PT ; and 
PT was shown to be inrallel to OS ; therefore, because the two trape- 
ziums KBOS, SOPT inscribed In circles have their sides BK, OS, par 
railel, as also OS, PT ; and their other sides BO, KS, OP, ST all equal 
to one another, and that BK is greater than OS, and OS greater than 
PT, therefore the straight line ZB is greater (2. lem. 12.) than 10. 
Join AO which will be equal to AB: and because AIO, AZB are right 
angles, tlie squares of Al, 10 are equal to the square of AO or of AB; 
that is, to the squares of AZ, ZB: and the square of ZB is greater 
than the square of 10, therefore, the square of AZ is less than the 
square of Al; and the straight line AZ less than the straight line AI ; 
2Uid it was proved that AZ is greater than AG : much more then is 
AI greater than AO : therefore the plane SOPT falls wholly without 
the iesser sphere : in the same manner it may be demonstrated that 
the plane TPR V falls without the same sphere, as also the triangle 
YRX, viz. by the cor. of 2d lemma. And after the same way it may 
be demonstrated that oil the planes which contain the solid polyhe- 
dron, fall without the lesser sphere. Therefore in the greater of the 
two spheres which have the same centre, a solid polyliedron Is de- 
scribed, the su|ierficies of which does not meet the lesser sphere. 
Which was to be done. 

But the straight line AZ may be demonstrated to be greater than 
AG, otherwise, and in a shorter manner, without the help of prop. 
16, as follows. From the point G draw GU at right angles to AG, 
and join AU. If then the circumference BE be bisected, and its half 
again bisected, and so on, there will at length be lefl a circumference 
less than the circumference which is subtended by a straight line 
equal to GU, inscribed in the circle BCDE: Jet this be the clrcumfe^ 
rence KB; therefore the straight line KB is less than GU; and be- 
cause the angle BZK is obtuse, as was proved in the precedmg, 
therefore BK is greater than BZ : but GU Lb greater than BK ; much 
more then is GU greater than BZ, and the square of GU than the 
square of BZ, and AU is equal to AB; therefore the square of AU,* 
that is, the squares of AG, GU are equal to the square of AB, that is, 
to the s(|uares of AZ, ZB; but the square of BZ is less than the 
square of GU ; therefore the square of AZ is greater than the square 
of AG, and the straight line AZ consequently greater than the straight 
line AG. 

Cor. And if in the lesser sphere there be described a solid poly- 
hedron, by drawing straight lines betwixt the points in which the 
straight lines from the centre of the sphere drawn to all the angles 
of the solid |)olyhcdron in the greater sphere meet the superficit^s of 
the lesser ; in the same order in which are joined the points in which 
the same lines from the centre meet the superficies of tlic greater 
sphere ; the solid polyhedron in the sphere BCDK has to this other 
solid polyhedron the triplicate ratio of that which tlie diameter of the 
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Sphere BCDE has lo the diameter of the other sphere; for if these 
two solida be divided Into the same number of pyramids, and in the 
same order, the pyramids shall be similar to oDe another each lo 
each i because they have the solid angles at tljeir common vertex, 
the centre of the sphere the same in each pyramid, and their other 
Bolld angle at the bases equal to one another, each to each (B. 1 1.), 
because they are contained by three plane angles equal eadi lo 
each : and the pyramids are contained by the same number of similar 
idnnes; and ore therefore similar (11. def 11.) loone anotlier. each 
to each : but similar pyramids have to one another the triplicate (Cor. 
S. IS.) ratio of their homologous sides. Therefore the pyramid of 
which the base is the quadrilateral KBOS, and vertex A, hag to the 
pyramid in the other sphere of the same order, the triplicate ratio of 
their homologous sides, that is of that ratio which AB from the centre 
of the greater sphere has to the alraight line from the same centre to 
the superficies of the lesser sphere. And in like manner, eadi pyra- 
mkl in the greater sphere has to each of the same order in the lesser, 
the triplicate ratio of that which AB has to the semi-diameter of the 
lesaer sphere. And as one antecedent is to its consequent, so are all 
the antecedents to all the conseiiuents. Wherefore the whole solid 
polyhedron in the greater sphere has to the whole solid polyhedron in 
th» other, the triplleato ratio of that which AB, the semi-diameter of 
the first, has to the semi-dlameler of the other ; that is, which the 
diameter BD of the greater has to the diameter of the other sphere. 

PROP. XVU. THEOR. 

Spheres have to one another the uiplicate ratio of that which 
tbmr- diameters have. 

Let ABC, DEF be two spheres, of whtch the diameters ore BC; 
EP. The sphere ABC has to the sphere DEP the trlpltcste ratio of 
that vhfch BC has to EF. 

For, if it has not, the sphere ABC shall have to a sphere either 
hia or greater than DEIF, the tripUbate ratio of that which BC 
baa lo EF. First, let it have that ratio to a less, viz. to the sphere 
CttlK; and let the sphere DEF have the same centre with GHK; 
and in the greater sphere DEF describe (17. 12.) a solid polyhe- 
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dron. the superficies of which does not meet the lesaer sphere 
OHK ; and in the sphere ABC describe another sunilar to that in 
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the sphere DEF ; therefore the solid polyhedron in the sphere ABC 
has to the solid polyhedron in the sphere DEF, the triplicate ratio 
(Cor. 17. 12.) of that which BC has to £F. But the sphere ABC 
has to the sphere GHK, the triplicate ratio of that which BC has to 
£F : therefore, as the sphere ABC to the sphere GHK, so is the solid 
polyhedron in the sphere ABC to the solid polyhedron in the sphere 
DEF : but the sphere ABC is greater than the solid polyhedron in it ; 
therefore (14. 5.) also the sphere GHK is greater than the solid poly- 
hedron in the sphere DEF ; but it is also less, because it is contained 
within it, which is impossible : therefore the sphere ABC has not to 
any sphere less than DEF, the triplicate ratio of that which BC has 
to EF. In the same manner, it may be demonstrated that the sphere 
DEF has not to any sphere less than ABC, the triplicate ratio of that 
which EF has to BC. Nor can the sphere ABC have to any sphere 
greater than DEF, the triplicate ratio of that which BC has to EF : 
for, if it can, let it have that ratio to a greater sphere LMN : there- 
fore, by inversion, the sphere LMN has to the sphere ABC the tripli- 
cate ratio of that which the diameter EF has to the diameter BC. 
But as the sphere LMN to ABC, so is the sphere DEF to some 
sphere, which must be less (14. 6.) than the sphere ABC, because 
the sphere LMN is greater than the sphere DEF. Therefore the 
sphere DEF has to a sphere less than ABC the triplicate ratio of that 
which EF has to BC ; which was shown to be impossible : therefore 
the sphere ABC has not to any sphere greater than DEF the tripli- 
cate ratio of that which BC has to EF : and it was demonstrated, 
that neither has it that ratio to any sphere less than DEF. There- 
fore the sphere ABC has to the sphere DEF, the triplicate ratio of 
that which BC has to EF. Q. E. D. 
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DEFINITION I. BOOK 1. 

It is necessary to consider a solid, that is, a magnitude which has 
length, breadth, and thickness, in order to understand aright the 
definitions of a point, line, and superficies; for these ail arise firook 
a solid, and exist in it : the boundary, or boundaries which contsK 
a solid are called superficies, or the boundary which is common to 
two solids which are contiguous, or which divides one solid into two 
contiguous parts, is called a superficies : thus, if BOGF be one ^ 
the boundaries which contain the solid ABCDEFQH, or which is the 
common boundary of this solid, and the solid BKLCFNMG, and is 
therefore in the one as wdl as in the other solid called a superficies, 
and has no thickness : for, if it have any, this thickness most dther 
be a part of the thiclcness of the solid AG, or the solid BM, or a part 
of the thickness of each of them. It 
cannot be a part of the thickness of the 
solid BM ; because, if this solid be re- E 
moved from the solid AG, the super- 
ficies BCGF, the boundary of the solid 
AG, remains stiU the same as it was. 
Nor can it be a part of the thickness 
of the solid AG; because if this be re- 
moved from the solid BM, the superfi- 
cies BCGF, the boundary of the solid BM, does nevertheless remain : 
therefore the superficies BCGF has no thickness, but only length 
and breadth. 

The boundary of a superficies is called a line, or a line is the 
common boundary of two superficies that are contiguous, or which 
divides one superficies into two contiguous parts : thus, if BC be 
one of the boundaries whk;h contain the superficies, ABCD, or which 
Is the common boundary of this superficies, and of the superficies 
KBCL, which is contiguous to it, this boundary BC is called a line, 
and lias no breadth : for if it have any, this must be part either of 
the breadth of the superficies ABCD, or of the superficies KBCL, or 
a part of each of them. It is not part of the breadth $f the super- 
ficies KBCL ; for, if these superficies be removed from the super- 
ficies ABCD, the line BC, whk;h is the boundary of the superficies 
ABCD, remains the same as it was : nor can the breadth that BC is 
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_ ippoaed to have, be n |»arl of the breadth of the superfiried A13CD i 
because, if this he removed from the superficies KIJCL, the line BC, 
which is (he bouti<lary of ttae superficies KBCL, tlooa nevertheless 
remain ; therefore the line BC has no breadth : and because the line 
BC is a superficies, and that a superficies has np tUckness, as was 
shown ; therefore a line has neither breadth nor thickness, but only 
length. 

The boundary of a line is called a point, or a point is ttie common 
boundary or extremity of two lines H G M 

that aic comlguims : thus, if B be Ihe 
extremity of tbe line AU, or the com- 
mon eslrcmily of the two lines AB, KB, 
this extremity is called a point, and has 
no length ; for, if it have any. this 
length must cither be part of tlie length 
of the line AB, or of the line Kli It Is 
not part of the length of KB : for if Ujc ^ 
linn KB be removed from AB, the point " " •» 

B, which is the extremity of the line AB, remains the same as It 
was : nor is it part of the length of the line AB ; for, if AB be re- 
moved from the line KB, the point B, which Is the extremity of Uie 
line KB, docs nevertheless remain: therefore the point B has no 
length : and liecause a point is in a line, and a line hat neither 
breadth nor thickness, therefore a point has no lengtti, breadtii, nor 
thickness. And in this manner the definitions of a point, line, and 
superficies, are to be under.slood. 

DEF. Vn. B. I. 

Instead of this definition as it is in the Greek copies, a more dis- 
tinct one is given from a property of a plane superficies, which is 
manifestly supposed In the £lemenls, viz. that a straight line drawn 
from any piinl la'a plane to any other in it is wholly in that plane. 

DEF. VJU. B. I. 

It seems that he who made this definition designed that it should 
comprehend not only a plane angle contained by two straight lines, 
but likewise the angle which some conceive to be made by a straight 
Une and a curve, or by two curve lines, which meet one another in 
a plane : but, though the meaning of the words ev' nt^iof, that is, in 
a straight fine, or in the same direction, be plain, when two straight 
Hnes are said to be in a straight line, it does not appear what ought 
to be understood by these words, when a straight line and a curve, 
or two curve lines, are said to be in the same direction ; at least it 
cannot be explained in this place ; which makes it probable that this 
definition, and that of the angle of a segment, and what is said of the 
angle of a semicircle, and the angles of segments» in the 16th and 
Slst propositions of book 3, are the editions of some lees skilful edi- 
tor ; on which account, especially since they are quite useless, these 
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definitions are distinguished from the rest by inverted double com- 
mas. 

DEF. XVIL a L 

The words, •* whi^ also divide the circle into two equal parts," are 
added at the end of this definition in all the copie^, but are now left 
out as not belonging to the definition, being only a corollary from it 
Proclus demonstrates it by conceiving one of the parts into which the 
diameter divides the circle, to be applied to the other ; for it is plain 
they must coincide, else the straight lines from the centre to the cir- 
cumference would not be all equal : the same thing is easily deduced 
from the 31st prop, of book 3, and the 24th of the same; from the 
first of which it follows, that semicircles are similar segments of a 
circle : and from the other, that they are equal to one another. 

DEF. XXXra. R I. 

This definition has one condition more than is necessary; becauie 
every quadrilateral figure which has its opposite sides equal to one 
another, has likewise its opposite angles equal, and on the contrary. 

Let ABCD be a quadrilateral fig^ of which the opj^osite sides 
AB, CD are equal to one another : as also AD A D 

and BC : join BD ; the two sides AD, DB are f ■ ' ^^ 

equal to the two CB, BD, and the base AB is / ^^^^,,^^^'^^^ / 
equal to the base CD, therefore, by prop. 8, of A^^--'*''*'^''^ / 
book 1, the angle ADB is equal to the angle g^ ^ 

CBD ; and, by prop. 4, book 1, the angle BAD 
is equal to the angle DCB, and ABD to BDC ; and therefore also the 
angle ADC is equal to the angle ABC. 

And if the angle BAD be equal to the opposite angle BCD, and 
the angle ABC to ADC, the opposite sides are equal; because, by 
prop. 32, book 1, all the angles of the quadrilateral fkgm ABCD are 
together equal to four right angles, and the A D 

two angles BAD, ADC, are together equal 
to the two angles BCD, ABC : wherefore 
BAD, ADC are the half of all the four an- 
gles ; that is BAD and ADC are equal to 
two right angles: and therefore AB, CD B C 

are pandlels by prop. 28, R 1. In the same manner, AD, BC are 
parallds : therefore ABCD is a parallelogram, and its opposite sides 
are equal, by prop. 34, book 1. 

PROP. vn. B. L 

There are two cases of this proposition, one of which is not in the 
Greek text, but it is as necessary as the other : and that the case left 
out has been formerly in the text, appears plainly from this, that the 
second part of prop. 6, which is necessary to the demonstration of 
this case, can be of no use at all in the Elements, or any where else. 
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but in this demon stralion : because the second part or prop. S, clearljr 
foUowa from the tirijt pari, and prop. 13, book 1. This part moat 
therefore have been added to prop. 5, upon account of some propo- 
GJlion betwixt the 5th and I3(h, but none of these slaDd In need of it 
except the 7th proposition, on account of whicli it bos beea added : 
besides, the translation from the Arabic has ttAi case expUdtly de~ 
motislrated. AniJ Proclus acknowledges, that the second part of 
prop. 5. was added upon account of prop, 7, but gtves r ridiculous 
reason for it " Ibat it might aiford an answer to objections made 
against the 7tb ," as if the case of the 7th, whicli jb IcH out, were, as 
he expressly makes it, an objection against the proposition itself. Who- 
ever Is curloDs. may read what Proclus says of this In his commen- 
tary on the fifth and 7th propositions : for it is not worth while to re- 
late his trifles at full length. 

It was thought proper to change tl)e enunciation of this 7th prop. 
80 as to preserve the very same meaning ; the literal translation from 
thR Greek being extremely harsii, and dllScult to be understood by 
■beginners. 

PROP. XL B, I, 

A coroUafy is added to this proposition, which is necessary to 
pTcp. 1, B, 11, and otherwise. 

PROP. XX. and XXI. B. 1. 

Proclus, in his commentary, relates, that the Epicureans derided 
this proposition, as being manifest even to asses, and needing no de- 
lUonstratton ; and his answer is, that though the truth of it be mani- 
fest to our senses, yet it Is science which must give the reason why 
two sides of a triangle are greater than the third : but the right an- 
swer to this objection against this and the 21st and some other plain 
prc^sitionSfis, that the number of axioms ought not to be Increased 
without necessity, as It must be if these propositions be not demon- 
strated. Mods. Chlrault, in the preface to his Elements cf Geometry, 
pubHshed in Pretch at Paris anno 1741, says, That Euclid has been 
at (be pains to prove, that the two aides of a triangle which is in- 
cluded within another are together less than the two sides of the tri- 
angle which includes it; but he has forgot to add this condition, vis. 
that the triangles must be upon the same base : because, unless tbU 
be added, the sides of the Included triangle may be greater than the 
sides of the triangle which Includes it. In any ratio which is less than 
that of two to one, as Pappus Alexandrinua has demonstrated, in 
prop. 3. B. 3, of his mathematical collections. 

PROP. xxn. a L 

Some authors blame Euclid, because he does not demonstrate 
that the two circles made use of in the construction of tliis pro- 
]Mm must cut one another : but this is very plain from the deter- 
mination he baa given, viz. that any two of the straight lines UF, 
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FG, GH, must be greater than the 
third : for who is so duU, though only 
beginning to learn the Elements* as 
not to perceive that the circle described 
from the centre F^ at the distance FD, 
must meet FH betwixt F and H, be- 
cause FD Is less than FH ; and that, D M F G H 
for the like reason, the circle described from the centre G, at the 
distance GH, or GM, must meet DG betwixt D and G ; and that 
these circles must meet one another, because FD and GH are to- 
gether greater than FG1 and this determination is easier to be un- 
derstood than that which Mr. Thomas 
Simson derives from it, and puts in- 
stead of Euclid's In the 49th page of 
his Elements of Geometry, that he 
may supply the omission he blames 
Euclid for; which determination is 
that any of the three straight lines DM F G H 
must be less than the sum, but greater than the difference of the 
other two : from this he shows the circles must meet one another, 
in one case ; and says that it may be iMroved after the same manner 
in any other case ; but the straight Hne GM, which he bids take from 
GF, may be greater than it, as in the figure here annexed : in whicb 
case his demonstration must be chang^ into another. 




PROP. XXIV. a I. 

To this is added, «« of the two sides DE» DF, let DE be tiiat which 
is not greater than the other;** that is, take that side of the two DE^ 
DF, which is not greater than the other, in order to make with it 
the angle EDG equal to BAG, l)ecause, without D 
this restriction, there might be three different 
cases of the proposition, as Campanus and others 
make. 

Mr. Thomas Simson, hi p. 262 of the second 
edition of his Elements of Geometry, printed 
anno 1760, observes in his notes, that it ought 
to have t)een shown that the point F fidls below 
the line EG. This probably Euclid omitted, as 
it is very easy to perceive, that DG being equal ^ 
to DF, the point G is in the circumference of a 
circle described from the centre D, at the dis- 
tance DF, and must be in that part of it whkh is above the straight 
Hne EF, because DG fidls above DF, the angle EDG being greater 
than the angle EDF. 

PROP. XXIX. B. I. 

The proposition which is usually called the 6th postukUe, or 1 1th 
axiom, by some the twelfth, on which this 29th depends, has given a 
great deal to do, both to ancient and modem geometers : it seems 
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not to be properly plHued among the uiIoihh, as indeed it is not s^lf- 
evident ) but it may be demonatraled thus ; 

DEFINITION 1. 

ThedisEaitce uf a point from aslralgbt line, is Ibe p^pendiculor 
ntwn to it iVom the point. 



drawn to it iVom the point. 



DEF. 2. 



One Nlni^ Ibie is said to go nearur to, or t\irther from another 
straight line, When the distance of the piiliiia of the first from the 
otiier straight linir beoomes less or gfreiiter than Ihey were ; and two 

stniigbt lioe!i arc suid to Iteep Ihe same lilHtanct'' tVom one another, 
when the distance of Ihe points of one of tiiem from the other is al- 
ways I lie same. 

AXIOM. 

A strai^t line cannot first come nearer to anolher Blmight linr, 

uid then go furttier from it, Ijefore it cuts A ^ ^H^ — C 

It; and, in like manner, a straight line p „ 

cannot go ftuther from another straight p — ^__^ — - _ 

Hne, and Iben come nearer to U ; nor can ~G 

a straight line Iteep the same distance from another straight line, 
and then come nearer to It. or go further from It i for a straight line 
keeps always the same direction. 

For example the straight line ABC cannot iirst come nearer to 

the straight line DE, as fi-oni the point A B 

to the point B, and then, from the point A ~~ . C 

B to the point C, go further from the D E 

same DE: and, in iilce manner the F "q" ~- H 

straight line FGH cannot go further from 

DE, 88 from F to O, and then, from G to H, come nearer to the same 
DE : and so In the last case, as in figure 2. (See the figure above.) 

PROP.L 

If two eqaal straight lines, AC, BD, be each at right angles to Ibe 
same stra^ht line AB; if the pt^ts C, D be joined by the straight 
Hae CD, the straight line EF drawn from any point E in AB unto 
CD, at right angles to AB, shall t>e equal to AC, or BD. 

If EF be not equal to AC, one of them must be greater than the 
other ; let AC be the greater ; then, because FE is less than CA, the 
kraight line CFD is nearer to the straight line AB at the point P 
than at the point C, that is, OF comes " 

nearer to AB from the point C to F: but 
because DB is greater than FE, the < 
straight line CFD is further from AB at 
the point D than at F, that is FD goes 
fluther from AB from F to D : therefore 
the straight line CFD first comes nearer 
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« to the straight line AB, and then goes farther from it, before it cuts 
it ; which is impossible. If FE be said to be greater than CA, or DB, 
the straight line CFD first goes further from the straight line AB, 
and then comes nearer to it ; which is also impossible. Therefore 
FE is not unequal to AC, that is, it is equal to it. 

PROP. IL 

■ 

If two equal straight lines AC, BD be each at right angles to the 
same straight line AB ; the straight line CD, whidi Jpina their ex- 
tremities, makes right angles with AC and BD. 

Join AD, BC ; and because, in the triangles CAB, DBA, CA, AB 
are equal to DB, BA, and the angle CAB equal to the angle DBA ; 
the base BC is equal (4. 1.) to the base AD : and in the tfiangles 
ACD, BDC, AC, CD, are equal to BD, DC, and the base AD is equal 
to the base BC : therefore the angle ACD is G F D 

equal (8. 1.) to the angle BDC: from any 
point E in AB draw EF unto CD, at right 
angles to AB: therefore by prop. 1. EF is 

equal to AC, or BD ; wherefore, as has been 

just now shown, the angle ACF is equal to A E 

the angle EFC : in the same manner, the angle BDF is equal to the 
angle EFD ; but the angles ACD, BDC are equal ; therefore the an- 
gles EFC and EFD are equal, and right angles (10. def. 1.) ; where- 
fore also the angles ACD, BDC are right angles. 

Cor. Hence, if two straight lines AB, CD be at right angles to the 
same straight line AC, and if betwixt them a strcdght line BD be 
drawn at right angles to either of them, as to AB; then BD is equal 
to AC, and BDC is a right angle. 

If AC be not equal to BD, take BQ equal to AC, and join CG; 
therefore, by this proposition, the angle, ACQ is a right angle; but 
ACD is also a right angle; wherefore the angles ACD, ACQ, are 
equal to one another, which is impossible. Therefore BD is equal to 
AC; and by this pn^)osition BDC is a right angle. 

PROP. m. 

If two straight lines which contain an angle be produced, there 
may be found in either side of them a point from which the perpen- 
dicular drawn to the other shall be greater than any given straight 
line. 

Let AB, AC be two straight lines which make an angle with one 
another, and let AD be the given straight line ; a point may be found 
either in AB or AC, as in AC, from which the perpendicular drawn 
to the other AB shall be greater than AD. 

In AC take any point E, and draw EF perpendicular to AB ; pro- 
duce AE to G, so that EG be equal to AE, and produce FE to H, and 
make EH equal to FE, and join HG. Because in the triangles AEF, 
GEH, AE, EF are equal to GE, EH, each to each, and contain equal 
(15. I.) angles, the angle GHE is therefore equal (4. I.) to the angle 
AFE, which is a right angle : draw GK perpendicular to AB ; and 
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becaune the atraigtil lineB FK, HQ are at rigbt uigleR to FH. and 

KG itt right nnfjlee to A P K B M 

PK ; KU is «(iual lo HF, 

by cor. pr, 2. that is, to Pi . . 

the double of EF. In thn f. 

same mannpr. if AG be 

produced (o L, so that D 

Qh be equal to AG, and „ 

LM be drawn perpen- l< 

dlcular to AB, tlien LM is double ofOE, and so on. In AD take AN 

equal to FK, and AO equal to KG, that is, to the double of FE. or AN ; 

nJNo take AP equal to LM, that ie to the double of KG, or AO ; and, 

let this be done till the straight line taken be greater than AD ; 1ft 

this straight line bo laken be AP, and because A? Is equal to LM. 

therefore LM Je greater than AD. Which was to be done. 

PROP. IV. 

If two straight lines AB. CD make equal angles EAB. ECD with 
another straight line EAC towards the same parts of it ; AB and C[> 
Are at right angles to some straight line. 

Bisect AC in F, and draw FG perpendicular to AB: take CH in 
the straight line CD equal to AG, and on the contrary side of AC to 
that on which AG is, and join FH : therefore in the triangles AFQ. 
CFH, the sides FA, AG are equal to FC, CH. each to each, am) the 
angle FAG. that (15. 1 .) ts KAB is equal 
to the angle FCH ; wherefore {4. 1.) the 
an^ AGF ie equal to CHF, and AFQ to 
the angle CFH: to these last add the com- 
mon angles AFH i therefore the two an- ■ 
glea AFQ, AFH are equal to the two an- 
gles CFH, HFA, which two last are equal 
tt^ther to two right angles (13. 1.). there- 
fore also AFG, AFH are equal to two right __ 
angles, and consequently (U- 1-) GF and q 
FH are in one straight line. And because 
AOF is a right angle, CHF which is equal to it Is also a right angle ; 
tbcrefbre the straight lines AB, CD ore at right angles to GH. 




PROP. V. 

If two straight lines AB, CD, be cut by a third ACE so as to make 
the Interior angles BAC, ACD, on the same side of it, together less 
than two right angles ; AB and CD being produced shall meet one 
another towards the parts on which are the two angles which are 
less than two right angles. 

At the point C in the straight line CE make (2.1. 1.) the angle 
EtXF equal to the angle EAB, and draw to AB the straight line 
CO at right angles to CF: then, because the angles EOF, EAB 
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are equal to one another, and 

that the angles EOF, FCA are 

tc^ether equal (13. 1.) to two 

right angles, the angles EAB, 

FCA are equal to two right 

angles. But by the h]rpothe- 

sis, the angles EAB, ACD are 

together less than two right 

angles; therefore the angle ^ q Q^ 

FCA is greater than ACD and 

CD falls between CF and AB : and because CF and CD make an 

angle with one another, by prop. 3, a point may be found in either 

side of them CD, from which the perpendicular drawn to CF s{iall be 

greater than the straight line CG. Let this point be H, and draw 

HK perpendicular to CF, meeting AB in L : and because AB, CF 

contain equal angles with AC on the same side of it, by prop. 4, AB 

and CF are at right angles to the straight line MNO, which bisects 

AC in N and is perpendicular to CF ; therefore, by cor. prop. 2, QQ 

and KL which are at right angles to CF are equal to one another; 

and HK is greater than CG, and therefore is greater than KL, and 

consequently the point H is in KL produced. Wherefore the straight 

line CDH drawn betwixt the points C, H, which are on contrary 

sides of AL, must necessarily cut the straight line AL, 

PROP. XXXV. R I. 

The demonstration of this proposition li changed, because, if the 
method which is used in it was foUowed, there would be three cases 
to be separately demonstrated, as is done in the translation from the 
Arabic ; for, in the Elements, no case of a proposition that requires 
a different demonstration, ought to be omitted. On this account we 
have chosen the method which Mons. Clairault has given, the first 
of any, as far as I know, in his Elements, page 31, aid. which after- 
wards Mr. Simson gives in his page 32. But whmas Mr. Simson 
makes use of prop. 20, b. 1, from which the equality of the two tri- 
angles does not immediately follow, because, to prove that, the 4th 
of b. 1, must likewise be made use of, as may be seen in the very 
same case in the 34th prop. b. 1, it was thought better to make use 
only of the 4th of b. 1. 

PROP. XLV. R I, 

The straight line KM is proved to be parallel to FL from the 33d 
prop. : whereas KH is paraDel to FG by construction, and KHM, 
FGL, have been demonstrated to be straight lines. A coroUary is 
added from Commandine, as bemg often used. 

PROP. Xffl. B. n. 

In this proposition only acute angled triangles are mentioned, 
whereas it holds true of every triangle ; aq^ the demonstrations d^ 
the cases omitted are added : Commandine and Clavius have like- 
wise given their demonstrations of these cases. 
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PROP. XIV. B I(. 

In the demonstration of Ibii, some Greek editor has ignorantly in- 
aerled tlie words " but if not, one of the two BE, ED is the greater : 
lei UE be the greater, and produce it to F," as if it was of any con- 
itequencc whether the gvealev or lesser be produced : therefore, in- 
stead of these words, there ought to be read only, " but if not, pro- 
duce BE to F." 

PHOP. I. B. m. 

Several authors, especially among the modern niathemiiUGians and 
logicians, inveigh too severely ngainst indirect or apagogic demon- 
strations, and sometimes Ignorantly enough, not being aware that 
there are some things that cannot be demonstrated any other Way : 
of this the present proi>osition is a very clear instance, as no direct 
demonstration can be given of it : because, besides the definition of 
a circle, there is no principle or property relating to a circle antece- 
dent to this problem, from which either a direct or indirect demon- 
sfration can be deduced: wherefore it is necessary that the point 
found by the construction of the problem be proved to be the centre 
of the circle, by the help of this definition, and some of the preceding 
propositions : and because, in the demonstration, this proposition 
must be brought in, viz. straight tines from tlie centre of a circle to 
the circumference are equal, and that the point found by the con- 
struction cannot be assumed as the centre, for this is the thing to be 
demonstrated ; il is manifest some other point must be assumed as 
the centre ; and if from this assumption an absurdity follows, as 
Euclid demonstrates there must, then it is not true that tlie pc^t as- 
sumed is the centre ; and as any point whatever was assnmed, it 
follows that no point, except that found by the construction, can be 
the centre, from which the necessity of an Indirect demonstration in 
in this case is evident 

PROP. XUI. B. m. 

As it is much easier to imagine that two circles may touch one 
another within, in mpre points than one, upon the same aide, than 
upon opposite sides ; the figure of that cose ought not to have been 
omitted ; but the construction in the Greek text would not have 
suited with this figure so well, because the centres of the circles 
roust have been placed near to the circumferences; on which ac- 
count another construction and demonstration is given, which is the 
same with the second part of that which Campanus has translated 
from the Arabic, where, without any reason, the demonstration is 
divided into two parts. 

PROP. XV. B. m. 

The converse of the second part of this proposition is wanting, 
tlKNigh in the preceding, the converse Is added, in a like case, 
both in the enunciaUon%nd demonstration; and it Is now added 
In this. Besides, in the demonstration of the first part of this 
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15th, the diameter AD (see Coininandine*s iSgure) is proved to be 
greater than the straight line BC, by means of another straight 
line MN; whereas it may be better done without it: on which 
accounts we have given a different demonstration, like to that 
which Euclid gives in the preceding 14th, and to that which 
Theodosius gives in prop. 6, b. 1, of his Spherics in this very 
affair. 

PROP. XVL B.m. 

In this we have not followed the Greek nor the Latin translar 
tion literally, but have given what is plainly the meaning of this 
proposition, without mentioning the angle of the semicircle, or 
that which some call the comicular angle, which they conceive 
to be made by the circumference and the straight line which is at 
right angles to the diameter, at its extremity; which angles have 
furnished matter of great debate between some of the modem 
geometers, and given occasion of deducing strange consequences 
from them, which are quite avoided by the manner in which we 
have expressed the proposition. And in like manner, we have 
given the true meaning of prop. 31, b. 3, without mentioning the 
angles of the greater or lesser segments: these passages Vieta, 
with good reason, suspects to be adulterated, in the 386th page 
of his Oper. Math. 

PROP. XX. Rin. 

The first words of the second part of this demonstration, 
*^ xsxKoLi^ui Sri iraXiv," are wrong translated by Mr. Briggs and Dr. 
Gregory *'Rursus indinetur;** for the translation ought to be 
**Rursus infiectatur;'* as Commandine has it: a straight line is 
said to be inflected either to a straight or curve line, when a 
straight line is drawn to this line from a point, and from the 
point in which it meets it, a straight line making an angle with 
the former is drawn to another point, as is evident from the 00th 
prop, of Euclid*s Data: for this the whole line betwixt the first 
and last points, is inflected or broken at the point of inflection* 
where the two straight lines meet And in the like sense two 
straight lines are said to be inflected from two points to a third 
point, when they make an angle at this point ; as may be seen in 
the description given by Pappus Alexandrinus of Apollonius*s 
boolis de Locis planis, in the preface to his 7th book: we have 
made the expression fuller from the 90th prop, of the Data. 

PROP. XXL B. ffl. 

There are two cases of this proposition, the second of which, 
viz. when the angles are in a segment not greater than a semicir- 
cle, is wanting in^he Greek : and of this a more %imple demon- 
stration is given than that which is in Commandine, as being de- 
rived only from the first case, without the help of triangles. 

PROP. XXUL and XXIV. B. IIL 

In proposition 24 it is demonstrated, that the segment AEB 
most coincide with the segment CFD, (see Commandine's figure) 
and that it cannot (all otherwise, as CGD, so as to cut the other 
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circle In a third point G, from this, that, ir it did, a nnlft could 
cut anotber In more points than two: but this ought to baK been 
proved to be impossible in ttie 23d prop^ as well aa that one of 

the seg'ments cannot fall wttbin the otl'ier: this part then in left 
out in the 24tb, aud put in iu proper place, the 23d proposition. 

PROP. XXV. B. ni 
Thin propojUion is divided into three caaeB, of whiuh two 
the sucne coiiatructiou and demonstration ; tiierefore it is now &■. 
vided only into two cases. *i 

PROP. xxxm. B. ni. 

This also in tlie Grceic Is divided into three cases, of whfcfa 
two, viz. one in which the given angle is acute, and the other in 
which it is obtuse, have exactly tiie same construction and de- 
monstratiuQi on which account, the demonstration of liie last 
case is left out as quite superfluous, and the addition of some un- 
skilful editor; besides, the demonstration of the case when the 
angle given is a right angle, is done a round about way, and ia 
therefore changed to a more elmpie one, as was done by Oavias. 

PROP. XXXV. B. III. 

Ae the 25th and 3'M propositions are divided into more oases, 
so this tbirty-iitlh is divided into fewer cases than are necessary. 
Nor can it be supposed that Euclid omitted them because they 
are easy; as he has given the case, whirl] by far is tlie easiest of 
them all, viz. that in which both the straight lines pass through 
the centre; and in the following proposition he separately de- 
monstrates the case in which the straight line passes through the 
centre, and that in which it does not pass through the centre : so 
that it seems Theon, or some other, has thought them loo long 
to Insert : but cases that require different demonstrations, should 
not be left out In the Elements, as was before taken notice of: 
these cases are in tlie translation from the Arabic, and are now- 
pat into the text. 

^OP, XXXVII. B. III. 

At the end of this the words " In the same manner it may be 
demonstrated, if the centre be in AC," are left out as the addition 
of some ignorant editor. 

DEFINITIONS OF BOOK IV. 
Whbh a point is in a straight line, or any other line, this point 
is by the Gre^lc geometers said a-areif^ai, to bp upon, or in that 
line, and when a straight line or circle meets a circle any way, 
tlie one is said atTtahai, to meet the other: but when a straight 
line or circle meets a circle so as not to cut it, it is said t^treaiai, 
to touch the circle : and these two terms are never promiscuously 
used by them: therefore in the fifth definition of book 4, the cofn- 
poond iipcHTiinu must be read, instead of the simple etmircu ; and 
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in the Itt, 2d, 3d, and 8th definitions in Commandine's transla- 
tion, "tanglt," must be read instead of «*contingit;" and In the 2d 
and 3d definitions €€ book 3, the same change must be made: buf 
in the Greek text of propositions 11th, 12th, 13th, 18tb lOth, 
book 3, the compound verb is to be put for the simple, 

PROP. IV. B. IV. 

In this, as also in the 8th and 13th propositions of this book, it 
is demonstrated indirectly, that the circle touches a straight line : 
whereas in the 17th, 33d, and 37th propositions of book 3, the 
same thing is directly demonstrated : and this way we have chosen 
to use in the propositions of this book, as it is shorter. 

PROP. V. B. IV. 

The demonstration of this has been spoiled by some unskilful 
hand : for he does not demonstrate, as is necessary, that the two 
straight lines which bisect the sides of the triangle at right angles 
must meet one another; and, without any reason, he divides the 
proposition into three cases; whereas, one and the same construc- 
tion and demonstration serves for them all, as Campanus has ob- 
served; which useless repetitions are now left out: the Greek 
text also in the corollary is manifestly vitiated, where mention is 
made of a given angle, though there neither isi nor can be any 
thing in the proposition relating to a given angle. 

PROP. XV. and XVL R IV. 

In the corollary of the first of these, the words equflateral and 
equiangular are wanting in the Greek: and in prop. 16, instead 
of the circle ABCD, ought to be read the circumference ABCD: 
where mention Is made of tta containing fifteen equal pttts. 

DBF. m. B. V. 

Maitt of the modem mathematicians reject this definition : the 
very learned Dr. Barrow has explained it at lai^ at the end of 
his third lecture of the year 1666; in which also he answers the 
objections made against it as well as the subject would allow: and 
at the end gives his opinion upon the whole aa follows: 

*' I shall only add, that the author had, peftiaps, no other design 
in making this definition, than (that he might more fully explahi 
and embellish his subject) to give a general and summary idea of 
ratio to beginners, by premising this metaphysical definition, to 
the more accurate definitions of ratios that are the same to one 
another, or one of which is greater, or less than the other; I caU 
it a metaphysical, for it is not properly a mathematical definition, 
since nothing in mathematics depends on it, or is deduced, nor, 
as I judge, can be deduced from it; and the definition of analogy # 
which follows, viz. Analogy is the similitude of ratios, is of the 
same kind, and can serve for no purpose in mathematics, but only 
to give beginners some gencnd, tliough gross and confused notfcxas 
of analogy : but the whole of the doctrine of ratUM, and the whole 
of matliematlct, depend upon tlie aoconte roatliematiGal defini- 

82 



XaO BOTES. BOOS »■ 

tlons whidi follow this : to these we ouglit principally to attend, 
as Ihe (ioctrme of ratios is more pcrfeclly eicplained by them: 
this third and others like It, may be entirely spared without any 
loss to geometry: as we see in Ihe 7lh book of the Elements, 
where tlie proportion of numbers to one another Is defined, and 
treated oi^ yet without giving any definition of the ratio of Dum~ 
bers; though such a definition was as necessary and useful to be 
given In Iliat book, as In tlils : but indeed there is scarce any need 
of n in eKher of ttiem : though 1 Ihinli that a thing of so generat 
and abstracted a nature, and thereby the more difficult to be.coo- 
oeived and explained, cannot be more commodiously defined thBn 
as the author has done; upon which account I thought fit to ex- 
plain it at large, and defend it against the captious objections of 
those who attack it," To this citation from Dr. Barrow 1 have 
nothing to add, except that 1 fully tietieve the 3d and 8th defini- 
tions are not Euclid's, but added by some unskilful editor. 

DEP. XI. a V. 

It was necessary to odd the word "continual" ttefore "propor- 
tionals" in this definition ; and thus It is cited in tlie 33d prop, of 
book 11. 

Afier this definition ought to have followed tt>e definition of 
compound ratio, as this was the proper place for tt ; duplicate and 
triplicate ratio being species of compound ratio. But Theon hn* 
made it the 5th def. of book 6, where he gives an absurd and en- 
tirely useless definition of compound ratio : for this reason we have 
placed another definition of it i>ctwixt the 11th and 12th of 'this 
book, which, no doubt, Euclid gave; for he cites it expressly in 
prop. 23, txmk S, and which Clavius, Herigoa, and Barrow bave 
Hkewise given, but they retain also Theon's, wbich tbey ought to 
have left out of the Elements. 

DEF. Xm. B. V. 

This, and the rest of the definitions following, contain the ex- 
Idicatlon of aome terms which are used in the 5th and following 
booica; which, except a few, are easily enough understood from 
the propositions of this book where they are first mentioned: tbey 
nem to bare been added by Theon, or some other. However it 
be, they are explained something more distinctly for tbo s^e of 
learners. 

PROP. IV. B. V. 

In the construction preceding the demonstration of this, the 
words a frv^a, any whatever, are twice wanting in the Greek, as 
also in the Latin tiBiuilations ; and are now added, as b^ngwhdly 
neoessary. 

Ibid, in the demoiis ti atton; In the Greek, and in the Latin tnuu- 
lation of Commandine, and in that of Mr, Henry Briggs, which was 
published at London in 1620, together with the Greek text of the 
first six books, which translation in this place is followed by Dr. 
Qre^ry in his edition of Buclid, there is this sentence following, 
viz. "and of A and C have been taken equimultiples K, L; and of 
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B and D, any equimultiples whatever (a n-uxO M, N ;** whidi is not 
true, the words " any whatever," ought to be left out: and it is strange 
that neither Mr. Briggs, who did right to leave out these words in 
one place of prop. 18, of this book, nor Dr. Gregory, who changed 
them into the word ** some,*' in three [daces, and left them out in a 
fourth of that same prop. 13, did not also leave them out in this place 
of prop. 4, and in the second of the two places ^irhere tliey occur in 
prop 17, of this boolc, in neither of which they can stand consistent 
with truth : and in none of all these places, even in those which they 
corrected in their Lathi translation, have they cancelled the words 
a mv/9 in the Greek text, as they ought to have done. 

The same words a sru^^ are found in four places of prop. 11, of 
this book, in the first and last of which they are necessary, but in the 
second and third, though they are true, they are quite superfluous ; 
as they likewise are in the second of the two places in which they 
are found in the r2th prop, and in the like places of prop. 22, 23 of 
this book ; but are wanting in the last place of prop. 23, as also in 
prop. 25, lx)ok 11. 

COR. IV. PROP. B. V. 

This corollary has been unskilfully annexed to this proposition, 
and has been made instead of the Ic^timate demonstration, which, 
without doubt, Theon, or some other editor, has taken away, not from 
this, but from its proper place in this book : the author of it designed 
to demonstrate, that if four magnitudes £2, G, F, H be proportionals, 
they are also proportionals inversely, that is, G is to E, as H to F; 
which is true; but the demonstration of it does not in the least de- 
pend upon this 4th prop, or its demonstration : for, when he says, 
** because it is demonstrated that if K be greater than M, L is great- 
er than N,** &c. — This Indeed is shown in the demonstration of the 
4th prop, but not from this, that E, G, F, H are proportionals : for this 
last is the conclusion of the proposition. Wherefore these words, 
*« because it is demonstrated,** &c. are wboUy foreign to liis design ; 
and he should have proved, that if K be greater than M, L is greater 
than N, from this, that E, G, F, H are proportionals, and from the 5th 
de£ of this book, which he has not; but is dcme in proposition B, 
which we have given^in its proper place instead of this corollary ; and 
another corollary is placed after the 4th prop, which is often of use; 
and is necessary to the demonstration of prop. 18. of this book. 

PROP. V. B. V. 

In the constmction which precedes the demonstration of this pro- 
position, it Is required that EB may be the same multiple of CG, that 
AE Is of CF; that is, that EB be divided into as many equal parts, 
as there are parts in AE equal to CF : from which it is evident, that 
this construction is not Euclid*s ; for he does not show the way of 
dividing straight lines, and far less other magnitudes, into any num- 
ber of equal parts, until the 0th proposition of book 6 ; and he never 
requires any thing to be done in the construction, of which he had 



not brioTf. given the method or doin^. For this rro- 
BOQ. we liave changed the construction to onr, wliii'li. 
witliout iloubt. Is Euclid's, in whicli nolhing is required 
but to add a Oflgnitude to itself a certain numbt-r of 
times; tind this is to be found in the transluion from 
the Arabic, (liough the enunciation of tho proposition 
and tlie demonstration are there very much spoiled. 
Jacobus Pcktarlus, who vas the first, as far as I Itnow, 
who took notice of Ihia error, gives also the r^ht ton- " p | 

Btruction in his edition of Euclid, after lie had given 
the other wiiich lie blames. He says, he would not leave It oat, be- 
cause it was line, and might sharpen one's genius to Invent others 
like It; whereas, lliere is not the least difference between the two 
(lemoDStrstions, except a single word in the construction, which 
very probably has been owing to an unskilful librarian. Oiavltls 
likewise gives both the ways ; but neither he nor I'eletarlus, take* 
notice oT tlie reason why the one is preferable to the other. 

PROP. VI. B. V. 

There are two caaes of this proposition, of which only the first and 
simplest is demonstrated in the Greek : and it is probable Theon 
thought it «-as sufficient to give this one, since he was to make use 
of ncitiier of them in his mutilated edition of the 6th book ; and he 
mtght aa well have left out the other, as also the 6th proposition, for 
the same reason. The ilenionst ration of the other case Is now nddcil. 
because both of them, as also the 5th proposition, are necessary to the 
demonstration of the IStb proposition of this book. The translation 
from the Arabic gives both cases briefly. 

PROP. A. B. V. 

This proposition Is freqnentlj used by geometers, and it la neces- 
sary in the 2Slh prop, of this book, 3Ist of the 6th, and Uth of the 
Utii, and leth of the I2th book. It seems to have been taken oat 
of the Elements by Theon, because it appeared evidoit enough to 
hba. and others, who substitute the confused and indistinct idea tbe 
vulgar have of proportionals, in place of that accurate idea which la 
to be got from tbt Sth definition of this book. Nor can there be any 
doubt that Eudoxtns or Euclid gave it a place in the Elements, when 
we see the 7th and 9th of the same book demonstrated, though they 
toe quite as easy and evident as this. Alphonsus Borellus takes oc- 
casion from this proposition to censure the Sth definition of this book 
very severely, but most unjustly. In p. 126, of his Euclid restored, 

Einted at Pisa in lOM, he says, " Nor can even tliis least d^ree of 
lowledge be obtained from tbe aforesaid property," viz. that which 
is contained in 0th def 6. "That If four magnitudes tie propor- 
tionals, the third must necessarily be greater than the fourth, when 
tbe first is greater than the second ; as Clavius acknowledges in tbe 
Ifith prop, of the 6th book of the Elements." But though Cktvius 
makes no such acknowkidgment expressly, he has given Bordloa 
A handle to say this of him ; because when Clavius, in the above 
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cited place, censures CkHnmandine, and that very justly, for demon- 
strating this proposition by help of the i6th of the filth ; yet he him- 
self gives no demonstration of it, but thinks it plain from the nature 
of proportionals, as he writes in the end of the 14th and 16th prop, 
book 5, of his edltion» and is followed by Herigon in Schol. 1, prop. 
Uth, book 6, as if there was any nature of proportionals antecedent 
to that which is to be derived and understood from the definition of 
them. And, indeed, though it is very easy to give a right demon- 
stration of it, nobody, as for as I know, has given one, except the 
learned Dr. Barrow, who, in answer to Borellus's objection, demon- 
strates it indirectly, but very briefly and clearly, from the 5th defi- 
nition in the d22d page of his Lect. Mathem. from which definition 
it may also be easily demonstrated directly. On which account we 
have placed it next to the propositions concerning equimultiples. 

PROP. B. B. V. 

This also is easily deduced frt>m the 6th def. b. 5, and therefore is 
placed next to the other ; for it was very ignorantly made a corollary 
fit>m the fourth prop, of this book. See the note on that corollary. 

PROP. C. B. V. 

This is frequently made use of by geometers, and is necessary to 
the 5th and 6th propositions of the 10th book : Clavius, in his notes 
subjoined to the 8th def of book 5, demonstrates it only in numbers, 
by help of some of the propositions of the 7th book : in order to de- 
monstrate the property contained in the 5th definition of the 5th 
book, when applied to numbers, firom the property of proportionals 
contained in the 2(Hh de£ of the 7th book. And most of the com- 
mentators judge it difficult to prove that four magnitudes which are 
proportionals according to the SOth deC of 7th book, are also propor- 
tionals according to the 5th de£ of 5th book. Biit this is easily made 
out, as follows : 

First, If A, B, C, D, be four magni- 
todes, such that A is the same multifde, B 
or the same part (rf'B, whk^ CisofD; 
A, B, C, D are proportionals. Tldt is 
demcmstrated in proposition C. 

Secondly, if AB contain the same 
parts of CD, that EF does of GH ; in 
this case likewise AB is to CD, as EF 
toGH. A 6 fi 

Let CK be a part (rf*CD, and GL the same part c^QH, and let AB 
be the same multiple of CK, that EF is 
of GL : therefore, by prop. C of 5th B 
book, AB is to CK, as EF to GL : and 
CD, GH are equimultiples of CK, GL the 
second and fourth: wherefore by cor. 
prop. 4, book 6, AB is to CD, as £P to 
GH. 

And if four magnitudes be propor- 
tionals according to the 5th def. of 
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bortk B, they arc also proportionals according to the 20tli del! ul 
book 7. 

First, if A be to B, as C to D ; tlien If A be any mulllple or part 
of B, C Is the same miilliple or iian of D, by prop. D, of book 6. 

Next, if AB be to CD. as EF to OH ; then If AB contains any 
partBofOD.EP contains the same parUofOH: for iet CK be a part 
of CD, and GL (he same part of GH, and let AB be a niuUlple of 
CK ; EF is the same multiple of GL ; take M the same mulUpIe of 
OL that AB is of CK -, therefore by prop. C, of book 5, AB is to CK. 
ae M to GL i and CD, OH are equimultiples of CK, GL : wherefore 
by cor. prop. 4, b. 5, AB is to CD, as M to GH. And, by the hypo- 
thesis, AB is to CD as EF to GH : therefore M is equal to EF, by 
prop. 9, book 5, and consequently EF ts thesame multiple of GL that 
ABisofCK. 

PROP. D. tt V. 

This Is not uitlVequently used in the demonstration of other propo- 
altlons, and is necessary in that of prop. 9, b. 6. It seems Theon 
has Idt it out for the reasons mentioned in the notes of prop. A. 

PROP. vm. B. V. 

In the demonstration of this, as It is now in the Greek, there nre 
two cases, (see the demonstration in Hervagius, or Dr. Gregory's 
edition,) of which the first is that in which AE is less than EB ; and 
In this it necessarily follows, that H© the multiple of EB is greater 
than ZH. the s.ime niulliple of AE, which last multiple, by the con- 
struction is grcaler than a ; whence also H0 must be greater than 
^ But in the second case, viz. that in which EB is less than AE, 
though ZH be greater than A, yet n& may be less than the same 
A i so that there cannot be taken a multifde of A which Is the first 
tliat Is greater than K, or He because A itself is greater than ft ; 
upon this account the author of this demonstration found It neces- 
sary to change one part of the construction that was made use of 
in tip first case : but he has, without any necessity, changed also 
anouier part of It, viz. when he orders to take N that multipje of 
A which is the first that is greater ~ 

than ZH ; for he might have taken 
that multiple of A which is the first 
that is greater than HO, or K, as 
was done in the first case: 
likewise brings in this K Into the 
ifemonatration of both cases, with- 
otit any reason ; for it serves to no 
purpose but to lengthen Ilie demon- 
stration. There is also a third 
cfise, which is not mentioned in 9 B ^ B A 

this demonstration, viz. that in which AE in the first, or EB in the 
second of the two other cases, is greater than D; and in this any 
equimultiples, as the doubles, of AE, KB are to be taken, as is done 
in Ola edition, where all the cases are at once demonstrated : and 
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from this it is plain ttiat Theon, or some other unskilful editor has 
vitiated this proposition. 

PROP. IX. B. V. 

Of this there is given a mare explicit demonstration than that which 
is now in the Elements* ' 

PROP. X. B. V. 

It was necessary to give another demonstiBtfon of this proposition, 
because that which is in the Greek and Latin, or other editions, is 
not legitimate : for the words greater^ the same, or equal, lesser, have 
a quite different meaning when appHed to magnitudes and ratios, as 
is plain from the 5th and 7th definitions of book 5. By the help of 
tlicse let us examine the demonstration of the 10th prop, which pro- 
ceeds thus : ^ Let A have to C a greater ratio than B to C: I say that 
A is greater than R For if it is not greater, it is either equal, or less. 
But A cannot be equal to B, because then each of them would have 
the same ratio to C : but they have not Therefore A is not equal to 
B.'* The force of which reasoning is this ; if A had to C the same 
ratio that B has to C ; then if any equimultiples whatever of A and B 
be taken, and any multiple whatever of C; if the multiple of A be 
greater than the multiple of C, then, by the 6th de£ of book 5, the 
multiple of B is also greater than that of C ; but, from the hypothesis 
that A has a greater ratio to C, than B has to C, there must, by the 
7th def. of book 5, be certain equimultiples of A and B, and some 
multiple of C, such that the multiple of A is greater than the multi- 
ple of C, but the multiple of B is not greater than the same multiple 
of C: and this proposition directly contradicts the preceding: where- 
fore A isnot equal to B. The demonstration of the 10th prop, goes 
thus: ^ but neither is A less than B; because then A would YktNe a 
less ratio to C than B has to it : but it has not a less ratio, therefore 
A is not less than B,** &c. Here it is said, that ^ A would have a 
l^s ratio to C than B has to C,** or which is the same thing, that B 
would have a greater ratio to C than A to C ; that is, by the 7th def. 
book 5, there must be some equimultiples of B and A, and some mul- 
tiple of Cy such that the multiple of B is greater than the multiple of 
C, but the multiple of A is not greater than it : and it ought to have 
been proved, that this can never happen if the ratio of A to C be 
greater than the ratio of B to C ; that is, it should have been proved, 
that in tliis case, the multifde of A is alwa3r8 greater than the multi^ 
pie of C, whenever the multiple of B is greater than the multiple of 
C ; for when this is demonstrated, it will be evident that B cannot 
have a greater ratio to C, than A has to C, or, which is the same 
thing, that A cannot have a less ratio to C than B has to C : but this 
is not at all proved in the 10th proposition ; but if the 10th were once 
demonstrated, it would immediately follow from it, but cannot with- 
out it be easily demonstrated, as he that tries to do it will find. 
Wherefore the 10th proix)sition is not sufficiently demonstrated. 
And it seems that he who has given the demonstratkm of the 1 0th 
proposition as we now have it« instead of that whkh Eudoxus or 
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BocUd had given, has be«n deceived In npplylng what la mantfest, 
when understood of magnitudes, unto ratios, viz. that a magnitude 
cannot t>e bo^grcater and less than another. That those things 
whiuh arc eqnal to the same are eciual to one another, is a most 
evident axiom when understood of mugnltud^a i yet Euclid does not 
make use of It to inrcr that those ratios which are Iho same to the 
same ratio, are the same to one another ; but explicitly demonstrates 
this In prop. 1 1, of book & The demonat ration we have given of 
the 10th prop, is no doubt the same with that of Eiidoxus or Euclid, 
as it is immediately and directly derived from the definition of a 
greater ratio, viz. the 7tli of the 5lh. 

The above mentioned proposition, viz. If A have to C a greater 
ratio than B to C : and If of A and D there be 
lokm certain eciuimulttples. and liotnc multiple | 
of C ; then if the multiple of B be greater than I , 1 
tliG multiple of C, the multiple of A is also great- I { I 

cr thun the eame, is thus demonstrated. I 1 I I 

Let D, E he the equimultiples of A, B, and F A r: U c 
a multiple of C, such, that E the innlllple of B D V K V 
Is greater than F ; D the multiple of A Is alno 
greater than F. 

Because A has a greater ratio to (', than il 
to C, A is greater than B. by the luth prop. 
book 6 ; therefore D the multiple of A is great- 
er than Ethe same multiple of B: and E is 
greater than F; much more therefore D Is 
greater than F. 

PROP. xni. B. V. 

In Commandlne's, Briggs's, and Gregory's translattons, at tbtr be- 
ginning of this demonstration, it is said, " And the mnlt^ of Cl» 
greater than the multiple of D ; but the multiple of E Is not greater 
tlian the multiple of F ;" which .words are a literal tranriation fmm 
the Greek ; but the sense evidently requires that it be read, " so that 
thMMMtlpleofC be greater than the multiple of D; but the multiple 
of Hi;not greater than the multiple of F." And thus this place was 
restored to the true reading in the first editions rf Commandlne's 
' EucHd, printed in 8vo. at Oxford ; but In the later editions, at least 
in that of 1747, the error of the Greek text was kept in. 

Tliere la a corollary added to prop. 13, as It is necessary to the 
IHMfa and 2 1 st prop, of this book, and Is as useful as the propoBltion. 

j^ PROP. XIV. B. V. 

■ The two cases of this, which are not in the Greek, are added ; the 
demonstration of them not being exactly the same with that of the 
first case, 

PROP. XVII. B. V. 

!%• order of the words in a clause of this is changed to one more 
Batonl; as was also done in prop. 1. 
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PROP. xvra. B. V. 

The demonstration of this is none of Euclid's, nor it ft legitimate ; 
for it depends upon this hypothesis, that to any three magnitudes, 
two of which, at least, are of the same kind, there may be a fourth 
proportional : which, if not proved, the demonstration now in the text 
is of no force : but this is assumed without any proof; nor can it as 
&r as I am able to discern, be demonstrated by the propositions pre- 
ceding this : so (ar is it from deserving to be reckoned an axiom, as 
Clavius, after other commentators, would have it, at the end of the 
definitions of the 5th book. Euclid does not demonstrate it, nor does 
he show how to find the fourth proportional, before the 12th prop, of 
the sixth book : and he never assumes any thing in the demonstra- 
tion of a proposition, which he had not before demonstrated : at least, 
be assumes nothing the existence of which is not evidently possible ; 
for a certain conclusion can never be deduced by the means of an 
uncertain proposition : upon this account, we have given a Intimate 
demonstration of this proposition instead of that in the Greek and 
other editions, which very probably Theon, at least some other, has 
put in the place of Euclid's, because he thought it too prolix : and as 
the 17th prop, of which this 18th is the converse, is demonstrated Hy 
help of the first and second propositions of this book ; so, in the de- 
monstration now given of the 18t|i, the 5th prop, and both cases of 
tlie 6th are necessary, and these two propositions are the convert 
of the 1st and 2d. Now the 5th and 6th do not enter into the de- 
monstration of any proposition in this book as we now have it : nor 
can they be of use in any proposition of the Elements, except in this 
18th, and this is a manifest prooi^ that Euclid made use of them in 
his demonstration of it, and" that the demonstration now given, which 
is exactly the converse of that of the 17th, as it ought to be, differs 
nothing from that of Eudoxus or Euclid : for the 5th and 6th have 
undoubtedly been put into the 5th book for the sake of some proposi- 
tions in it, as all the other propositions about equimultiples have been. 

Rieronymus Saccherius, in his book named Euclides ab omni naevo 
vindicatus, printed at Milan, anno 1793, in 4to, acknowledges this 
blemish in the demonstration of the 18th, and tliat he may remove ft, 
and render the demonstration we now have of it legitimate, he en- 
deavours to demonstrate the following proposition, which is in page 
115 of his book, viz. 

** Let A, B, C, D be four magnitudes, of which the two first are of 
the one kind, and also the two others either of the same kind with the 
two first, or of some other, the same kind with one another. I say 
the ratio of the third C to the fourth D, is either equal to, or greater, 
or less than the ratio of the first A to the second B.** 

And after two propositions premised as lemmas, he proceeds 
thus: 

** Either among all the possible equimultiples of the first A, and of 
the third C, and at the same time, among all tlie possible equimulti- 
ples of the second B, and of the fourth D, there can be found some 
one multiple KP of the first A, and one IK of the seeond B, that are 
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equal to one another ; and aUo, in [he same caae, some one multiple 
(iU of tlie thiQi C equal to LM the muttipic of the fourth D, or such 
aiuslity Is no where to be found. If the first case happen [I. e. if 
such equality Is to 

befouuiil it is maul- A E P 

fest from what is be- 
fore demonstrated, B I K 

that A is to B, aa C 

to D; but if aucl»^- C C H 

mult an sous equality 

be not to be found D L .M 

upon both sides, it 

will be found either upon one side, as upon the side of A [and B ,] or 
It will he found upon neither side ; If the first happen ; therefore (from 
Euc1id*3 definition of greater and lesser ratio foregoing) A haa to B 
a greater or less ratio than C to D ; according as GH the multiple of 
■ the third C is less, or greater than LM the mulllple of the fourth D : 
but if the second case happen : therefore upon tbe one side, as upon 
the side of A the first and B the second, it may happen that the mul- 
tiple EF, [viz, of the first] may be less than IK the multiple of the 
rtc.ond, while, on the contrary, upon the ottier side, [viz. of C and Dl 
the multiple GH [of the third C] is greater than the otiicr multiple 
LM [of the fourth D :) and then (from the same definition of Euclid) 
Iho ratio of the first A to the second B, is less than the ratio of the 
third C to the fourth D ; or on the contrary. 

"Therefore the axiom [i. e. the proijosition before set down] re- 
mains demonstrated," &c. 

Not in the least ; but it remains stilt undemonstrated ; for what he 
says may happen, may, in innumerable cases never happen; and 
therefore his demonstration does not hold : for example, iif A be the 
side, and B the diameter of a square ; and C the side, and D the di- 
ameter of another square ; there can in no case be any multiple of A 
equal to any of B ; nor any one of C equal to one of D, as is welt 
known ) and yet it can never happen, that when any multi[rie d A 
is fp'eater than a multiple of B, the multiple of C can be less than the 
multiple of D, nor when the multiple of A is less than that of B, the 
multiple of C can be greater than that of D, viz. taking equimultij^es 
of A and C, and equimultiples of B and D : for A, B, C, D are pro- 
portionals; and so if the multiple of A be greater, &.c. than thatt^B, 
so must that of C be greater, &c. than that of D; by 5th def b. 5, 

The same objection holds good against the demonstrations which 
some give of the 1st prop, of the 6th book, which we have made 
against this of the ISth prop, because it depends upon the same in- 
sufficient foundation with the other. 

PROP. XIX. B. V. 

A corollary is added to this, which is as frequently used as the 
prt^sition itselt The corollary which is subjoined to it in the 
Greelc, plainly shows that the 6th book has been vitiated l)y edi- 
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tors who were not geometers : for the conversion of ratios does not 
depend u)K)n this 19th, and the demonstration which several of the 
commentators on Euclid give of conversion is not legitimate, as Cla- 
vius has rightly observed, who has given a good demonstration of 
it, which we have put In proposition E ; but he makes it a corollary 
from the 1 9th, and begins it with the words, ** Hence it easily fol- 
lows,*^ though it does not at all follow from it. 

PROP. XX. XXI. XXII. XXIIL XXIV. B. V. 

The demonstrations of the 20th and 2ist propositions, are shorter 
than those Euclid gives of easier propositions, either In the preceding 
or following books : wherefore it was proper to make them more 
explicit, and the 22d and 23d propositions are, as they ought to be, 
extended to any number of magnitudes : and, in like manner may 
the 24 th be, as is taken notice of in a corollary ; and another 
corollary is added, as useful as the proposition, and the words ** any 
whatever" are supplied near the end of prop. 23, which are wanting 
in the Greek text, and the translations from it. 

In a paper writ by Philippus Naudaeus, and published after his 
death, in the History of the Royal Academy of Sciences of Berlin, 
anno 1745, page 60, the 23d prop, of the 6th book is censured as 
being obscurely enunciated, and, because of this, prolixly demon- 
strated : the enunciation there given is not Euclid^s, but Tacquet*s, 
as he acknowledges, which, though not so well expressed, is, upon 
the matter, the same with that which is now in the Elements. Nor 
is there any thing obscure in it, though the author of the paper has 
set down the proportionals in a disadvantageous order, by which it 
appears to be obscure : but, no doubt, Euclid enunciated this 23d, as 
well as the 22d, so as to extend it to any number of magnitudes, 
which taken two and two are proportionals, and not of six only ; and 
to this general case the enunciation which Naudaeus gives, cannot be 
well applied. 

The demonstration which is given of this 23d, in that paper. Is quite 
wrong ; because, if the proportional magnitudes be plane or solid 
figures, there can no rectangle (which he improperly calls a product) 
be conceived to be made by any two of them, and if it should be 
said that in this case straight lines are to be taken which are pro- 
portional to the figures, the demonstration would this way become 
much longer than Euclid's : but, even though his demonstration had 
been right, who does not see that it could not be made use of in the 
5th book ? 

PROP. F, G, H, K. B. V. 

These propositions are annexed to the 6th book, because they 
are frequently made use of by both ancient and modem geometers : 
and in many cases compound ratios cannot be brought into de- 
monstration, without making use of them. 

Whoever desires to see the doctrine of ratios to be delivered in this 
6th book solidly defended, and the arguments brought against it by 
And. Tacquet, Alph. Borellus, and others, fully refuted, may read 
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Dr. i3arrow's Malhematical Lecturw, viz. the 7tli and 8Ih of the year 
1666. 

The 5tli book being l!iU8 corrected, 1 most readily agree to what 
tiie learned Or. Barrow says,* " That there is nothing in the whole 
body ofthe Elements of a more subtle invention, nnthing more solid- 
ly established, and more accuraleiy handled, than the doctrine of 
proportionals." And there )s some ground to hope, that geometers 
will thinlc that this could not have i^een said with as good reason, 
since Thoon'a time till the present. 

DEP. IL and V. of B. VI. 
The 2d definition does not seem lo be Euclid's, but some unskilful 
editor's : for there is no mention made by Euclid, nor, aa far as I 
know, by any other geometer, of reciprocal figures : It is obscurely 
expressed, which made it proper to render it more distinct : It would 
be better to put the following definition in jAace of it, viz. 

DEF. U, 

Two magnitudes are said to be reciprocally proportional to two 
Others, when one of the Grst is to one of the other magnitudes.-as the 
remaining one of the last two is to the remaining one of the lirst. 

But the filth definition, which, since Theon'a time, has been kt^t 
in the Elements, to the great detriment of learners, is now justly 
thrown out of them, for the reason given in the notes on the S3d 
prop, of this book. 

PROP. L and IL B. VL 

To the first of these a corollary is added, which i» tAea used : aod 
the enunciation of the secbnd is made more general. 

PROP. m. B. VL 
A second case of this, as useful as the first, is given in prop. A : 
vte. the case in which the exterior angle of a triangle is bisected by 
a straight line : the demonstration of it is very like to that of the 
firat case, and upon this account may, probably, have been left out, 
as also the enunciation, by some unskilful editor ; at least, it Is cer- 
tain, that Pappas makes use of this case as an elementary proposi- 
tion, without a demonstration of It, In prop. 39 of his 7th book of 
Illatheraatical Collections. 

PROP. VU. B. VL 
To this a case is added which occurs not unfrequentiy In de- 
monstration. 

PROP. Vm. B. VI. 

It seems plain that some editor has changed the demonstration 

that Euclid gave of this proposition : for, after he has demon- 

■trated, that the triangles are equiangular to one another, he par- 

tkidarly shows that their sides about the equal angles are pro- 

• See|iic«336. 
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portionals, as if this had not been done in the demonstration of 
the 4th prop, of this book; this superfluous part is not found in 
the translation from the Arabic, and is now left out. 

PROP. IX. B. VI. 

This is demonstrated in a particular case, viz. that in which 
the third part of a straight line is required to be cut off; which is 
not at all like Euclid's manner: besides, the author of the demon- 
stration, from four magnitudes being proportionals, concludes 
that the third of them is the same multiple of the fourth, which 
the first is of the second : now, this is 4io where demonstrated in 
the 6th book, as we now have it : but the editor assumes it from 
the confused notion which the vulgar have of proportionals: on 
this account, it was necessary to give a general and legitimate de- 
monstration of this proposition. • 

PROP.XVm. B. VL 

The demonstration of this seems fb be vitiated : for the propo- 
sition is demonstrated only in the case of quadrilateral figures, 
without mentioning how it may be extended to figures of five or 
more sides: besides, from two triangles being equiangular, it is 
inferred that a side of the one is to the homologous side of the 
other, as another side of the first is to the side homologous to it 
d the other, without permutation of the proportionals ; which is 
contrary to Euclid's manner, as is clear from the next proposi- 
tion; and the same fault occurs agahi in the conclusion, where 
the sides about the equal angles are not shown to be proportion* 
als, by reason of again neglecting permutation. On these ac- 
counts, a demonstration is given in Euclid's manner, like to that 
he makes use of in the 2(Hh prop, of this book: and it is extended 
to five-sided figures, by which it may be seen how to extend it to 
figures of any number of sides. 

PROP. xxni. B. VI. 

Nothing is usually reckoned more difficult in the Elements of 
geometry by learners, than the doctrine of compound ratio, which 
Theon has rendered absurd and ungeometrical, by substituting 
the 5th definition of the 6th book in place of the right definition, 
which without doubt Eudoxus or Euclid gave, in its proper place, 
after the definition of triplicate ratio, &c. in the 6th book. The- 
on's definition is this: a ratio is said to be compounded of ratios 
orav oi T(tn Xo^djv frijikixary^si s^* savro^ iroXXa«rXa(ria0'^(0'ai iroic*Nfi riva: 
which Commandine thus translates; '*quando rationem quanti- 
tates inter se multlplicat» aliquam cfficiunt rationem;" that is, 
when the quantities of the ratios being multiplied by one another 
make a certain ratio. Dr. W^allis translates the word cvjXixorficff^ 
** rationem exponentes," the exponents of the ratios: and Dr. Gre- 
gory renders the last words of the definition by " illius facit quan- 
titatem," makes the quantity of that ratio ; but in whatever sense 
the ''quantities,** or "exponents of the ratios," and their "multi- 
[riication" be taken, the definltkm will be ungeometrical and use- 
less: for there can be no multiplication but by a number. Now 
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the quantity or exponent of a ratio (accoriline ni Eutoctilui in 
hiii Comment, on prop. 4, book 2, of Arch, do Sph. et Cyl. and 
Uie m'xJernii explain that term) Is the number which inulliptted 
into the consequent term of a ratio produces the aiiieeedoHl. or 
which is the same thing, the number which arises by dividing the 
antecedent by the consequent; bin there are many ratios such, 
that no numt'cr can arise from the division of the antecedent by 
the cDOsequent ; ex. gr. the ratio whieh the diameter of a square 
has to the side of It; and llie ratio whicli the circumfcrenoc of a 
circle has to its diameter, and such like. Besides, that there is 
not the least mention mfide of this dehnition in the writings of 
Euclid, Archimedes, A|Jollonius, or other ancients, though they 
fretjuentEy make use of compound ratio; and In this VSd prop, of 
the 0th book, where compound ratio is flrst mentioned, there ia 
not one word wfflcb can relale to this definition, though here, if 
In any place, it was necessary to be brought In ; but the right de- 
finition is expressly cited in jhese words : " But Ihe ralJo of K to 
M Is compounded of the ratio of K to L, and of the ratio of L to 
M." This definition therefore of Theon Is quite useless and ab- 
surd : for that Theon brought it info the Elements can scarce be 
doubted ; as it Is to be found (n his commentary upon Ptolemy's 
MeyoXij luvj-wjie, page 03, where he also gives o childish explica- 
tion of il, ns agreeing only to such ratios as c&n be expressed by 
numbers; and from this place the definition and explicadon liai"e 
been exactly copied and prefixed to the definitions of the 6th book, 
aa appears from Hervagius's edition; but Zambertus and Cora- 
mandine, in their I.alin translations, subjoin the same to these de- 
finitions. Neither Campanus, nor, as It seems, the Arabic manu- 
scripts, from which he made his translation, have this definition. 
Ctavius, in bis observations upon it, rightly judges, that the defi- 
nition of compound ratio might have been made afier the same 
manner in which the definitions of duplicate and triplicate ratio 
are given ; viz, " That as in several magnitudes that are continual 
proportionals, Euclid named the ratio of the first to the third, the 
duplicate ratio of the first to the second, and the ratio of the fiist 
to the fourth, the triplicate ratio of the first to the second, that is, 
the ratio compounded of two or three intermediate ratios that are 
equal to one another, and so on ; so, in like manner, If there be 
several magnitudes of the same kind, following one another, 
which are not continual proportionals, the first is said to have to 
the last (he ratio compounded of all the intermediate ratios — only 
for this reason, that these intermediate ratios are Interposed be- 
twixt the two extremes, viz. the first and last magnitudes; even 
as, in the lOth definition of the 5th book, the ratio of the first to 
the third was called the duplicate ratio, merely upon account of 
two ratios being interposed betwixt the extremes, that are equal 
to one another: so that there is no difference betwixt this com- 
pounding of ratios, and the duplication or triplicjttion of them 
which are defined in the 5lh book, but that in the duplication, tri- 
plication, 4,c. of ratios, all the interposed ratios are equal to one 
another; whereas, in the compounding of ratios, it is not neces- 
sary that the intermediate mlios should be equal to one another," 



BOOK VI. NOTKd. 263 

Also Mr. Edmund Scarburgh, in his English translation of the first 
six books, page 238, 266, expressly affirms, that the 5th definition of 
the 6tli book is supposititious, and that the true definition of com- 
pound ratio is contained in the 10th definition of the 5th book, viz. 
the defmition of duplicate ratio, or to be understood from it, to wit, 
in the same manner as Clavius has explained it in the preceding ci- 
tation. Yet these, and the rest of the moderns, do notwithstanding 
retain this 5th deC of the 6th book, and illustrate and explain it by 
long commentaries, when they ought rather to have taken it quite 
away from the Elements. 

For, by comparing def. 5, book 6, with prop. 5, book 8, it will 
clearly appear that this definition has been put into the Elements in 
place of the right one, which has been taken out of them : because, 
in prop. 5, book 8, it is demonstrated that the plane number of 
which the sides are C, D has to the plane number of which the 
sides are K, Z (see Hervagius*s or Gregory's edition,) the ratio 
which is compounded of the ratios of their sides ; that is, of the 
ratios of C to EI, and D to Z : and, by def. 5, book 6, and the expli- 
cation given of it by all the commentators, the ratio which is com- 
pounded of the ratios of C to E, and D to Z, is the. ratio of the pro- 
duct made by the multiplication of the antecedents, C, D, to the pro- 
duct by the consequents E, Z, that is, the ratio of the plane number 
of which the sides are C, D to the plane number of which the sides 
are E, Z. Wherefore the proposition which is the 5th def. of book 
6, is the very same with the 5th prop, of book 8, and therefore it 
ought necessarily to be cancelled in one of these places; because it 
is absurd that the same proposition should stand as a definition in 
one place of the Elements, and be demonstrated in another place of 
them. Now, there is no doubt that prop. 5, book 8, should have a 
place in the Elements, as the same thing is demonstrated in it con- 
cerning plane numbers, which is demonstrated in prop. 23, book 6, 
of equiangular parallelograms ; wherefore def 5, book 6, ought not 
to be in the Elements. And from this it is evident that this defini- 
tion is not Euclid's but Theon's, or some other unskilful geometer's. 

But nobody, as far as I kqpw, has hitherto shown the true use of 
compound ratio, or for what purpose it has been introduced into 
geometry : for every proposition in which compound ratio is made 
use of, may without it be both enunciated and demonstrated. Now 
the use of compound ratio consists wholly in this, that by means of 
it circumlocutions may be avoided, and thereby propositions may be 
more briefly either enunciated or demonstrated, or both may be 
done: for instance, if this 23d proposition of the sixth book were to 
be enunciated, without mentioning compound ratio, it might be done 
as follows. If two parallelograms be equiangular, and if as a side 
of the first to a side of the second, so any assumed straight line be 
made to a second straight line: and as the other side of the first to 
the other side of the second, so the second straight line be made a 
third. The first parallelogram is to the second, as the first straight 
line to the third. And the demonstration would be exactly the same 
as we now have it. But the ancient geometers, when they observed 
this enunciation could be made shorter, by giving a name to the 



ratio which the llrst straight line has to the laat, by which name 
the iQlerinedlaCo ratios might likewise b€ signified, or llic ftrat to 
the aet-'ond, and of the second to the third, and so on, if Iher^ were 
wore oT them, they called this ratio of the first to the last the ralio 
compounded of the ratios of tlie first to the strcond, and of the 
second to the third straight line : that is, in the present example, of 
the ratios whicli are the same with the ratios of the sides, and \>j 
this they expressed the proposition more briefly, thus : if there be 
two eqiiiajigular parallelagranis, they have to one another the ratio 
which is the same with that which is compounded of ratios Uiat 
arc the same with the ratios of the sides. Wliich is shorter than 
the preceding enunciation, but has precisely ibe same laeanlng. 
Or yet shorter thus ; equiangular parallelogram s have to one 
•Dolhcr the ratio which is the sumo with that which is com- 
poondul of the ratios of their sides. And these two enunciations, 
the first esjieclally, agree lo the demonstration wiiicli is now in the 
Greek. The proposition may be more biiefly demonstrated, as 
Candalla docs, thus: Id ABCD, CEFG, be two equiangular parallelo- 
grams, and complete the paraflelogram CDHG, tlien, because there 
are three parallelograms AC, CH, CF, (he first AC (by rhe definition 
of compound ratio) has to tlie third C:F, the ratio which is com- 
pounded of the ratio of the first AC to the A D y 
socond CH, and of the ratio of CH to the 
third CF ; but the parallelogram AC is to the 
|nrallek)gram CH, as the straight line BC to 

CO ; and the parallelogram CH is to CF, as . . j^. 

the slfflipht line CD is to CE : therefore the B ''I I ' 

parallelogram AC has to CF the ratio which 
is compounded of ratios that are the same 
with the ratios of the sides. And to thia de- EF 

moostration agrees the enunciation which is 

■t present in the text, viz. equiangular parallelograms have to one 
another the ratio which is compounded of the ratios of the aides; 
fbr the Tulgar reading, " which is compounded of their sides," is 
aboard. But in this edition, we have |(ept the demonstration which 
is In the Greek text, though not so short as Candaila's ; because the 
way of finding the ratio which is compounded of the ratios of the 
■ides, that is, of finding the ralip of the parallelograms, Is shown in 
that, but not lo Candaila's demonstration ; whereby ti^^ners may 
team, in like cases, how to find the ratio which is compounded of 
two or more given ratios. 

From what has been said, it may be observed, that in any mag- 
nittides whatever of the same kind A, B, C, D, &c. the ratio com- 
ponnded of the ratios of the first to the second, of the secoitd to 
the third, and so on to the last, is only a name or expression, bjr 
which the ratio which the first A has to the last D is signified, and 
by which at the same time the ratios of all the magnitudes A 
to B. B to C. C to D, from the first to the last, to one another ; 
whether they he the same, or be not the same, are indicated ; as in 
megnitudes which ife continual proportionals A, B, C, D, &c the 
dapbcate ratio of the first to the second is only a name or «• 
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preasion by which the ratio of the first A to the third C is signified, 
and by which, at the same time, is shown that there are two ratios 
of the magnitudes, from the first to the last, viz. of the first A to the 
second B, and of the second B to the third or last C, which are the 
same with one another ; and the triplici^te ratio of the first to the 
second is a name or expression by which the ratio of the first A to 
the fourth D is signified, and by which, at the same time, is shown 
that there are three ratios of the magnitudes, from the first to the 
last, viz. of the first A to the second B, and of B to the third C, and 
of C to the fourth or last D, which are all the same with one an- 
other ; and so In the case of any other roultiplicate ratios. And that 
this is the right explication of the meaning of these ratios is (dain 
from the definitions of duplicate and triplicate ratio, in which Euclid 
makes use of the word Xf/srou, is said to be, or is called, which 
word, he, no doubt, made use of also in the deiSnition of compound 
ratio, which Theon, or some other, iias expunged from the Elements ; 
for the very same word is still retained in the wrong definition of 
compound ratio, which is now the 6th of the 6th book : but in the 
citation of these definitions it is sometimes retained, as in the de- 
monstration of prop. 19, book 6, ''the first is said to have, sx^i* 
Xeysroj, to the third the duplicate ratio," die which is wrong trans- 
lated by Commandine and others, " has*' instead of ** is said to 
have :** and sometimes it is left out, as in the demonstration of prop. 
33, of the eleventh lx)ok, in which we find ** the first has, sx^, to the 
third the triplicate ratio;'' but without doubt s^th ''has" in this 
place signifies the same as s^sn Xs^sreu, is said to have: so likewise 
in prop 23, R fi, we find this citation, •' but the ratio of K to M is 
compounded, ^uyxsireu of the ratio of K to L, and the ratio of L to 
M," which is a shorter way of expressing the same thing, whksb, ac- 
cording to the definition, ought to liave been expressed by tfv/ui^ai 
'ksysru, is said to be compounded. 

From these remarlcs, together with the propositk>n subjoined, to 
the 5th book, all that is found concerning compound ratio, either in 
tlie ancient or modem geometers, may be understood and explained. 

PROP. XXIV. a VL 

It seems that some unskilful editor has made up this demonstra- 
tion as we now have it, out of two others ; one of which may be 
made from the 2d prop, and the other from the 4th of this book : for 
after he has, from the 2d of this book, and composition and permuta- 
tion, demonstrated, that the sides about the angle common to the 
two parallelograms are proportionals^ he might have immediately 
concluded, that the sides about the other equal angles were propor- 
tionals, vi^ from prop. 34, B. 1, and prop. 7, book 5. This he does 
not, but proceeds to show, that the triangles and parallelograms are 
equiangular ; and in a tedious way by help of prop. 4, of this book, 
and the 22d of book 5, deduces the same conclusion : from which it 
is plain that thu ill composed denionstratk>n is not Euclid's : these 
superfluous things are now left out, and a more simple demonstra- 
tion is given from the fourth prop, of this boolc, the same which is 

34 
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In the translatton from the Arabic, by help of the 2d prop, and coto- 
pnstHon : but in this the author neglects permutation, and does not 
sliow the parallelograms to be equiangular, as is proper to do for tbc 
SBkc of beginners. 

PROP, XXV. a VL 

It is very evident that the demonstration which Euclid had given 
of this proposition has been vitiated by some unsklirul hand : for, 
after this editor had demonstrated that •• as the rectilineal figure ABH 
f< to the rectilineal KUH, so is the porallelogram BH to the paralleln- 
gram EP;" nothing more should have been added but this, "ami 
tlie rectilineal figure ABC is equal to the turallelogram BE : therefore 
the rectilineal KUH U equal to the parallelogram EF," viz. from 
[irop. 14, book 6. But t)etwixl these two sentences he has inserted 
this 1 " wherefore, by permutation, as the rectilineal figure ABC to tlie 
poraltelogram BE, so Is the rectilineal K<ill to the parallelogram EP;" 
by which it is plain, he thought It was not evident to conclade, that 
the second of four proportionals is equal to the fourth from Die 
equality of the first and third, which is a thing demonstrated in the 
14th prop, of B. 6, as to conclude that the third is equal lo the fourth, 
from tiie equality of the first and second, which is no where demon- 
slratcd in the elements as we now have lliem : but though this priv 
position, viz. the third of four proportionals is equal to Ihc fourth, if 
tile first be equal to the second, bad been ^ven in the Elements by 
Euclid, as very probably it was, yet he would not have made use of 
it in this place) because, as was xaid, the conclusion could have 
been immediately deduced without this superfluous step, by pennn- 
tation : this we have shown at the greater length, both because It 
afibrds a certain proof of the vitiation of the text of Euclid ; fw the 
very same blunder is found twice in the Greek text of prop. 83, 
book II, and twice In prop. 2, B. 12, and in the fi, 11, IS, and 18th 
of that book ; in which places of book 12, except the last of them, 
ft is rightly lefl out in the Oxford edition of Comroandine's trsnala- 
tion 1 and also that geometers may beware of making use of permu- 
tation in the like cases: for the modems not unfrequently commit 
this mistake, and among others Commandine himself^ In his commen- 
tary on prop, i, book 3, p. 6, b. of Pappus Alexandrinua, and in 
other places : the vulgar notion of proportionals baa, it seems, pre- 
occupied many so much, that they do not sufficiently understand the 
true nature of them. 

Besides, though the rectilineal figure ABC, to which another is to 
be made similar, may be of any kind whatever; yet in the demon- 
•trstion the Greek text has " triangle" instead of •• rectilineal figure," 
vbtcb error Is corrected in the above named Oxford editim. 

PROP. XXVn. B. VI. 

The second case of this has aXXut, otherwise, prefixed to it, as 
if It was a different demonstration, which probably has been done 
by wme unskilful librarian^ Ur. Gregory has rightly Ml It oat : 
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the scheme of this second case ought to be marked with the same 
letters of the alphabet which are in the scheme of the first, as is now 
done. 

PROP. XXVIU. and XXiX. B. VI. 

These two problems, to the first of which tlie 27th prop, is neces- 
sary, are the most general and useful of all in the Elements, and are 
most frequently made use of by the ancient geometers in the solution 
of other problems ; and therefore are very ignorantly left out by 
Tacquet and Dechales in their editions of the Elements, who pretend 
that they are scarce of any use. The cases of these problems, where- 
in it is required to apply a rectangle which shall be equal to a given 
square, to a given straight line, either deficient or exceeding by a 
square ; as also to apply a rectangle which shall be equal to another 
given, to a given straight line, deficient or exceeding by a square, 
are very often made use of by geometers. And, on this account, it 
is thought proper, for the sake of beginners, to give their construo- 
tions as follows : 

1. To apply a rectangle which shall be equal to a given square, to 
a given straight line, deficient by a square ; but the given square must 
not be greater than that upon the half of the given Ihie. 

Let AB be the given straight line, and let the square upon the 
given straight line C be that to which the rectangle to be applied 
must be equal, and this square, by the determination, is not greater 
than that upon half of the straight line AB. 

Bisect AB in D, and if the square upon AD be equal to the square 
upon C, the thing required is done: but if it be not equal to it, AD 

must be greater than C, according to H 

the determination ; dra w DE at right L I -. :, 1 • K 

angles to AB, and make it equal to 

C: produce ED to F, so that EF be A I X I "\l =B 
equal to AD or DB, and from the 
centre E, at the distance EF, de- 
scribe a circle meeting AB in G, and 
upon GB describe the squareGBKH, 
and complete the rectangle AGHL; 
also join EG. And because AB is E 

bisected in D, the rectangle AG, GB together with the square oC DG 
is equal (& 2.) to (the square of DB, that is, of EF or EG, that is, to) 
the squares of ED, DG : take away the square of DG from each of 
these equals ; therefore the remaining rectangle AG, GB is equal to 
the square of ED, that is, of ; but the rectangle AG, GB is the rect^ 
angle AH, because GH is equal to GB ; therefore the rectangle AH is 
equal to the given square upon the straight line C. Wherefore the 
rectangle AH, equal to the given square upon C, has been applied to 
the given straight line AB deficient by the square GK. Which was 
to be done. 

2. To apply a rectangle which shall be equal to a given square, to 
a given straight line, exceeding by a square. 
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Lei AB be the given atraiglit line, and let the square upon the 
given straight line G be that to which tlie rectangle to be applied 
must be equal. 

Bisect AB in D. and draw BE at riglit angles to it, so that BE be 
equal to C ; and having joined DE, frotn the centre D at the dialance 
OE deacribe a cii¥le meeting AB produced in G; upon BG describe 
the square BGHK, and complete the ~ 

rectangle AGtIL. And because AB is 
bisected in l>, and produced to G, the 
rectangle AG, GB together with the 
square of DB is equal (fl. 2.) to (the ( 
sciuare of IXJ, or DE, that is, to) the [_ 
squares of EB. BD. From earh of these p 

equals take the square of DB; therefore, 

the remaining rectangle AG. GB is equal C 

lo the square of BB, that is. to the square upon C. But the rectan- 
gle AQ, GB is the rectangle AH, because GH ia equal to GB : there- 
fore the rectangle AH is equal to the square upon C. Wherefore the 
rectangle AH, etiua! lo the given square upon C, has tieen applied tn 
the given straight line AB, exceeding by the square GK. Which wiu 
to be done. 

8. To apply a rectangle to a given straight line which shall be 
equal to a given rectangle, and be deficient by a square. But the 
given rectangle must not be greater than the square upon the baJf 
of the given straight line. 

Let AB be the given straight line, and let the given rectangle he 
that which is contained by the straight lines C, D which ia not great- 
er than the square upon the half of AB ) it is required to apply to AB 
a rectangle equal to the rectangle C, D, deficient by a square^ 

Draw AE, BF at right angles to AB. upon the same aideof it, and 
make AE equal to C, and BF to D : join £F, and bisect It in O ; and 
from the centre G, at the distance GE, describe a circle meeting AE 
again in H : join HP, and draw GE parallel to it, and QL parallel to 
AE, meeting AB in L. 

Because the angle EHF in a semicircle is equal to the right 
angle EAB, AB and HF are parallels, and AH and BF are paral- 
lels ; wherefore AH is equal to BF, and the rectangle £A, AH 
equal to the rectangle E!A, BF, that is to the rectangle C, D : and 
because EG, GF arc equal to one another, and AE, LG, BF pa- 
rallels; therefore AL and LB are equal: also £K is equal to KH 
(S. 8.), and the rectangle C, D, from the determination, is not 
greater than the square of AL, the ha]f of AB ; wherefore the rect- 
angle EA, AH is not greater than the square of AL, that is of 
KG : add to each the square of KE ; therefore the square (6. 2.) 
of AK is not greater than the squares of EK, EG, that is, than 
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the square of EQ; and conse- 
quently the straight line AE or 
GL is not greater than GE. 
Now, if GE be equal to GL, the 
circle EHF touches AB in L, 
and therefore the square of AL 
is (36. 3.) equal to the rectangle 
EA, AH, that is, to the given 
rectangle C, D ; and that which 
was required is done: but if 
EG, GL be unequal, EG must 
be the greater : and therefore the 
circle EHF cuts the straight 
line AB: let it cut it in the 
points M, N, and upon NB describe the square NBOP, and com- 
plete the rectangle ANPQ: because LM is equal to (3. 3.) LN, 
and it has been proved that AL is equal to LB ; therefore AM is 
equal to NB, and the rectangle AN, NB equal to the rectangle 
NA, AM, that is, tg the rectangle (Cor. 36. 3.) EA, AH, or the 
rectangle C, D: but the rectangle AN, NB is the rectangle AP, 
because FN is equal to NB: therefore the rectangle AP is equal 
to the rectangle C, D ; and the rectangle AP equal to the given 
rectangle C, D has been applied to the given straight line AB, de- 
ficient by the square BP. Which was to be done. 

4. To apply a rectangle to a given straight line that shall be 
equal to a given rectangle, exceeding by a square. 

Let AB be the given straight line, and the rectangle C, D the 
given rectangle, it is required to apply a rectangle to AB equal to 
CD, exceeding by a square. 

Draw AE, BF at right angles to AB, on the contrary sides of 
it, and make AE equal to C, and BF equal to D : join £F, and 
bisect it in G; and from the centre G, at the distance GE, de- 
scribe a circle meeting AE again in H ; join HF, and draw CL 
parallel to AE; let the circle 
meet AB produced in M, N, 
and upon BN describe the 
square NBOP, and complete 
the rectangle ANPQ; because 
the angle EHF in a semicircle 
is equal to the right angle 
EAB, AB and HF are paral- 
lels, and therefore AH and BF 
are equal, and the rectangle 
EA, AH equal to the rectangle 
EA, BF, that is, to the rect- 
angle C, D: and because ML 

is equal to LN, and AL to LB, therefore MA is equal to BN, and 
the rectangle AN, NB to MA, AN, that is (35. 3.) to the rectangle 
EA, AH, or the rectangle C, D : Uierefore the rectangle AN, NB, 
that is, AP, is equal to the rectangle C, D; and to the given 
straight line AB the rectangle AP luis been applied equal to the 
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given rectangle C, D, excpeJing by the stjiiarc CP. Whicli was to 
be done. 

Willebrordus Snctlius was the lirst, as Tar as I know, who gave 
these consCructinns or the 3(1 and 4lh problems, in his Apollonius 
BalaviuBi and afler wards the learned Dr. Halley gave them in the 
acholium of the IStb prop, of Ebc 8th book of ApoUoniua's conies re- 
stored by him. 

The 3d problem is otherwise enunciated thus: to cut a given 
straight line AB in the point IV, so ss to make the rectangle AN, NB 
equal to a given space; or, which is the same thing, having given AU 
the sum of the sides of a rectangle, and the magnitude of it being 
likewise given, to find Its sifies. 

And the fourth problem ts the same with this. To (ind the point 
N in the given straight line AB produced so as to make the rectangle 
AN, NB equal to a given space: or, which is the same thing, having 
given ADthedifferenceof tlie sides of a rectangle, and the magnitude 
of It. to ^d the sides. 

• PROP. XXXI. B. VI. 

In the demonstration of this, the inversion of proportionals Is twice 
neglected, and is now added, ttiat the conclusion may be legitimately 
made by help of the 24th prop, of B. S. as Clavius had done. 

PROP. XXXII. B. VI. 

The enunciation of the preceding 20th prop. Is not general enough ; 
because not only two similar parallelograms that have tta angle com- 
mon to ix>th, are about the same diameter; but likewise two similar 
parallel i^rams that have vertically opposite angles, hare their diame- 
ters In the same straight line : but there seems to have been another, 
and that a direct demonstration of these cases, to which this 32d pro- 
position was needfbl : end the 32d may be oth^wlse and something 
more briefly demonstrated as follows. 

PROP. XXXIL B. VI. 

If two triangles which have two sides of the one, dtc 
Let QAF, HFC be two triangles which have two aides AG, GF pro- 
portional to the two sides FH, HC. viz. AG to OF, as FU to UC ; ud 
let AG be parallel to FH, and GF to HC; " 
AF and FC are in a straight line. 

Draw CE parallel (31. 1.) to FH, and let 
It meet OF produced in K : because AG, 
KC are each of them parallel to FH, they 
'are parallet (30. 1.) to one another, and 
therefore the alternate angles AGF, FKC 
are equal : and AG is to GF, as (FH to HC, 
that Is 94. 1.) CL to KF ! wherefore the tri- « »^ ^ 

Uigies AOF, CKF are equiangular, (6. 6.) and the angle AFG equal 
to the angle CFK : but GFK is a straight Hne, therefore AF and SX; 
are In a straight «ne (14. 1.). 
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The 26th prop, is demonstrated from the 32d, as follows : 

If two similar and similarly placed parallelograms have an angle 
common to both, or vertically opposite angles ; their diameters are 
in the same straight line. 

First, let the parallelograms AfiCD, AEFQ have the angle BAD 
ooomion to both, and be similar and similarly placed; ABCD, AEFQ 
are about the same diameter. 

Produce £F, GF, to H, K, and join FA, FC : then because the 
parallelograms ABCD, AEFG are similar, DA is to AB, as GA to 
AE : wherefore the remainder DG is (Cor. AG D 

19. 5.) to the remainder EB, as GA to 
AE : but DG is equal to FH, EB to HC, 

and AE to GF : therefore as FH to HC, E 1. ^ | H 

so is AG to GF; and FH, HC are parallel 
to At>, GF ; and the triangles AGF, FHC 
are Joined at one angle in the point F: 
wherefore AF, FC are in the same straight h- 
line (82. 6.) ^ 

Next, let the parallelograms KHFC, GFEA, which are similar and 
similarly placed, have their angles KFH, GFE vertically oppodte ; 
their diameters AF, FC are in the same straight line. 

Because AG, GF are parallel to FH, HC ; and that AG is to GF, 
as FH to HC; therefore AF, FC are in the same straight line 
(32. 6.). 

PROP. XXXIIL a VL 

The words ** because they are at the centre,** are left out, as the 
addition of some unskilful band. 

In the Greek, as also in the Latin translatton, the words a trvx^ 
" any whatever,** are left out in the demonstration of both parts of 
the proposition, and are now added as quite necessary ; and in the 
demonstration of the second part, where the triangle BGC is proved 
to be equal to CGK, the illative particle apt in the Greek text ought 
to be omitted. 

The second part of the proposition is an addition of Theon*s, as 
he tells us in his commentary on Ptolemy*s Ms/aXv) 2uvca{ic, p. 60. 

PROP. B. C. D. a VL 

These three propositions are added, because they are frequently 
made use of by geometers. 

DEF. IX. and XL B. XI. 

The similitude of plane figures is defined from the equality of 
their angles, and the proporUonality of the sides about the equal 
angles; far from the proportionality of the sides only, or only 
from the equality of the angles, the similitude of the figures does 
not follow, except in the case when the figures are triangles : the 
similar position of the sides which contain the figures, to one ano- 
ther, depending partly upon each of these : and, ibr the same rea- 
son, those are similar solid figures which have all their aolkl angles 
equal, each to each, and arc contained by the same number of 
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siniibf plane figures : for there are some solid figures contained by 
similar plane Qgures, of the same number, and even of (he same 
magnitude, that arc neither similar nor equal, as shall be demon- 
strated after the notes on the 10th definition; upon this account it 
was necessary to amend the definition of aimilar solid figures, and 
to place the dcRnltion of a solid angle before it ; and from this and 
the 10th definition, it is sufficiently plain bow much the Elements 
have been spoiled by unskilful editors. 

DEF. X, B. XI. 

Since the meaning of the word " equal" is known and establisheit 
before it comes to be used in this definition ; therefore the proposition 
which is the lOtli deliniiion of this book. Is a theorem, the truth or 
falsehood of which ought to be demonstrated, not assumed ; so that 
Theon, or some other editor, has ignoranlly turned a theorem which 
ought to be demonstrated into this 10th definition ; that figures are 
similar, ought to be proved from the definition of similar figures; 
that they are equal, ought to be demonstrated from the axiom, 
*■ Magnitudes that wholly coincide, are e(|ual to one another i" or 
from prop. A, of book S, or the flih piop. or the Uili of the same 
book, from one of which Uic equality of all kind of figures must ulti- 
mately be deduced. In the preceding books, Euclid has given no 
definition of equal figures, and It is certain he did not give this : for 
whcit Is called the 1st def of the 3d book is really a theorem In 
which these circles are said to be equal, that have the straight lines 
from their centres to the circumferences equal, which is plain, from 
the definition of a circle ; and therefore has by some editor been 
Improperly placed among the definitions. The equality of figures 
ought not to be defined, but demonstrated: therefore, though It were 
true, that solid figures contained by the same number of similar 
and equal plane figures are equal to one another, yet he would justly 
deserve to be blamed who would make a definition of this proposi- 
tion, which ought to be demonstrated. But if this proposition be not 
true, must It not be confessed, that geometers have, for these thirteen 
hundred years, been mistaken in this elementary matter 1 And this 
should teach us modesty, and to acknowledge how liltle, through the 
weakness of our minds, we are able to prevent mistakes, even in the 
principles of sciences which are justly reckoned amongst the most 
certain ; for that the proposition is not universally true, can be shown 
by many examples ; the following is sufficient. 

Let there be any plane rectilineal figure, as the triangle ABC, 
and from a point within it draw (Vi. 11.) the straight line DE 
at right angles to the plane ABC; in DE take DE, DF equal to 
oite another, upon the opposite sides of the plane, and let G be 
any point in EF ; join DA, DU, DC ; EA, EB, EC ; FA, FB, FC ; 
GA, GB, GC; because the straight line EOF is at right angles 
to the plane ABC, it makes right angles with DA, DB, DC which 
it meets in that plane : and in the triangles EBD, FBD, ED and 
DB are equal to FD and DB, each to each, and they contain right 




angles ; therdbre the base EB 
is equal (4. 1.) to the base FB; 
in the same manner EA is equal 
to FA, and EC to FC : and in 
the triangles EBA, FBA, EB, 
BA are equal to FB, 6A; and 
the base EA, is equal to the base 
FA ; wherefore the angle EBA 
is equal C8- lOto the angle FBA, 
and the triangle EBA equal (4. 
1 .) to the triangle FBA, and the 
other angles equal to the other 
angles; therefore these trian^es 
are similar (4. 6. 1. def.) : In the 
same manner the triangle EBC 
is similar to the triangle FBC, F 

and the triangle KAC to FAC; therefore there are two solid figures, 
each of which Is contained by six triangles, one of them by three tri- 
angles, the common vertex of which is the point G, and their bases 
the straight lines AB, BC, CA, and by three other triangles the com- 
mon vertex of which is the point E, and their bases the same linea 
AB, BC, CA : the other solid is contained by the same three triangles 
the common vertex of which is G, and their bases AB, BC, CA ; and 
by three other triangles of which the common vertex is the potnt F, 
and their bases the same straight lines AB, BC, CA: now the three 
triangles GAB, GBC, GCA are common to both solMs, and the three 
others BAB, EBC, ECA of the first solid have been shown equal and 
similar to the three others FAB, FBC, FCA of the other solid, each 
to each ; therefore these two sc^ds are contained by the same num- 
ber of equal and similar planes: but that they are not equal is rnani* 
fest, because the first of them is contained in the other: therefore it is 
not universally true that solids are equal which are contained by the 
same number of equal and similar [danes. 

Cob. From this it appears that two unequal solid angles may be 
contained by the same number of equal plane angles. 

For the solid angle at B, which Is contained by the four plane an- 
gles EBA, EBC, GBA, GBC is not equal to the solid angle at the 
same point B, which Is contained by the four plane angles FBA, FBC, 
DBA, GBC; for this last contains the other : and each of them ts con- 
tained by four plane angles which are equal to one another, eodi to 
each, or are the self same; as has been proved : and Indeed there 
may be innumerable solid angles all unequal to one another, whidi 
are each of them contained by phuie angles that are equal to one 
another, each to each : it is likewise manifest that the before men- 
tioned solids are not similar, since their solid angles are not all 
equal. 

And that there may be innomerable solid angles all unequal to one 
another, which are each of them contained by the same plane angles 
disposed In the same order, wilt be jdain (h>m the three foBowfaig 
propositions. 
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PROP. ]. PROBLEM. 

Three magnitudes. A, B, C being given, to lind a Tounh aucli, that 
every three shall be greater than the remaining one. 

Let U be the fourth i therefore D must be less than A, B, C to- 
gether : of the three, A, B, C, let A be that which is not leas tlian 
etlher of the two B and C : and first, let B and C together be not 
IcM than A : therefore B, C, D together are greater than A ; and bc- 
cauge A is not less than B ; A, C, D together are gretiler than B ; in 
the like manner. A, B, D together are greater than C : wherefore, 
in the case in which B and C together are not less than A, any 
magnitude D which U less than A, B, C together, will answer the 

But If B and C together be leas than A ; then, because it is requireil 
that B, V. D together be greater than A, fVom each of these taking 
away B, C, the remaining one D must b« greater than the excess of 
A above U and C ; take tiiereTore any magnitude U which is less than 

A, fi. O, together, but greater than the excess of A above B and C : 
then B| C, D together are greater than A ; and because A is greater 
thon either B or C, much more will A and U together with either of 
the two B, C be greater than the other ; and by the conatructlon. A, 

B, C ore together greater than D. 

Colt. If besides it be required, that A and B together shall not bo 
hw than C and D leather ; the excess of A and B together above 
C must not be less than D, that is, D must not be greater than that 



PROP. II. PROBLEM. 

Four magnitudes A, B, Ct D being given, of which A and B to* 
gether are not less than C and D together, and such that any tJiree 
of them whatever are greater than the fourth ; it is required to find 
a fifth magnitude £ such, that any two of the three Al, B, B shall 
be greater than the third, and also that any two of the three C, D, 
K shall be greater than the third. Let A be not less than B, and C 
not less than D. 

First, Jet the ezceas of C above D be not less than the excess of 
A above B i it is plain that a magnitude E can be taken which is less 
than the sum of C and D, but greater than the excess of C above D^ 
let it be taken ; then E is greater likewise than the excess of A above 
B: wherefore E and B together are greMer than A i and A is not less 
tban B ; therefore A and E together are greater than B : and, by the 
hypothesis, A and B together are not less than C and D together, and 
C. and D tt^ether are greater than £ ; therefore likewise A and B are 
greater than E. 

But let the excess of A above B be greats- than the excess <J 
C above D; and because, hy the hypothesis, the lliree B, C, D are 
together greater than the fourlti A : C and D logellier are greater 
than the excess of A Btx>ve B : therefore a magnitude may be 
taken which is less tlian C and D together, but greater than the 
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excess of A above B. Let this magnitude be E ; and because E Is 
greater than the excess of A above B, B together with E is greater 
than A : and, as in the preceding case, it may be shown that A to- 
gether with E is greater than B, and that A together with B is 
greater than E : therefore, in each of the cases, it has been shown 
that any two of the three A, B, E are greater tiian the third. 

And because in each' of the cases K is greater than the excess of 
C above D, E together with D is greater than C ; and, by the hypo- 
thesis, C is not less than D ; therefore E together with C is greater 
than D ; and, by the construction, C and D together are greater than 
E : therefore any two of the three, C, D, E are greater than the 
third. 

PROP. ni. THEOREM. 

There may be innumerable solid angles all unequal to one another, 
each of which is contained by the same four plane angles, placed in 
the same order. 

Take three plane angles A, B, C, of which A is not less than 
either of the other two, and such, that A and B together are less 
than two right angles : and by problem 1, and its corollary, find a 
fourth angle D such, that any three whatever of the angles A, B, C, 
D be greater than the remaining angle, and such, that A and B to- 
gether be not less than C and D together : and by problem 2, find 
a fifth angle E such, that any two of the angles A, B, E be greater 
than the third, and also that any two of the angles C, D, E, be g^ea^ 
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er than the third : and because A and B together are less than two 
right angles, the double of A and B together is less than four right 
angles : but A and B together are greater than the angle E ; wher^ 
fore the double of A, B together is greater than the three angles A, 

B, E together, which three are consequently less than four right an- 
gles ; and every two of the same angles A, B, E are greater than 
the third; therefore, by prop. 28. II, a solid angle may be made 
contained by three plane angles equal to the angles A, B, E, each to 
each. Let this be the angle P contained by the three plane angles 
GFH, HFK, GFK which are equal to the angles A, B, B, each to 
each : and because the angles C, D together are not greater than 
the angles A, B together, tiierefbre the angles C, D, E are not great- 
er than the angles A, B, E : but these last three are less than four 
right angles, as has been demonstrated : wherefore also the angles 

C, D, E are together less than four right angles, and every two of 
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them are greater tlmn the Iliird; therefore a sollO angle inay be 
made which shall be contained by three plane angles equal to the 
angles C, D. E, each to each (Z3. 1 1.) : and by prop. 26. 1 1, at the 
point F ia (he straight line FG a solid angle may be made equal to 




that which is contained by the three plane angles that are equal to 
the angles C, D, E : let this be made, and let the angle GFK. which 
ts equal to E, be one of the three ; and let KFL, CJFL be the olher 
two which are equal to tlie angles C, D, each to each. Thus there 
ia a solid angle constituted at the point F, contained by the four 
plane angles GFII, HFK, KFL, GFL which arc equal to the angles 
A, B, C, D, each to each. 

Again, find another angle M such, that every two of Ihc three an- 
gles A, B, M be greater than the third, and also every two of the 
three C, D, M be greater than the third : and, as in the preceding 
part, it may be denionslrated that Ihe three A, B, M are less than 
four right angles, as also that the N 

three C, D, M are lesa than four right 
angles. Make therefore (23. 11.) a 
solid angle at N contained by the 
three plane angles ONP, PNQ, ONQ, 
which are equal to A, B, M, each to 
each: and by prop. 26. 11, make at 
the point N in the straight line ON a ' 
Bolid angle contained by three plane "^ 

angles of which one is the angle ON^ equal to M, and the other two 
are the angles QNR, ONR, which arc equal to the angles C, D, each 
to each. Thus, at the point N, there ts a solid angle contained by 
the four plane angles ONP, PNQ, QNR, ONR which are equal to 
the angles A, B, C, D, each to each. And that the two solid angles 
at the points P, N, each of which is contained by the above named 
foor plane angles, are not equal to one another, or that they cannot 
coincide, will be plain by considering that the angles GFK, ONQ, 
that Is, the angles E, M, are unequal by the construction ; and 
therefore the straight lines GF, FK cannot coincide with ON, NQ, 
nor consequently can the solid angles, which therefore are unequal. 

And because from the four plane angles A, B, C, D, there can 
be (bund innumerable other angles that will serve the same pur- 
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pose with the angles E and M ; it is plain that innumerable other 
sdid angles may be constituted which are each contained by the 
same four plane angles, and all of them unequal to one another. 

aKD. 

And from this it appears that Clavius and other authors are 
mistaken, who assert that those solid angles are equal which are 
contained by the same number of plane angles that are equal to 
one another, each to each. Also it is plain that the 26th prop, of 
book 11, is by no means sufficiently demonstrated, because the 
equality of two solid angles, whereof each is contained by three 
•plane angles which are equal to one another, each to each, is only 
assumed, and not demonstrated. 

PROP. I. B. XI. 

The words at the end of this, ** for a straight line cannot meet 
a straight line in more than one point,** are left out, as an addi- 
tion by some unskilful hand; for this is to be demonstrated, not 
assumed. 

Mr. Thomas Simson, in his notes at the end of the 2d edition 
of his Elements of Geometry, p. 262, after repeating the words of 
this note, adds, ** Now, can it possil^ly show any want of skill in 
an editor (he means Euclid or Theon) to refer to an axiom which 
Euclid himself hath laid down, book 1, No. 14, (he means Barrow's 
Euclid, for it is the 10th in the Greek), and not to have demon- 
strated, what no man can demonstrate!** But all that in this case 
can follow from that axiom is, that, if two straight lines could 
meet each other in two points, the parts of them betwixt these 
points must coincide, and so they would have a segment betwixt 
these points common to both. Now, as it has not been shown in 
Euclid, that they cannot have a common segment, this does not 
prove that they cannot meet in two points, from which their not 
having a common segment is deduced in the Greek edition: but, 
on the contrary, because they cannot have a common segment, as 
is shown in cor. of 11th prop, book 1, of 4to edition, it follows 
plainly that they cannot meet in two points, which the remarker 
says no roan can demonstrate. 

Mr. Simson, in the same notes, p. 265, justly observes, that in 
the corollary of prop. 11, book 1, 4to edition, the straight lines 
AB, BD, BC are supposed to be all in the same plane, which 
cannot be assumed in 1st prop, book 11. This, soon after the 4to 
edition was published, I observed, and corrected as it is now in 
this edition: he is mistaken in thinking the 10th axiom he men- 
tions here to be Euclid's; it is none of Euclid's, but is the 10th in 
Dr. Barrow's edition, who had it from Herigon*s Cursus, vol. 1, 
and in place of it the corollary of 10th prop, book 1, was added. 

PROP. IL B. XI. 

• 

This proposition seems to have been changed and vitiated by 
some editor: for all the figures defined in the 1st book of the Ele- 
ments, and among them triangles, are, by the hjrpothesis, plane 
figures; that is, such as are described in a plane; wherefore the 
second part of the enunciation needs no demonstration. Besides, 
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a convex suporliries may be terminated by threo straight lines 
incepting oob another; tlte thins that should have been domon- 
strated is, that two or thren straiglil litiPH, Ihot meet ono another, 
aro in one plane. And as this is not sufficiently done, the eiiuneiu- 
Uun and demonstration are changed into thoso now put into the text. 

PROP. IlL U. XI. 
In this proposition the following worda near to the end of it are 
left nut, viz. ■> therefore DEB. DPB are not straiglit lines ; in the 
lllCB manner it m^y be demonstrated tliiil there ran be do other 
fltrai^t line between the points D, B;" because from this lliat two 
tines include a spare, it only follows that one of them is not a 
straight line: and the force of the argument lies in this, viz. if the 
common section of the planes be not a straight line, then two 
straight lines could include a space, which is absunl ; therefore 
the common section is a straight line, 

PROP. IV. a XL 
The words "and the triangle AED to the triangle BEC" are 
omitted, because the whole conclusion of tlie 4th prop, booli 1, has 
been so oiten repeated in the preceding tiooka, it was needJcss to re- 
peat it here. 

PROP. V. B. XI. 
In this, neir to the end sKtriSu, ought to be left out in the Greek 
test: and the word "plane" is rightly left out In tlie Oxford edition 
of Conimundino's traiislatioji. 

PROP. vn. B. XL 

This proposition has been put into this book by some nnskilfiil 
editor, as is evident from this, that straight lines which are drawn 
from one point to another in a plane, are in the preceding books, 
supposed to be in that plane; and if they were not, some demon- 
strations in which one straight line Is supposed to meet another 
would not t>e conclusive, because these lines would not meet one 
another: for instance, in prop. 30, book 1, the straight Hne GE 
would not meet EF, if GK were not in the plane in which are the 
parallels AB, CD, and In which, by hypothesis, the straight line 
BF is; because, this 7th proposition is demonstrated by the preced- 
ing ad, in which the very thing which is proposed to be demon- 
strated in the 7th, is twice assumed, viz. that the straight line drawn 
firom one point to another in a plane, is in that plane ; and the same 
thing Is assumed in the preceding 6th prop, in which the straight 
line which joins the points B, D that are in the plane to which AB 
and CD are at right angles, is supposed to be in that plane : and the 
7th, of which another demonstration is given, is kept in the book 
merely to preserve the number of the propositions i for it is evident 
fforo the 7th and 35th definitions of the 1st book, though it had not 
beea in the Elements. 

PROP. VUI. B. XI. 

In the Greek, and in Commandine's and Dr. Gregory's transla- 
tions, near to the end of this proposition, are the following words ; 
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** but LMJ is in the plane through BA, AD," instead of which, in the 
Oxford edition of Gominandine's translation, is rightly put ** but DC 
is in the plane through BD, DA :'* but all the editions have the fol- 
lowing words, viz. " because AS, BD are in the plane through BD, 
DA, and DC is in the plane in which are AB, BD,** which are mani- 
festly corrupted, or have been added to the text; for there was not 
the least necessity to go so &r about to show that DC is in the same 
plane in which are BD, DA, because it immediately follows from 
prop. 7, preceding, that BD, DA are in the plane in which are the 
parallels AB, CD : therefore, instead of these words, there ought 
only to be ** because all three are in the plane in which are the 
parallels AB, CD.** 

PROP. XV. B. XL V 

After the words *' and because BA is parallel to GH,** the follow- 
ing are added, ** for each of them is parallel to DEI, and are not both 
in the same plane with it,** as being manifestly forgotten to be put 
into the text 

PROP. XVI. B. XL 

In this near to the end, instead of the words ** but straight lines 
which meet neither way,** ought to be read, '* but straight luies in 
the same plane which produced meet neither way ;** because, though 
in citing this definition in prop. 37, book 1, it was not necessary to 
mention the words, '« in the same plane,** all the straight lines in the 
books preceding this being in the same plane, yet here it was quite 
necessary. 

PROP. XX. RXL 

In this, near the beginnhig, are the words, **But if not let BAC 
be the greater;** but the angle BAC may happen to be equal to one 
of the other two : wherefore this place should be read thus, '* But if 
not, let the angle BAG be not less than either of the other two, but 
greater than DAB.** 

At the end of this proposition it is said, ** in the same manner it 
may be demonstrated,** though there is no need of any demonstra- 
tion ; because the angle BAC being not less than either of the other 
two, it is evident that BAC together with one of them is greater 
than the other. 

PROP. XXU. B. XI. 

And likewise in this, near the beginning, it is said, «« but if not. 
let the angles at B, E, H be unequal, and let the angle at B be 
greater than either of those at EH:** which words manifestly show 
this place to be vitiated, because the angle at B may be equal to one 
of the other two. They ought therefore to be read thus, ^ But if 
not, k?t the angles at B, E, H be unequal, and let the an^e at B be 
not less than either of the other two at E, H: therefore the straight 
line AC is not less than either of the two DF, GK.*' 

PROP. XXIII. B. XL 

Tlie demonstration of this is made something shorter, by not 
repeating in the tliird case the things which were demonstrated 
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In tlie first ; and by making use of the construction which Caiti- 
pnnus hos frfven ; but he does not deoionstrale the second and third 
cases ■ the construction and demonstration of the third cose are 
made a little more simple than In the Greek text. 

PROP. XXIV. a XI. 

The word '■ similar" is added to the enunciation of this proposi- 
tion, because the planes containing the solids which are to be de- 
monstrated to be equal to one another, in the 2Sth proposilion, ouglit 
to be similar and egual, that the equality of liie solids may be inferred 
from prop. C, of this book; and, in the Oxford edition of Comman- 
dine's translation, a corollary is added to prop. 34, to show that the 
parallelograms mentioned in this proposition are similar, that the 
equality of the solids in prop. 2&, may be deduced from the lOtti deC 
of book 11. 

PROP. XXV. and XXVI. B. XI. 

In the 25th prop, solid figures which arc contained by the satne 
number of similar and equal plane tigurcs, are supposed to bp eqnal 
to one another. And it seems that Theon. or some other editor. 
that be might save himself the trouble of demonstrating the soHd 
figures mentioned in this proposition lo be equal to one another, has 
Imerted the 10th def. of this book, to serve instead of a detnonstra- 
tttiti ; which was very Ignf ranlly done. 

Likewise in the 26th prop, two solid angles are auppoaed to be 
equal : if each of them be contained by three plane angles which 
are equal to one another, each to each. And it is strange enough, 
that none of the commentators on Euclid have, as far as I know, 
perceived that something is wanting in the demonstrations of these 
two propositions. Clavius, indeed, in a note upon the Uth def of 
this book, affirms, that it is evident that those solid angles are equal 
which are contained by the same number of plane angles, equal to 
one another, each lo each, because they will coincide, if they be con- 
ceived to be placed within one another ; but this is said without any 
proof; nor is it always true, except when the solid angles are con- 
tained by three plane angles only, which are equal to one another, 
each to each : and in this case the proposilion is the same with this, 
that two spherical triangles that are equilateral to one another, are 
aUo equiangular to one another, and can coincide; which ought not 
to be granted without a demonstration, Euclid does not assume 
this in the case of rectilineal trftmgles, but demonstrates, in prop. 8, 
book 1, that triangles which are equilateral to one another are also 
equiangular to one another ; and from Ihls their total equality appears 
by prop. 4, book 1. And Menelaus, in the fourth prop, of his lat 
book of spherics, explicitly demonstrales, that spherical triangles 
which are mutually equilateral, are also equiangular to one another; 
from which it is easy to show that they must coincide, providing 
they have their sides disposed in the same order and situation. 

To supply these defects, it was necessary to add the three pro- 
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positions marked A, B, C to this book. For the 25th, 26th and 28th 
propositions of it, and consequently eight others, viz. the 27th, 31sty 
82d, 3dd, d4th, 36th, 87th, and 40th of the same, which depend upon 
them, have hitherto stood upon an infirm foundation ; as also the 
8th, 12th, cor. of the 17th and 18th of 12th book, which depend upon 
the 0th definition. For it has been shown in the notes on def. lOth 
of this book, that solid figures which are contained by the same 
number of similar and equal plane figures, as also solid angles that 
are contained by the same number of equal plane angles, are not Id- 
ways equal to one another. 

It is to be observed that Tacquet, in his Euclid, defines equal solid 
angles to be such, ** as being put within one another do coincide ;*' 
but this is an axiom, not a definition ; for it is true of all magnitudes 
whatever. He made this useless definition, that by it he might de- 
monstrate the 36th prop, of this book, without the help of the 35th 
of the same : concerning which demonstration, see the note upon 
prop. 36. 

PROP. xxvm. a xi. 

In this it ought to have been demonstrated, not assumed, that the 
diagonals are in one plane. Clavius has supidied this defect 

PROP. XXIX. B. XI. 

There are three cases of this proposition : the first Is, when the 
two parallelograms opposite to the base AB have a side common to 
both ; the second is, when these parallelograms are separated from 
one another ; and the third, when there is a part of them common to 
both ; and to this last only, the demonstration that has hitherto been 
in the Elements does agree. The first case is immediately deduced 
from the preceding 28th prop, which seems for this purpose to have 
been premised to this 29th, for it is necessary to none but to it, and 
to the 40th of this book, as we now have it, to which last it would, 
without doubt, have been premised, if Euclid had not made use of it 
in the 20th ; but some unskilful editor has taken it away from the 
Elements, and has mutilated Euclid's demonstratton of the other two 
cases, which is now restored, and serves for both at once. 

PROP. XXX. R XI. 

In the demonstration of this, the opposite planes of the solid CP, 
in the figure of this edition, that is of the solid CO in Commandine*s 
figure, are not proved to be parallel ; which it is proper to do for the 
sake of learners. 

PROP. XXXI. B. XI. 

There are two cases of this proposition : the first is, when the 
insisting straight lines are right angles to the bases; the other, 
when they are not : the first case divided again into two others, one 
of which is, when the bases are equiangular paralldograms ; the 
other, when they are not equiangular : the Greek editor makes no 
mention of the first of these two last cases, but has inwrted the de- 
monstration of it as a part of that of the other; and therefore should 
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have taken notice of it in a corollary ; but we thought it belter to 
give these two cases separately ; the demonstration also is nude 
Bouiething shorter by following the way Euclid has made use of in 
prop. U. book B. Besides, in the demonstration of the case in 
which the insisting straight lines are not at right angles to the bases, 
tiie editor does not prove that the solida described in the construc- 
tion are paiallelopipeds, which it Is not to be thought that Euclid ne- 
glected : also the words " of which the insisting straight linos are 
not in the same straight lines." have been added by some unskilful 
hand i for they may be in the same straight lines. 

PROP. XXXII. B. XL 

The editor has forgot to order the parallelogram PH to be applied 
in the angle FGH equal to the angle IX;G, which is necessary. 
ClaviUB has supplied this. 

Also, in the construction, it is required to complete the solid of 
which the base is FH, and altitude the same wilii that of the solid 
CD ; but this does not determine the solid to be completed, since 
there may be innumerable solids upon the same base, and of the 
same altitude: it ought therefore to be said, •' complete the solid of 
which the base is FH, and one of its Insisting straight lines is PD ;" 
the same correction must be made in the following proposition, 93. 

PROP. D. B. XI. 
It is very probable that Euclid gave this proposition a place in the 

Eicmenls, since he gave the like proposition concerning equiangular 
parallelograms in the 23d, B. 6. 

PROP. XXXIV. B. XI. 

In this the words u" m SfiSfffutfaJ ax siffiv Ui tuv cwtijv iuteiiM, " of 
which the insisting straight lines are not in the same straight lines," 
are thrice repeated ; but these words ought either to be left out, as 
they are by Clavius, or, in place of them, ought to be put, " whether 
the insisting straight lines be, or be not, in the same straight lines :" 
for the other case is without any reason excluded ; also the words 
uv fo u4-»i, " of which the altitudes," are twice put for ui to' fpiaruScu, 
" of which the insisting straight lines ;" which is a plain mistake : 
for the altitude is always at right angles to the liase. 

PROP. XXXV. B. XI. 

The angles ABH, DEM are demonstrated to be right angles in a 
shorter way than in the Greek; and In the same way ACH, DFM 
may be demonstrated to be right angles : also the repetition of the 
same demonstration, which begins with " in the same manner," is 
left out, as it was probably added to the text by some editor ; for 
the words, " in like manner we may demonstrate," are not inserted 
except when t)ie demonstration is not given, or when it is something 
dl&rent from the other, if it be given, as in prop. 'ZQ, of this book.— 
Cam pan us has not this repetition. 

We have given another demonstration of* the corollary, besides 
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the one in the original, by hdp of which the following 86th prop, 
may be demonstrated without the 35th. 

PROP. XXXVL B. XI. 

Tacquet in his Euclid demonstrates this proposition without the 
help of the 35th ; but it is plain, that the solids mentioned in the 
Greek text in the enunciation of the proposition as equiangular, are 
such that their solid angles are contained by three plane angles 
equal to one another, each to each ; as is evident from the construc- 
tion. Now Tacquet does not demonstrate, but assumes these solid 
angles to be equal to one another ; for he supposes the solids to be 
already made, and does not give the construction by which they are 
made : but, by the second demonstration of the preceding corollary, 
his demonstration is rendered legitimate likewise in the case where 
the solids are constructed as in the text. 

PROP, xxxvn. R XL 

In this it is assumed, that the ratios which are triplicate of those 
ratios which are the same with one another, are likewise the same 
with one another; and that those ratios are the same with one 
another, of which the triplicate ratios are the same with one another; 
but this ought not to be granted without a demonstration ; nor did 
Euclid assume the first and easiest of these two propositions, but 
demonstrated it in the case of duplicate ratios, in the 22d prop, 
book 6. On this account, another demonstration is given of this 
proposition like to that which Euclid gives in prop. 22, book G, as 
Clavius has done. 

PROP, xxxvm. R XI. 

When it is required to draw a perpendicular from a point in one 
plane, which is at right angles to another plane, unto this last plane, 
it is done by drawing a perpendicular from the point to the common 
section of the planes ; for this perpendicular will be perpendicular 
to the plane by def 4, of this book: and it would be foolish in this 
case to do it by the 11th prop, of the same: but Euclid (17, 12, in 
other editions), Apollonius, and other geometers, when they have 
occasion for this problem, direct a perpendicular to be drawn from 
the point to the plane, and conclude that it will &I1 upon the common 
section of the planes, because this is the very same thing as if they 
had made use of the construction above mentioned, and then conclu- 
ded that the straight line must be perpendicular to the plane ; but 
is expressed in fewer words. Some editor, not perceiving this, 
thought it was necessary to add this proposition, which can never 
be of any use to the 1 1th book, and its being near to the end among 
propoations with which it has no connexion, is a mark of its having 
been added to the text. 

PROP. XXXIX. B. XL 
In this it is supposed, that the straight lines which bisect the 
sides of the opposite planes, are in one plane, whk:h ought to have 
been demonstrated; as is now done. 
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BOOKXn. 
Tiie learned Mr, Moore, professor of Greek in the University 

of Glasgow, observed to me, Ihat it plainly appears from Archimedes's 
epistle to Dositheus, prefixed to his books of the Sphere and Cylinder. 
wiiich epistle he has restored from ancient manuscripts, that Eudosus 
was the author of the chief propositions in this 12th book. 

PROP. II. B. XII. 
At the beginning of this 11 is said, " if it be not so, the sfjuare of 
BD shall be to the square of FH, as the circle ABCD is to some 
■pace either less than the circle EFQH, or greater than it." And the 
like is to be found nesr to the end of this proposition, as also in 
prop. S, 11, I'i, 16, of this book: concerning which, it is to be ob- 
served, that, in the demonstration of theorems, it is sufficient, in this 
and the like cases, that a thing made use of in the reasoning can 
possibly exist, providing this be evident, though it cannot be exhibit- 
ed or found by a geometrical construction : so, in this place it is 
assumed, Ihat there may be a fourlh proportional to these three 
magnimdcs, viz. the squares of BD, FH, and the circle ABCO ; 
because it la evident that there Is some square equal to the circle 
ABCD though it cannot be found geometrically : and to the three 
rectilineal figures, via. the squares of BD, FH, and the square which 
fa equal to the circle ABCD, there is a fourth square proportional j 
because to the three straight lines which are their sides, there la a 
fourth straight line proportional, (12. 0.) and this fourth square, or a 
space equal to it, is the apace which in this propositon is denoted by 
the letter S : and the like is to be understood in the other places 
above cited ; and it is probable that this has been shown by Euclid, 
but left out by some editor ) for the lemma, which some unskilful 
hand has added to this proposition, explains nothing of it. 

PROP. III. B. XII. 
In the Greek text and the translations, it is said, "and because 
the two straight lines BA, AC which meet one another," 4.c. ; here 
the angles BAC. KHL are demonstrated to be equal to one another 
by lOlh prop. B. II. which had been done before : because the trian- 
gle EAG was proved to be similar to the triangle KHL ; this repeti- 
tion is left out, and the triangles BAC, KHL are proved to be similar 
in a shorter way by prop. 21, B, 6. 

PROP. IV. B. XII. 
A few things in this are more fully explained than in the Greek text. 

PROP. V. R xa. 

In this, near to the end, are the words us iii,irp>f.%ev eJej^ij, " as was 
before shown ;" and the same are found again in the end of prop. IB, 
of this book : but the demonstration referred to, except it be the 
ultdess lemma annexed to the 2d prop., is no where in these Ele- 
ments, and has been perhaps left out by some editor who has forgot 
to cancel those words also. 
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PROP. VL axiL 

A shorter demonstration is given of this; and that which is in the 
Greek text may be made shorter by a step than it is, for the author 
of it makes use of the 22d prop, of B. 5, twice ; whereas once would 
have served his purpose : because that proposition extends to any 
number of magnitudes which iare proportionals taken two and two, 
as well as to three which are proportional to other three. 

COR. PROP. VnL R XU. 

The demonstration of this is imperfect, because it is not shown 
that the triangular p3rramids into which those upon multangular 
bases are divided, are similar to one another, as ought necessarily 
to have been done, and is done in the like case in prop. 12th of 
this book. The full demonstration of the corollary is as follows : 

Upon the polygonal bases ABCDE, FGHKL, let there be simi- 
lar and similarly situated pyramids which have the points M, N 
for their vertices: the pyramid ABCDEM has to the pyramid 
FGHKLN the triplicate ratio of that which the side AB has to 
the homologous side FQ. 

Let the polygons be divided into the triangles ABE, EBC, ECD ; 
FGL, I/3H, LHK, which are similar (20. 6.) each to each, and 
because the pyramids are similar, therefore (11. def 11.) the tri- 
angle EAM is similar to the triangle LFN, and the triangle ABM to 
FGN : wherefore (4. 6.) ME is to EA, as NL to LP ; and as AE to 
EB, so is FL to LG, because the triangles EAB, LFG are similar; 
therefore, ex aqualU as ME to EB, so is NL to LG : in like man- 
ner it may be shown that EB is to BM, as LG to GN ; therefore 
again, ex xquali^ as EM to MB, so is LN to NG ; wherefore the tri- 
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angles EMB, LNG having their aides proportionals, are (5. 6.) equi- 
angular and similar to one another: therefore the pyramids which 
have the triangles EAB, LEG Ibr their bases, and the points M, 
N for their vertices, are similar (11. def 11.) to one another, for 
their solid angles are (b. 11.) equal, and the solids themselves are 
contained by the same number of similar planes : in the same man- 
ner, the p3rramld EBCM may be shown to be similar to the pyra- 
mid LGHN, and the pyramid ECDM to LHKN. And because 
the p3nramid8 EABM, LFGN are similar, and have triangular 
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base*. Ibe pyramid EABM has (8. 12.) lo LFGN the triplicate 
r&flo of i/ttU wtlicb EB lias to the homologous side LG. And, in tbe 
same manner, the pyramid EBCM has to the pyaaoiid LGHN Ihe 
triplJrjite ratio of that which EB has to LG. Therefore as the pyra- 
mid EABM is to the pyramid LFGN. so is the pyramid EBCM to the 
pyramid LGHN. In tlie like manner, as the pyramid EBCM Is to 
LGHN, so is the pyramid ECOM to the pyramid LHKM. And as 
one of the antecedents is to one of the consequents, so are all the 
antecedents to all the consequents: therefore as tiie pyramid EABM 
lo the pyramid LKIN. ao is tiie wliole pyramid ABCDEM to the 
whole pyramid FGHKLN ; and the pyramid EABM has to the pyra- 
mid LFCJN the triplicAto ratio of that which AB has to FG ; therefore 
the whole pyramid lius to the whole pyramid the triplicate ratio of 
that which AB has lo the homologous side FG. Q. E. D. 

PROP. XI. and XII. B, XII. 
The order of the letters of the alphabet is not observed in these 
two propositions according lo Euclid's manner, 'and is now re- 
stored ; by which means, the first part of prop. 12 may be demon- 
strated in the some words with the first pait of prop. 11 : on tliis 
socouni the demonstration of that first part is led out, and assumed 
from prop. 1 1 . 

PROP. XU. B. SlI. 
In this proposition, the common section of a plane parallel to 
the bases of a cylinder, with the cylinder it.self is siipixised to be a 
circle, and it was thought proper briefly to demonstrate it; from 
whence it is sufficiently manifest, that this plane divides the cy- 
linder into two others ; and the same thing is understood to be 
supplied in prop. 14. 

PROP. XV. B. XII. 

"And complettfthe cylinders AX, EO," both the enunciation and ex- 
position of the proposition represent the cylinders as well as the 
cones, as already descril>ed : wherefore the reading ought rather to 
be, " and let the cones lie ALC, ENG ; and the cylinders AX. EU." 

The first case in the second part of the demonstration is wanting; 
and something also in the second case of that part, before the repeti- 
tion of the construction is mentioned ; which are now added. 

PROP. XVII. B, xn. 

In the enunciation of this proposition, the Greek words ti; ctjv 
ftfti^ova. tfipojgau ffrsPiov ffoXuEd^ov iyf/a-iMi fii] -|.autii tii; iXa<ttfawif ffipoiMif 
xara tijv fwipavjiav are thus translated by Commandine and others, 
"In majori soltdura polyhedron describere quod minoris sphicrx 
superficJem non tangat;" that is, "to describe in the greater sphere 
a solid polyhedron which shall not meet the superfiicies of the 
lesser sphere ;" whereby they refer the words xara t^v e-ri^vnav to 
these next to lliem Tits EXatftrovt-s ffpni^ni:. But they ought by no 
nwans to be thus translated ; for the solid polyhedron doth not 
only meet the superlicies of Ihe lesser sphere, but pervades the 
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whole of that sphere ; therefore the aforesaid words are to be re- 
ferred to TO (frs^sov v'oXusd^ov, and ought thus to be translated, viz. 
to descibe in the greater sphere a solid polyhedron whose super- 
ficies shall not meet the lesser sphere ; as the meaning of the pro- 
position necessarily requires. 

The demonstration of the proposition is spoiled and mutilated ; 
for some easy things are very explicitly demonstrated, while others 
not so obvious are not sufficiently explained : for example, when 
it is affirmed, that the square of KB is greater than the double 
of the square of BZ, in the first demonstration, and that the angle 
BZK is obtuse, in the second ; both which ought to have been de^ 
monstrated. Besides, in the first demonstration it is said, ** draw 
JSSl from the point K perpendicular to BD ;'* whereas it ought to 
have been said ** join KV,*' and it should have been demonstrated 
that KV is perpendicular to BD : for it is evident from the figure 
in Hervagius*s and Gregory's editions, and from the words of the 
demonstration, that the Greek editor did not perceive that the 
perpendicular drawn from the point K to the straight line BD 
must necessarily fajl upon the point V, for in the figure it is made 
to fall upon the point Q, a different point from V, which is like- 
wise supposed in the demonstration. Commandine seems to have 
been aware of this : for in this figure he makes one and the same 
point with the two letters V, n ; and before Commandine, the 
learned John Dee, in the commentary he annexes to this proposi- 
tion in Henry Billinsley's translation of the Elements, printed at 
London, ann. 1570, expressly takes notice of this error, and gives 
a demonstration suited to the construction in the Greek text, by 
which he shows that the perpendicular drawn from the point K 
to BD, must necessarUy tall upon the point V. 

Likewise it is not demonstrated, that the quadrilateral figures 
SOFT, TPRY, and the triangle YRX, do not meet the lesser 
sphere, as was necessary to have been done : only Clavius, as far 
as I know, has observed this, and demonstrated it by a lemma, 
which is now premised to this proposition, something altered and 
more briefly demonstrated. 

In the corollary of this proposition, it is supposed that a solid 
polyhedron is described in the other sphere similar to that which 
is described in the sphere BCDE ; but, as the construction by 
which this may be done is not given, it was thought proper to 
give it, and to demonstrate, that the pyramids in it are similar to 
those of the same order in the solid polyhedron described in the 
sphere BCDE. 

From the preceding notes, it is sufficiently evident how much 
the elements of Euclid, who was a most accurate geometer, have 
been vitiated and mutilated by ignorant editors. The opinion 
which the greatest part of learned men have entertained concern- 
ing the present Greek edition, viz. that it is very little or nothing 
different from the genuine work of Euclid, has without donbt de- 
ceived them, and made them less attentive and accurate in exa- 
mining that editkm ; whereby several errors, some of them gross 
enough, have escaped their notice, from the age in which Theon 
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llvfld to (bis Ume. Upon which account there is some ground to 
hope that lltfl pains we have taken in correcting those errors, and 
freeing the Elements as far as we could from blemishes, will not 
be unftcccptflble lo good judges, who can discern wlien deinon- 
Jtrations are legitimate, and when they are not. 

The objections which, since the first edition, have been made 
against some things in the notes, especially against the doctrine 
of proportionals, have either been fully answered in Dr. Barrow's 
Lect. Mathemat. and in these notes; or are such, except one 
which has been taken notice of in the note on prop. I. book 11, as 
show that the person who made them has not suffirlentiy consi- 
dered the things against which they are brought ; so that it is not 
necessary (o make any further answer to these objections and 
others like them against Euclid's definllion of proportionals: of 
which definition Ur. Barrow justly says, in page 297 of the above 
named book, that "Nisi machinis impulso validioribus teternum 
porslstet InconcuBsa." 
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PREFACE. 



EUCLID'S DATA is the first in order of the books written by the ancient 
geometers to fiicilitate and promote the method of resolution or analysis. Id 
me general, a thinfi^ is said to be given which is either actually exhibited, or 
can be found out, that is, which is either known by hypothesis, or that can 
be demonstrated to be known; and the propositions in the book of Euclid's 
.l)ata show what thinffs can be found out or known from those that by hy- 
pothesis are already Inown; so that in the analysis or investigation of a 
problem, from the things that are laid down to be known or given, by the 
help of these propositions other things are demonstrated to be given, and 
from these, other things are again shown to be given, and so on, until that 
which was proposed to be fopnl out in the problem is demonstrated to be 
given, and when this is done, the problem is solved, and its composition is 
made and derived from the compositions of the Data whicU were made use 
of in the analysis. And thus the Data of Euclid are of the most general and 
necessary use in the solution of problems of every kind. 

Euclid is reckoned to be the author of Uie Book of the Data, both by the 
ancient and modem geometers ; and there seems to be no doubt of his having 
written a book on this subject, but which in the course of so many ages, has 
been much vitiated by unskilfiil editors in several places, both in the order 
of the propositions, and in the definitions and demonstrations themselves. 
To correct the emn which are .now found in it, and bring it nearer to the 
accuracy with which it was, no doubt, at first written by Euclid, is the de- 
sign of this edition, that so it may be rendered dkm'c useful to geometers, at 
least to beginners who desire to learn the investigatory method of the anci- 
enta And for their sakes, the compoeitionB of most of the Data are sub- 
ioined to their demonstrations, that the compositioDS of problems solved by 
help of the Data may be the more easily made. 

Marinus the philosopher'e'^&ce, which, in the Greek editions, is pre- 
fixed to the Data, is here left out, as being of no use to understand them. 
At the end of it, he says, that Euclid bAs not used the synthetical, but the 
analjrtical method in delivering them ; in which he is quite mistaken ; for, 
in the analysis of a theorem, the thing to be demonstrated is assumed in the 
analysis ; but in the demonstrations of the Data, the thing to be demonstra- 
ted, which is, that something or other is ^ven, is never once assumed in 
the demonstration, firom which it is mamfest, that every .one of them is 
demonstrate synthetically ; though, indeed, if a proposition of the Data be 
turned into a pr^em, for example the 84th or 85th m the former editions, 
which here are the 85th and 86th, the demonstration of the proposition be- 
comes the analysis of the raoblem. 

Wherein this edition diners from the Greek, and the reasons of the alter- 
ations from it, will be shown in the notes at the end of the Data. 
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DEFINITIONa 

I. 
Spaces, lines, and angles, are said to be given in magnitude, when 
equals to them can be found. 

n. 

I^ ratio is said to be given, when a ratio of a given magnitude to 
a given magnitude which is the same ratio with it can be found. 

m. 

Rectilineal figures are said to be given in species, which have 
each of their angles given, and the ratios of their sides given. 

IV. 

Points, lines, and spaces, are said to be given in position, which 
have always the same situation, and which are either actually 
exhibited, or can be found. 

A. 

An angle is said to be given in position, which is contained by 
straight lines given in position. 

V. 

A circle is said to be given in magnitude, when a straight line 
from its centre to the circumference is given in magnitude. 

VI. 
A circle is said to be given in position and magnitude, the centre 
of which is given in position, and a straight line from it to the 
circumference is given in magnitude. 

VII. 
Segments of circles are said to be given in magnitude, when the 
angles in them, and their bases, are given in magnitude. 

Vffl. 
Segments of circles are said to i^e given in position and magni- 
tude, when the angles in them are given in magnitude, and their 
bases are given bc^ in position and magnitude. 

K. 

A magnitude is said to be greater than another by a given mag- 
nitude, when this given magnitude being taken from it, the re- 
mainder is equal to the other magnitude. 

X. 

A magnitude Is said to be less than another by a given magni- 
tude, when this given magnitude being added to it, the whole 
is equal to the otiier magnitude. 
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PROPOSITION I. "I 

of given magniludes to one anolher are given.f 

Let A, B be two given magnitudes, the ratio of A to B is given. 

Because A is a given magnitude, there may 
(I. deE Dat.) be found one equal to it; let tliis 
be C, and because B ia given, one equal to it 
may be found ; let il be D; and aince A is equal 
to C, and B to D; therefore (7. 5.) A is to B. 
ss C to D ; and consequently the ralio of A to 
B is given, because the ratio of the given mag- 
nlmdes C, D, which is the same with it, has 
been found. 



PROP. II. 2. 

If a given magnitude has a given ratio to another magnitude, 
"and if unto the two magnitudes, by which the given ratio is 
exhibited, and the given magnitude, a fourth proportiotial can be 
found;" the other magnitude is given.-f 
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iBgnitude A have a given ratio to the magni- 



tude B ; if a fourth proportional can be found to the tiiree magni- 
tudes above named, B is given in magnitude. 

Because A is given, a magnitude may be I I 

found equal to it (1. dcf.); let this be C: and I | I I 
because the ratio of A to B is given, a ratio I J I I 
which IB the same with it may be found ; let A B C D 
this t>e the ratio of the given magnitude E to 
the given magnitude F: unto the magnitudes E F 

E, F, C find a fourth proportional D, which, by I j 

the hypothesis, can be done. Wherefore be- | ] 

cause A is to B, as E to F ; and as E to F, so | ' 

is C to D; A is (11. B.) to B, as C to D. But 
A is equal to C; therefore (14. 5.) B is equal to D. The magni- 
tude B is therefore given (1. def) because a magnitude D equal 
to it has been found. 

The limitation within the inverted commas is not in the Greek 
text, but is now necessarily added ; and the same must be under- 
stood in all the propositions of the book which depend upon this 
second proposition, where it is not expressly mentioned. See the 
note upon it. 



• The figures in the. imrgin 
editions. 

( See Note. 
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PROP. HA 

If any given magnitudes be added together, their sum shall be 
given. 

Let any given magnitudes AB, BC be added together, their sum 
AC is given. 

Because AB is given, a magnitude equal to it may be found 
(1. def.); let this be DE: and because 
BC is given, one equal to it may be A B C 

found ; let this be EF : wherefore, be- 1 

cause AB is equal to DE, and BC equal 

to £F; the whole AC is equal to the D E F 

whole DF: AC is therefore given, be- — 1- 

cause DF has been found, which is equal to it 

PROP. IV. 
If a given magnitude be taken from a given magnitude, the 
remaining magnitude shall be givea 

From the given magnitude AB, let the given magnitude AC 
be taken; the remaining magnitude CB is given. 

Because AB is given, a magnitude equal to it may (1. def.) be 
found; let this be DE: and because 
AC is given, one equal to it may be A C B 

found; let this be DF: wherefore 1 

because AB is equal to DE, and AC 

to DF; the remainder CB is equal D F S 

to the remainder FR CB is therefore I 

given (1. def.), because FE, which is equal to it, has been found. 

PROP. V. 12. 

If of three maffnitudes, the first together with the second be 
ffiven, and also the second together with the third ; either the 
first is equal to the third, or one of them is greater than the 
other by a given magnitude.* 

Let AB, BC, CD be three magnitudes, of which AB together 
with BC, that is AC, is given; and also BC together with CD, 
that is, BD, is given. ' Either AB is equal to CD, or one of them 
is greater than the other by a given magnitude. 

Because AC, BD are each of them given, they are either 
equal to one another, or not equal. First, 
let them be equal, and because AC is A B CD 

equal to BD, take away the common part 1 1 

BC; therefore the remainder AB is equal 
to the remahider CD. 

But if they be unequal, let AC be greater than BD, and make 
CE equal to BD. Therefore CE is given, because BD is given. 
And the wb(de AC is given; there- 
fore (4. dat) AE the remainder is A E B CD 
given. And because EC is equal to 1 ( 1- 

•See Note. 
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BD, by tftking BO rrom both, lite remainder EB Is equal to tim 
remftioder CD. And AE is given; wherefore AB exceeds EB, 
thnt ia CD. by tba given magnitude AE. 

PROP. VI. 

Ir a magniiittio has a given rnlio to a part ol' it, it sliall also 
hav«« given raito to [he remaining purl ot it.* 

Let the nmgnltuile AB have a given ratio to AC a part of it ; 
H has also a given lalio to the remainder BC. 

Because the ratio of AB to AC is ^ven, a ratio maybe found 
<S. def) which ia the sam« to it : let this b« tho ratio of DE a 
ghen magnitude to the given magnitude 
OT, And because DE, DP are given, A C B 

the remainder FE ia (4. dal.) given : and ■! 

because AB is to AC. aa DE to DF, by D F E 

conversion (E. 6.) AB Is to BC, as DE [ 

to EF. Therefgre the ratio of AB to BC is given, because the 
ratio of the given magnitudes DE:, EF. which is the same with it, 
hnn tteen found. 

Con. From this it folio wa. that the parts AC, CB have a given 
ratio to one another; because as AB to OC, so is DB to EP; 
by division (17. 5.) AC is to CB. as DF to FE: and DF, FE are 
glveni therefore (2. def,) the ratio of AC to CB is given. 

'^ipB^ PROP. vir. 6. 

1p two magnitudes which have a given rallo to one another, 
be added together: ihe whole magnitude shall have to each of 
them a given ratio.* 

Let the magnitudes AB, BC which have a given ratio to one 
anotfaer, be added together; the whole AC has to each of the 
'" Ides AB, BC a given ratio. 

i the ratio of AB to BC is given, a ratio may be found 
(2. def) which is the same with it ; let this be the ratio of the 
given magnitudes DE, EF: and because 
DE, EF are given, the whole DF is given A B C 

^ ,- (3, dat.) : and because as AB to BC, so ia " . ■ -[ 

.A*. DE to EF; by composition {IB. 5.), AC is 

to CB. as DF to FE ; and by conversion (E. D E F 

B.), AC is to AB. as DP to DE; wlierefore 1 

tiecause AC is to each of the magnitudes AB, BC, as DF to each 
of the others DE. EF ; the ratio of AC to each of the magnitudes 
AB, BC is given (3. def). 

PROP. VIII. 7. 

If the given magnitude be divided into two parts which have 
a given ratio to one another, and if a fourth proportional can be 

• See Note. 
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found to the sum of the two maenitudes by which the given ratio 
is exhibited, one of then), and die given magnitude; each of the 
parts is given.* 



'< 



+ 



B 



i 



Let the given magnitude AB be ^divided into the parts AC, CB 
which have a given ratio to one another ; if a fourth proportional 
can be found to the above named magni- 
tudes ; AC and CB are each of them given. A 

Because the ratio of AC to CB is given, 

the ratio of AB to BC is given (7. dal) ; 
therefore a ratio which is the same with it D 
can be found (3. def.) ; let this be the ratio | 

of the given magnitudes, DE, EF : and be- 
cause the given magnitude AB has to BC A 

the given ratio of DE to EF, if unto DE, 

£F, AB a fourth proporticmal can be 
found, this which is BC is given (2. dat) ; D 
and because AB is given, the other part — — 
AC is given (4. dat) 

In the same manner, and with the like limitation, if the differ^ 
ence AC of two magnitudes AB^ BC which have a given ratio be 
given ; each of the magnitudes AB, BC is given. 



C 



B 



F 

-I- 



E 



PROP. EX. 



8. 



MAGifiTDDfis which have given ratios to the same iiMi|piiliAi 
have also a given ratio to one another. 

Let A, C have each of them a given ratio to B; A has a given 
ratio to C. 

Because the ratio of A to B is given, a ratio which is the same 
to it may be found (2. deC) ; let this be the ratio of the given mag- 
nitudes D, E: and because the ratio of B to C ia given, ^ ratio 
which is the same with it may be found (2. def.); let thla be the 
ratio of the given magnitudes F, G : 
to F, O, E find a fourth proportional 
H» if it can be done; and because 
asAistoB,sois DtoE; and as B 
toC,sois(Ftoa,andsois)E to 
H; €x rngtsaUfSM A to C, so is D to 
H: therefore the ratio of A to C ia A B 
given (2. def) because the ratio of 
the given magnitudes D and H» 
which is the same with it, has been 
found: but if a fourth proportional 
to F, G, B cannot be found, then it 
can only be said that the ratio of A to C is compounded of the 
raUos ofAioBiandBtoCthal te,ofthe given ratios (^ D to B» 
andFtoO. 



E 
F 



i 



•8m Note. 



p 

I 



PROP X. a 

Ir two or more magnitudes have jjiven ratios to odc another, 
and if they tiaVo' given ratios, though ihcy be not the same, to 
apmc other magnitudes; these other magnitudes shall also bare 
givAn ratios to one another. 

Let two or more maguituiicd A, B, C have given ratios to eme 
another i and let them Ijbvp given ratios, though I hey be not the 
same, to sonie olhcr magilltuileB D, E, t*; the magnitudes D, E> 
F have given ratios to one anotlicr. 

Because tlic r^io of A to 1) is given, and likewise the ratio of 
A. to Di thprefoi-e the rutlo of D to 

B la given (9. dat.) : but the ratio of A D 

B tft E: la given, therefore (». dat.) U E 

the ratio of D to E is given : and be- C— — F 

cauac the ratio of B to C is given, 

and also the ratio of B to E ; tlie ratio of E to C is given (9. dat.) : 
and the ratio of C to F is given ; wherefore the ratio of E to F is 
given; D, B, F have therefore given ratios to one another. 



Irtwo magnitudes have each of them a given ratio to anolhcr 
magnitude, both of tlicm togetlicr shall have a given ratio to that 
other. 

Let tlif; magnitudes AB. DC have a given ratio to the uiagni- 
tuik- n ; At ; has a given ratio lo Ihr siinie D. 

Beeause AB, GC have each of them o 

a ^ven ratio to D, the ratio of AB to , , „ 

,-BC1b gJren (9. dat.) : and by composi- ' . 

tfanjfce ratio of AC to CB is given ; j. 

(T.aM.): but the ratio of BC to D is 

given ; therefore (9. dat.) the ratio of AC to D is given. 

PROP. XU. 23. 

Ir the whole have lo the whole a given ratio, aixl the parts 
^ have to the parts given, but not the same, ratios, every one of 
them, whole or part, shall have lo every one a given ratio.* 

Let the whole AB have a given ratio to the whole CD, and the 
parts A£, EB have given, but not the same, ratios to the parts 
CF, FD, every one shall have to every one, whole or part, a given 
ratio. 

Because the ratio of AE to CF is given, as AB.to CF, so 
make AB to CXi; t)ie ratio tliereforc of AB to (xlt'is given i 
wherefore Ihc ratio of the remainder EU to the remainder FG is 
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given, because it is the same (19. 5.) with the ratio of AB to CX}: 
and the ratio of EB to FD is given, where- a p r» 

fore the ratio of FD to FG is given (9. ^ : ^ 

dat); and byconversion, the ratio of FD ' 

to DG is given (6. dat) : and because AB n -p G D 

has to each of the magnitudes CD, CG a . . 

given ratio, the ratio of GD to CG is > I 

given (9. dat) ; and therefore (6. dat.) the ratio of CD to DG is 
given : but the ratio of GD to DF is given, wherefore (9. dat) the 
ratio of CD to DF is given, and consequently (cor. 6. dat) the 
ratio of CF to FD is given ; but the ratio of CF to AE is given, 
as also the ratio of FD to EB, wherefore (iO. dftt) the ratio of AB 
to EB is given ; as also the ratio of AB to each of them (7* dat) : 
the ratio therefore of one to every one is given. 

PROP. XIIL U. 

If the first of three proportional straight lines has a given 
ratio to the third, the first shall also have a given ratio to the 
second.* 

Let A, B, C be three proportional straight lines, that fs, as A 
to B, so is B to C ; if A has to C a given ratio, A shall also have 
to B a given ratio. 

Because the ratio of A to C is given, a ratio which fs the same 
with it may be found (2. def.) ; let this be the ratio of the given 
straight lines D, E; and between D and E find a (13. 8L) mean 
proportional F ; therefore the rectangle contained by D and E is 
equal to the square of F, and the rectangle D, E 
is given, because its sides D, E are given ; where- 
fore the square of F, and the straight line F is 
given: and because as A is to C, so is D to E; 
but as A to C, so is (2. cor. 20. 6.) the square of 
A to the square of B; and as D to E, so is (2. cor. 
20. 6.) the square of D to the square of F : there- 
fore the square (11. 5.) of A is to the square of B, n F E 
as the square of D to the square of F : as there- . . . 
fore (22. 6.) the straight line A to ^ straight ■ I ' 
line B, so is the straight line D to the strai^t 
line F : therefore the ratio of A to B is given (2. 
def.), because the ratio of the given straight lines 
D, F, which Is the same with it, has been found. 

PROP. XIV. A. 

Ir a magnitude together with a given magnitude has a given 
ratio to another magnitude ; the excess of this other magnitude 
above a (^fen magnitude has a siven ratio to the first magnitude: 
and if the excess of a magnitude above a given magnitude has 
a given ratio to another magnitude; this other magniti»de together 

* See Note. 



with a given magnititde has a given ratio to the first mag- 
nitude.* 

Let the magoitlldc AB tc^ether with the given magnitude BE. 
that is. AE, have a given ratio to the magnitude CD ; the excess 
of CD obovc a given magnitude has a given ratio to AB. 

Because tiie ratio of AE to CD is given, as AE to CD, so 
make BE to FD; therefore the ratio of BE to FD is given, and 
BE is given ; wherefore FD ia given RE 

(t. dat.) : and because as AE to CD, , 

ao la BE to FD, the remainder AB is ' 

(le. B.) to the remainder OF, as AE C F D 

to CD: but the ratio of AE to CD is 1 

given, therefore the ratio of AB to CF is given; that is, CF, the 
excess of CD above the given magnituile FD, has a given ratio 
toAa 

Next, Let the excess of the magnitude AB above the given 
magnitude BF« that is, let AE have a given ratio to the magni- 
tude CD : CD together with a given maanllude has a given ratio 
to AB. 

Because the ratio of AE to CD is given, as AE to CD, so 
malte BE to FD; therefore the ratio of . k b 

BE to FD ia given, and BE is given. 2 \ 

wherefore FD is given (2. dat.). And ' 

befKOse as AE to CD, so is BE to FD, C OF 

AB is to CF, as (12. 5,) AE to CD : but 1 

the ratio of AE lo CD is given, therefore the ratio of AB to CF 
is given : that is, CF, which is equal to CD together with the 
given magnitude DF, has a given ratio to AB. 



Irs magnitude, together with that lo which another magnitude 
has a given ratio, be given; the sum of this other, and that to 
which the first magnitude has a given ratio, is given.* 

Let AB, CD be two magnitudes, of which AB together with 
BE, to which CD has a given ratio, is given ; CD is given, to- 
gether with that magnitude to which AB has a given ratio. 

Because the ratio of CD to BE is given, as BE to CD, so make 
AE to FD ; therefoie the ilitio of AE to FD is given, and AE ia 
given, wherefore (2. dat) FD is given : . re 

and because as BE to CD, so is AE to " 

FD : AB is (cor. 19. 5.) to FC, as BE to ' 

CD : and the ratio of BE to CD is given, F CD 

wherefore the ratio of AB to FC Is 1 

given : and FD is given, that is CD together with FC, to which 
AB has a given ratio, Is given. 

• See Note. 



EUCLID*8 DATA. 301 

PROP. XVI. 10. 

If the excess of a magnitude, above a given magnitude, has a 
given ratio to another magnitude ; the excess M both together 
above a given magnitude shall have to that other a given ratio : 
and if the excess of two magnitudes together above a given 
magnitude, has to one of them a ^iven ratio ; either the excess 
of tne other above a given magnitude has to that one a given 
ratio, or the other is given together with the magnitude to which 
that one has a given ratio.* 

Let the excess of the magnitude AB above a given inagnitiide» 
have a given ratio to the magnitude BC ; the excess of AC, both 
of them togetlier, above the given magnitude, lias a given ratio 
toBC. 

Let AD be the given magnitude, the excess of AB above 
which, viz. DB, has a given ratio to ^ DEC 

BC: and because DB, has a given ra- • ■ 

tio to BC, the ratio of DC to CB is ' ' 

given (7. dat.), and AD is given; therefore DC, the excess of 

AC above the given magnitude AD, has a given ratio to BC. 

Next, Let* the excess of two magnitudes AB, BC together, 
above a given magnitude, have to one ^ D B E C 

of them BC a given ratio ; either the ^ \ \ \ 

excess of the oSier of them AB above ' ' • 

the given magnitude shall have to BC a given ratio ; or AB is 
given, together with the magnitude to which BC has a given 
ratio. 

Let AD be the given magnitude, and first let it be less than 
AB; and because DC, the excess of AC above AD lias a given 
ratio to BC, DB has (cor. 6. dat.) a given ratio to BC ; that is, 
DB, the excess of AB above the given magnitude AD^ bas a 
given ratio to BC. 

But let the given magnitude be greater than AB, and malce A£ 
equal to it ; and because EC, the excess of AC above AE, has to 
BC a given ratio, BC has (6. dat) a given ratio to BE ; and be- 
cause AE is given, AB together with BE, to which BC has a 
given ratio, is given. 

PROP. xvn. IL 

Ir the excess of a magnitude above a given magnitude have 
a given ratio to another magnitude; the excess of the same first 
magnitude above a given magnitude, shall have a given ratio to 
both the magnitudes together. And if the excess of either of 
two magnitodes above a given magnitude have a given ratio to 
both magnittidQi together ; the excess of the same above a given 
magnitude shall have a given ratio to the other.* 

•SaeNote. 



t 

I 

I 



Let the excpss of the inasnttuda AB above a given tnsgnitude 
have a given ralin to Hip ningnituiJc ItC: the excess of AB above i 
a aiven magnitude lias a given ratio to AC. 

Let AD be the given magnitude; and because DB, ttie excess ' 
of AB above AD, has a given rntio to BC; the ratio of DC 1 
DB is piven t?. dat.): make the nitio of AD to DE the same 
with this ratio ; therefore tlie ratio 
of AD to DE is given: and AD is A E D B C 

gityan, wherefore (2. dal.) DE, and 1 ( 1 

tbii rfemainder AE nre given: and because as DC to DB, so i^ 
AD to DE, AC is (12. 5.) to KB, as DC to DB; and the ratio of 
DC to DB is givea ; wherefore [he ratio of AC to EB Is given : 
and because the ratio of £D, to AC is given, and that AE is 
given, Iherefore EB, tlio CKCOM of AB above the given magnitude 
AE, has a given ratio to AC, 

Next, Let the excess of AB above a given magnitude have a given 
ratio to AB and BC together, that is, to AC; the excess of AB above 
a given magnitude has a given ratio to BC, 

Let AE be the given mngnltude; and because ED, the excess 
of AB above AE has to AC a given ratio, as AC to EB, so make 
AD to DE; therefore the ratio of A£> to DE Ig given, as also 
(6, dat.) the ratio of AD to AE: and AE is given wherefore 
(8. dat.) AD is given: and because, as the whole AC, to the 
vtude EB, 30 fs AD to DE, the remainder DC U (IB. fi.) to the 
iWaalnder DB, as AC to EB; and the ratio of AC to EB is 
given ; wherefore tiie ratio of DC to DB is given, as also (cor. G. 
dat.) the ratio of DB to BC: and AD is given; therefore DB, the 
excess of AB above a given magnitude AD, has a given ratio to 
BO. 

PROP. xvm. u. 

Ir to each of two magnitudes, which have a siven ratio to 
one aaother, a given magnitude be ad'ded ; the wholes shall either 
'yhWre a given ratio to one another, or the excess of one of them 
lv''4bore a given magnitude shall have a given ratio to the other. 

Let the two magnitudes AB, CD have a given ratio to one an- 
other, and to AB let the given magnitude BE be added, and the 
given magnitude DF to CD : the wholes AE, CF either have a given 
ratio to one another, or the excess of one of them above a given 
magnitude has a given ratio to the other (1. dat.). 

Because BE, DF are each of them given, their ratio is given, 
and if this ratio be the same with A B E 

the ratio of AB to CD, the ratio of 1 

AE to CP, which is the same (12. 5.) 

with the given ratio of AB to CD, ~ ~ 



shall l>e given. ^__|_ 
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But if the ratio of BE to DF be not the same with the ratio of 
AB to CD, either it is greater than the ratio of AB to CD, or, by 
inversion, the ratio of DF to BE is greater than the ratio of CD 
to AB: first, let the ratio of BE to DF A B G £ 

be greater than the ratio of AB to CD; 1 1 

and as AB to CD, so make BG to DF; 

therefore the ratio of BG to DF is given; CDF 

and DF is given, therefore (2. dat) BG is 1 

given : and because BE has a greater ratio to DF than (AB to 
CD, that is, than) BG to DF, BE is greater (10. 5.) than BG; and 
because as AB to CD, so is BG to DF; therefore AG is (12. 6.) 
to CF, as AB to CD : but the ratio of AB to CD is given, where- 
fore the ratio of AG to CF is given ; and because BE, BG are each 
of them given, GE is given : ^ereihre AG, the excess of AE above 
a given magnitude GE, has a given ratio to CF. The other case is 
demonstrated in the same manner. 

PROP. XIX. 15. 

If from eacb of two magnitudes, which have a given ratio to 
one another, a given magnitude be taken, the remainders shall 
either have a given ratio to one another, or the excess of one of 
them above a given magnitude, shall have a given ratio to the 
other. 

Let the magnitudes AB, CD liave a given ratio to one another, 
and from AB let the given magnitude AE be taken, and from CD, 
the given magnitude CF: the remainders EB, FD shall dther 
have a given ratio to one another, or the excess of one of them 
above a given magnitude shall have a 
given ratio to the other. A E B 

Because AE, CF are each of them given, 1 

their ratio is given (1. dat): and if this 

ratio be the same with the ratio of AB to C F D 

CD, the ratio of the remainder EB to the 1 — 

i-emaindcr FD, which is the same (10. 5.) with the given ratio of AB 
to CD, shall be given. 

Biit if the ratio of AB to CD be not the same with the ratio of 
AE to CF, either it is greater than the ratio of A£ to CF, or, by 
inversion, the ratio of CD to AB is greater than the ratio of CF 
to AE. First, let the ratio of AB to CD be greater than the ratio 
of AE to CF, and as AB to CD, so make AG to CF ; therefore 
the ratio of AG to CF is given, and 
CF is given, wherefore (2. dat) AG is A EG B 

given : and because the ratio of AB to — — |— | 

CD, that is, the ratio of AG to CF, is 

greater than the ratio of AE to CF; C F D 

AG is greater (10. 5.) than AE: and 



AG, AE are given, tlicrcforc the remainder EG is given ; and as 
AB to CD, so is AG to CF, and so is (10. 5.) the remainder GB 
to the remainder FD; ami the ratio of AD to CD is given : where- 
fore the ratio of GB to FD is given ; therefore GB, tlie excess of 



Ir.to one of two magnitudes which have a givea ratio to one 
anotller, a givcD magaitude be added, and from the other a ^ven 
magnitude be taken ; the excess of the sum above a given loag- 
nituiie shall have a given ratio lo the remainder. 

Let the two magnitudes AB, CD have a given ratio to oneano- 
tlier, and to AB, let the given magRituJe £A be added, and from 
CD let the given magnitude CF be (aken ; the excess of ibe sum 
BB above a given magnitude, has a given ratio to the remaiuder 
FD. 

Because the ratio of AB to CD is given, make as AB to CD, 
BO AG toCF; therefore the ratio of AG to OF is given, and CP 
is given, wherefore (2. dat.) AG is 
given; and EA is given, therefore £ A G B 

the whole EG Is given : and because 1 1 

as AB to CD, so is AG to CF, and 

so Is (19. 5.} the remainder GB to C V D 

the remainder FD; the ratio of GB 1 

to FD is given, and EG is given, therefore GB, the e>:cess of the 
BURi EB above Ihe given magnitude EG, has a gtroi ratfo to Ibe 
remainder FD. ' 



.ik 



PROP. XXI. C. 



Ir two magnitudes have a given ratio to one another, H* a 
given magnitude be added lo one of them, and the other be taken 
ironi a given magnitude; the sum, together with the magnituife 
to whicn the remainder has a given ratio, is giv»; and the 
remainder is given together with the magnitude to which the som 
has a gTven ratio.* 
" I<* the two magnitudes AB, CD have a giv«i ratio to one ano- 
ther; and to AB let the given magnitude BE be added, and let 
CD be taken from the given magnitude FD : the sum AE is given, 
together with the magnitude to which the remainder FC has a 
given ratio. 

Because the ratio of AB to CD is given, malce as AB to CD, 
SO GB to FD : therefore the ratio of GB to FD Is given, and FD 
is given, wherefore GB is given [2. dat) ; 
and BE Is given; the whole GE is G A B E 

therefore given; and because as AB to 1 , . .^^i — ■ 

CD, so is GB to FD, and so is (18. 5.) 

GA to FC ; the raUo of GA to FC is F C D 

given: and AE together with GA is | 

• Sm Note. 
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given, because GB is given; therefore the sum AE together with 
GA, to which the remainder FC has a given ratio, is given. The 
second part is manifest from prop. 16. 

PROP. XXU. D. 

If two magnitudes have a ffiven ratio to one another, if from 
one of them a given magnitude be taken, and the other be taicen 
from a given magnitude ; each of the remainders is given, to- 
gether with the magnitude to which the other remainder has 
a given ratio.* 

Let the two magnitudes AB, CD have a given ratio to one another» 
and from AB let the given magnitude AE be taicen, and let CD be 
taken from the given magnitude CF : the remainder EB is given, to- 
gether with the magnitude to whk:h the other remainder DF has a 
given ratio. 

Because the ratio of AB to CD is given, make as AB to CD, so 
AG to CF : the ratio of AG to CF is therefore given, and CF is given, 
wherefore (2. dat.) AG is given ; and . „ „ q 

AE is given, and therefore the re- . | 

roainder EG is given; and because '• ' 

as AB to CD so is AG to CF: and so p, n p 

is (19. 6.) the remainder BG to the ^ .!___ 

remainder DF ; the ratio of BG to DF ' 

is given : and EB together with BG is given, because EG is given : 
tlierefore the remainder EB together with BG, to which DF the other 
remainder has a given ratio, is given. The second part is plain from 
this and prop. 16. 

PROP. XXra. 20. 

If from two .^iven magnitudes there be taken magnitudes 
which have a given ratio to one anottier» the remainders shall 
either have a given ratio to one another, or the excess of ono of 
them above a given magnitude shall have a given ratio to. the ^. 
other.* 

Let AB, CD be two given magnitudes, and from them let the 
magnitudes AE, CF, which have a given ratk> to one another, be 
taken ; the remainders EB, FD either have a given ratio to one an- 
other ; or the excess of one of them above a given magnitude has a 
given ratio to the other. 

Because AB, CD are each of them A B B 

given, the ratio of AB to CD is given : i 

and if this ratio be the same with the 
ratio of AE to CF, then the remainder C F D 

EB has (10. 6.) the same given ratio 1* 

to the remainder FD. 

*Se«Note. 
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Bat if the rutJo of AD to CD be not the same wilh the ratio of 
AE to CP, ft is either greater than it, or, by inversion, the ratio 
of CD to AB 19 greater than the ratio of CF to AE: first, let the 
ratio ^ AB to CD be greater than the ratio of AE to CF ; and aa 
AE to CF, so make AG to CD; therefore the ratio of AG lo CD 
is given, because the ratio of AE to CF is given ; and CD is given, 
wherefore (2. dat) AG is given; and l>ecause the ratio of AB to 
CD is greater than the ratio of (AE to 
CP. that is, than the ratio of) AG to 
CD; AB U grflftter (10. 5.) than AG: 
and AB, AG are given; therefore the 
remainder BO is given : and because 
a> AE to CF, 80 is AG to CD. and so 

Is (IS. 5.) EG to FD; tiie ratio of EG lo FE is given : andGBls 
given ; therefore EG, the excess of EB above a given magnilnde 
QB, has a given ratio lo PD. The other case ts shown In the 
same way. 



-h 
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PROP. XXIV. 



IS. 



Ir tlierc be three magnitudes, the first of which has a given 
ratio to the second, and the excess of lliu second above a given 
magnitude has a given ratio to the third ; iho excess of the first 
above a given magnitude shall also have a given ratio to iFie 
third.' 

Let AB, CD, E, be the three magnitudes ol" which AB has a 
given ratio to CD; and the excess of CD above a given magnitude 
has a given ratio lo E : the excces of AB above a given magnitude 
has a given ratio to E. 

Let CP be the given magnitude, the excess of CD above which, 
viz. FD has a given ratio to E : and because the ratio of AB lo 
CD is given, as AB to CD, so make AG to 
CF ; therefore the ratio of AG to CP is given ; 
*lld CF is given, wherefore (Z. dat.) AG is 
^ gtven: and because as AB to. CD, so is AG 
to CF, and so is {19. 5.) GB to FD ; the ratio 
of GB to FD is given. And the ratio of FD 
to E is given, wherefore (9. daL) the ratio of 
GB to E Is given, and AG is given ; therefore 
GB, the excess of AB above a given magni- 
tude AG, has a given ratio to E 

CoR. 1. And if the iirst have a given ratio to the second, and 
the excess of the first above a given magnitude have a given ratio 
to the third ; the excess of the second above a given magnitude 
shall have a given ratio to the third. For, if the second be <^Ied 
the first, and the first the second, this corollary will be the same 
with the proposition. 

Con. 2. Also, If the first have a given ratio to the second, and 
the excess of the third above a given magnitude have also a given 
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ratio to the secoad, the aame excess AtSL have a given ratio to the 
first; as is evident from thd 9th dat 

PROP. XXV. 17. 

Ir there be three magnitudes, the excess of the first whereof 
above a given magnitude has a given ratio to the second ; and 
the excess of the third above a given magnitude has a given 
ratio to the same second : the first shall either have a given ratio 
to the third, or the excess of one of them above a given magni- 
tude shall have a given ratio to the other. 

Let AB, C, DE be three magnitudes, and let the excesses of 
each of the two AB, DE above given magnitudes have given 
ratios to C ; AB, DE either have a given ratio to one another, 
or the excess of one of them above a given magnitude has a given 
ratio to the other. 

Let FB, the excess of AB above a given magnitude AF, have 
a given ratio to C; and let GE, the excess A 
of DE above the given magnitude DG, have 
a given ratio to C ; and because FB, GE have 
each of them a gjtven ratio to C, they have 
a given ratio (9. dat) to one another. But to 
FB, GE the given magnitudes AF, DG are 
added; therefore (18. dat.) the whole magni- 
tudes AB, DE have either a given ratio to one 
another, or the excess of one of them above a B 
given magnitude has a given ratio to the other. 



GT 
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PROP. XXVL 18. 

If there be three magnitudes ; the excesses <^ one of which 
above given magnitudes have given ratios to the other two mag- 
nitudes ; these two shall either nave a given ratio to one anotherii 
or the excess of one of them above a given magnitude shall 
have a given ratio to the other. 

Let AB, CD, EF be three magnitudes, and let GD the excess 
of one of them CD above the given magnitude CG have a given 
ratio to AB ; and also let KD the excess of the same CD above the 
given magnitude CK have a given ratio to SF : either AB has a 
given ratio to EF, or the excess of one of them above a given mag- 
nitude has a given ratio to the other. 

Because QD has a given ratio to AB^ as GD to AB, so make 
CQ to HA ; therefore the raUo of CG to HA is given : and CG is 
given, wherefore (2. dat) HA is given ; and because as GD to AB, 
soisCOtoHA,aDdsois (12. 5.) CD to HB; the ratio of CD to 
HB is given : also because KD has a given ratio to EF, as KD to 
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EP, eo make CK to LE : therefore the rstio 
of CK to LE is gi^en ; &nd CK is given, 
wJierefore LE (2. dat,) is piven: and because 
as KD lo EP, so is CK to LE, and so (12. 
5.) is CD lo LF ; the ratio of CD to LF is 
given: but the ratio of CD lo HB is given. 
Wherefore (9. dat.) ihe ralio of HB to LF is 
given: and from HB, LF the given magni- 
tudes HA. LE beiog taken, the remainders 
AB, EF shall elUiff- have a given ralio to one 
another, or the excess of one of them above a given magnitude 
has a given ratio to the other (19. dat.). 

Another Oemonitralion. 

Let AB. C, DE be three magnitudes, and let the excesses of 
one of them C above given raogniludes have given ratios to AB 
and DE : either AB, DE have a given ralio to one another, or Ihe 
excess of one of them above a given magnitude has a given ratio 
to the other. 

Because the excess of C above a given magnitude has a ^VCD 
ratio lo AB; therefore {U. dat.) AB together with a given mag- 
nitude has a given ratio to C : let this given p r 
magnitude be AF, wherefore FB has a given [ 

ratio to C : also because the excess of C above q ■ 

a given magnitude has a given ralio to DE; A-L | 

therefore (14. dat.) DE together with a given I . D-|- 

magnitude has a given ratio to C : let this 
given magnitude be DCS, wherefore HE has „ p g 

« given ratio to C : and FB has a given ralio ' < ' 

to 0, therefore (9. dat.) the ratio of FB to GE is given : and from 
FB, GE the given magnitudes AF, DG being taken, the remain- 
ders AB, DE either have a given ratio to one another, or the 
excess of one of them above a given magnitude has a given ratio to 
Ihe other (19. dat.). 



PROP. XXVII. 



19. 



Ir there be three magnitudes, the excess of the first of which 
above a given magnitude has a given ratio to the second ; and 
the excess of the second above a given magnitude has also a 
given ralio to the third; the excess of the first above a given 

magnitude shall have a given ralio to the third. 

Let AB, CD, E be three magnitudes, the excess of the first of 
which AB above the given magnitude AG, viz. GB, has a given 
ratio to CD ; and FD the excess of CD above the given magnitude 
OF, has a given ratio to E : the excess of AB above a given magni- 
tude has a given ratio to E. 

Because the ratio of GB to CD is given, as GB to CD, so make 
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GH to CF : therefore the ratio of GH to CF 
is given; and CF is given, wherefbne i}L dat.) 
GH is given : and AG is given, wherefore the 
whole AH is given: and because as GB to 
CD, so is GH to CF, and so is (19. 5.) the re- 
mainder HB to the remainder FD; the ratio 
of HB to FD is given : and the ratio of FD to 
E is given, wherefore (9. dat) the ratio of HB 
to E is given : and AH is given ; therefore HB, 
the excess of AB above a given magnitude AE^ has a given ratio 
toE. 

" Otherwise^ 

Let AB, C, D, be three magnitudes, the excess EB of the first 
of which AB above the given magnitude AE has a given ratio to 
C, and the excess of C above a given magni- . 
tude has a given ratio to D : the excess of AB 
above a given magnitude has a given ratio 
toD. 

Because EB has a given ratio to C, and the 
excess of C above a given magnitude has a 
given ratio to D ; therefore (24. dat.) the ex- 
cess of EB above a given magnitude has a 
given ratio to D: let this given magnitude 
be EF ; therefore FB, the excess of EB above EF, has a given 
ratio to D : and AF is given, because AE, EF are given : therefore 
FB, the excess of AB above a given magnitude AF, has a given 
ratio to D." 

PROP. XXVra. 25. 

Ir two lines given in position cut one another, the point or 
points in which may cut one another are given.* 

Let two lines AB, GD given is position cut one another in the 
point E ; the point E is given. C 

Because the lines AB, OD are 
given in position, they have always 
the same situation (4. de£), and 
therefore the point, or points, in 
which they cut one another, have al- 
ways the same situation : and because 
the lines AB, CD can be found (4. 
def.), the point, or points, in which 
they cut one another, are likewise 
found ; and therefore are given in po- 
sition (4. deC) 

PROP. XXIX. 26. 

Ir the extremities of a straight line be given in position ; the 
straight line is given in position and magnitude. 

Because the extremities of the straight line are given, they can 
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be found {4. dcC) : let thooe be the points A, B, between which 

a straight line AB can be ttnva (1. poa- . „ 

tulate) ; this has an invariable position, 

because between two given points there can be drawn but one 
straight line : and when the straight line Afi is drawn, its magnitude 
'a at the same time exhibited, or given : therefore the straight line 
AB is given in position and magnitude. 

PROP. XXX. ST. 

If one of the extremities of a straight tine given in positioa 
and magnitude be given: the other extremity snail also be given. 

Let the point A be given, to wit, one of the extremities of a 
straight line given in magnitude, and which lies in the straight tine 
AC given in poeitlon; the other extremity is also given. 

Because the straight line is given iu magniludc, one equal to' it 
can be found (1. def ) ; lot this be the straight line D : from the 
greater straight line AC cut off AB equal . r p 

to the lesser D ; therefore the other ex- P 

treniity B of the straight line AB is '' 

found : and the point B iias always the D 

same situation; tjecauso any other point 

In AC, upon the same side of A, cuts oS' between It and the point 
■A a greater or less straight line than AB, that is, than D,i tlienfon 
the point B is given (4. def.): and it is plain another such pcdnt can 
be found in AC, produced upon the other side of the jJoint A. 

PROP. XXXI. 28. 

Ip a straight line be drawn through a given point parallel to a 
straight line given in position ; that straight line is given in posi- 
tion. 

Let A t}e a given point, and BC a straight line given In position ; 
the straight line drawn through a parallel to BC is given In po> 
sition. 

Through A draw (31. 1.) the straight y. aw 

line DAE parallel to BC ; the straight j___ 

line DAE has always the same position, ' 

because no other straight line can tie B C 

drawn through A parallel to BC; there- .. 

fore the straight line DAE, which has been found, is given (4. def.} 
in position. 

PROP. XXXII. 2S. 

If a straight line be drawn to a given point in a straight line 
given in position, and makes a given angle with it ; that straight 
liDe is given in position. 

Let AB be a straight line ^iven in position, and C a given point 
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In it ; the straight line drawn to C, - 
which makes a given angle with CB; ^ 
is given in position. 

Because the angle is given, one 
equal to it can be found (1. deH) ; let 
this be the angle at D : at the given A 
point C, in the given straight line 
AB, make (23. 1.) the angle ECB 
equal to the angle at D : therefore 
the straight line EC has always the 
same situation, because any other 
straight line FC, drawn to the point 
C, makes with CB a greater or less angle than the angle ECB, or 
ti»B angle at D : therefore the straight line EC, which has been 
found, is given in positfon. 

It is to be observed, that there are two straight lines EC, GC 
upon one side of AB that make equal angles with it, and which 
make equal anf^es with it when produced to the other side. 

PROP, xxxni. 30. 

If a straight line be drawn from a given point to a straight 
line given in position, and makes a given angle with it ; that 
straight line is given in position. 

From the given point A, let the straight line AD be drawn to the 
straight line BC given in position, and make with it a given angle 
ADC ; AD is given in position. E A F 

Through the point A, draw (31. 1.) the 
straight line EAF parallel to BC; and 
because through the given point A, the 

straight line EAF is drawn parallel to BC, no 

whteh is given in position, EAF is there- ° DC 

fore given in position (31. dat): and because the straight line AD 
meets the parallels, BC, EF, the angle EAD is equal (29. 1.) to 
the angle ADC ; and ADC is given, wherefore also the angle EAD 
is given : therefore, because the straight line DA is drawn to the 
given pohit A in the straight line EF given in position, and makes 
with it a given an^ E^D, AD is given (32. dat) in position. 

PROP. XXXIV. 31. 

Ir from a given point to a straight line given in position, a 
straight line te drawn which is given in magnitude ; the same 
is also given in position.* 

Let A be a given point, and BC a straight line given in positfon ; 
a straight Une given in magnitude drawn from the point A to BC is 
given in positfon. 

Because the straight line is given in magnitude, one equal to 

•See Note. 
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It can be found (1. def); IH tbia be the slrajght liiie D : from the 
point A draw AE perpeodicalar to BC ; and be- 
cause AE is the ahorleat or all the straigl)! lines 
which can be drawn from the point A to BC, the 
straight line D, to which one erjual is to be 
drawn from the point A to DC, cannot be less 
than AE, If therefore D be equal to AE, AE _ _ 

Is the straiglit line given in niagnitude, drawn ^ 
from the given point A to BC r and it is evident 
that AE is given Jo position, (33. dat.), because it is drawn from 
the given point A WBC, which is given in position, and makea witb 
BC the given an^e AEC. 

But if the straight line D be not equal to AE, it must be greater 
titan it: produce AE, and malse AF equal lo D; and from the 
centre A, at the distance AF, describe llie circle GFH, and jofn 
AG. AH : because the circle GFH is given in pfisilion (6. def). 
and the straigiit line BC is also given in position ; therefore their 
Intersection G is given (28. daL); 
and the point A is given ; where- 
fore AG is given in position (29. 
dat), that is. the straight tine AG 
given in magnitude, (for it is equal 
to D) and drawn from the given 
point A to the straight line BC 
given In position, ia also given i: 



^ 



position: and in like mnnner AH is given in position: therefore in 
this ease there are two straight lines AG, AH of the same magni- 
tude, which can be drawn from a given point A to a straight lioe 
BC given in position, 

PROP. XXXV. 38. 

If a straight line be drawn between two parallel straight 
lines given in position, and makes given angles with them, the 
straight line is given in magnitude.' 

Let the straight line EF be drawn between the parallels AB, CD, 
which are given in position, and make the given angles BEF, BED : 
EF is given in magnitude. 

In CD take the given point G, and through G draw (31. I.) GH 
parallel to EF: and because CD meets the parallels GH, EF, the 
angle EFD is equal (29. 1.) to the angle a E H R 

HGD: and EFD is a given angle; where- 
fore the angle HGD ia given ; and because 
HG is drawn to the given point G, in the 
straight line CD, given in position, and 
makes a given angle HGD: the straight 
line HG is given In position (32. dat.): and 
AB is given in position : therefore the point H is given (28. dat), and 
the point G is also given, wherefore GH is given In magnitude (29. 
dat) and FJ'' is equal to it, therefore EF is given in magnitude. 
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PROP. XXKVL 38. 



If a straight line given in magnitude be drawn between two 
parallel straight lines given in position, it shall make given an- 
gles with the parallels.* 

Let the straight line EF given in magnitude be drawn between 
the parallel straight lines AB, CD, which are A E H B 

given in position : the angles AEF, EFC shall 
be given. 

Because EF Is given in magnitude, a straight 
line equal to it can be found (1. deC) : let this be 
G : in AB take a given point H, and from it draw 




(12. 1.) HK perpendicular to CD; therefore the ^ F K D 

straight line O, that Is, EF, cannot be less than G 

HK : and if G be equal to HK, EF also is equal to it : wherefore EF 
is at right angles to CD: for if it be not, EF would be greater than 
HK, which is absurd. Therefore the angle EFD is a right, and con- 
sequently a given angle. 

Bvt if the straight line G be not equal to HK, it must be greater 
than it : produce HK, and take HL, equal to G, and from the centre 
H, at the distance HL, describe the circle MLN, and join HM, US : 
and because the circle (6. def.) MLN, and the straight line CD, are 
given in position, the points M, N are (28. dat.) given : and the point 
H is given, wherefore the straight A E H B 

Hnes HM, HN, are given in posi- 
tion (29. dat) and CD is given 
in position : therefore the angles 
HMN, HNM, are given in posi- 
tion (A. def) : of the straight lines C F 

HM, HN, let HN be that which is G 

not parallel to EF, for EF cannot be parallel to both of them ; and 
draw EO parallel to HN : EO therefore is equal (34. 1.) to HN, that 
is to G ; and EF is equal to G, wherefore EO is equal to EF, and the 
angle EFO to the angle EOF, that is, (29. 1.) to the given angle 
HNM ; and because tke angle HNM, which is equal to the angle 
£F0, or EFD, has been found : therefore the angle EFD, that is, the 
angle AEF, is given in magnitude (1. def.); and consequently the 
angle EFC. 

PROP, xxxvn. K. 

Ir a straiffht line given in magnitude be drawn from a point to 
a straight Ime given in position, in a given angle ; the straight 
line drawn through that point parallel to the straight line given 
in position, is given in position.* 

/ 
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hft the straight ttne AO ^ven In mugnitude be drawn from the 
point A to the straight line BC. given in posi- j- ■ — - 

tion, in the given angle ADC: the straight 
line EAF drawn through A paraUcl to BC is 
given in position. 

In BC take the given point O. end draw • 
OH parallel to AD ; and l>ecause HG is drawn b l» ^ >- 

to a given point G in U>e straight line BC given in position, in a given 
angle HGC, for it is equal (29. 1.) to Ihe given angle ADC ; HO is 
given in position (98. daL) ; but It is given also in magnitude, be- 
cause it is equal to X'^i. 1.) AD which is given in magnitude : there- 
fore because O, one of the estremities of the straight line OH, given 
in position and magnitude ia given, the other extremity H Is given 
(30. dal.) ; and the straight line EAF, which i« drawn through the 
given point H parallel to BC given In position, la therefore given (31. 
dat.} in position. 



PROP, xxxvni. 



34. 



If a straight line bo drawn from a given point to two parallel 
straight lines given in position, the ratio of the Eegnients between 
the given point and the parallels shall be given. 

Let the straight line EFG be drawn from the given point E to the 
parallels AB, CD ; the ratio of DF to EG is given. 

From the poini P. draw EHK perpendiriilar to CD; and because 
from a given point E the straight line EK is drawn to CD which is 
given in position, in a given angle EKC ; EK is given in position 




i. dat.) ; and AB, CD are given in position : therefore (28. dat.) the 
points H, K are given ; and the point E is given ; wherefore (29. dat.) 
EH, EK ai;e given in magnitude, and the ratio (I. dat.) of them is 
therefore given. But as EH to EK, so is EF to EG, because AB, 
CD are parallels ; therefore the ratio of EF to EG is given. 



PROP. XXXIX. 



35, 36. 



Ip the ratio of the segments of a straight line between a given 
point in it and two parallel straight lines be given, if one of the 
parallels be given in position, the other is also given in position. 
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From the given point A, let the straight line A£D be drawn to the 
two parallel straight lines FG, BC, and let the ratio of the segments 
AB, AD be given ; if one of the parallels BC be given in position, the 
other FG is also given in position. 

From the point A, draw AH perpendicular to BC, and let it meet 
FG in K : and because AH is drawn from the given point A to 
the straight line BC given in position, and makes a given angle 

A 




£ K 



G 




B D H C B 

AHD; AH is given (33. dat) in posi- 
tion; and BC is likewise given in posi- 
tion ; therefore the point H is given (28. 
dat.): the point A is also given; where- 
fore AH is given in magnitude (29. dat.) ; 
and because FG, BC are parallels, as AE 
to AD, so is AK to AH ; and the ratio of 
AE to AD is given, wherefore the ratio of F 
AK to AH is given ; but AH is given in magnitude, therefore (2. 
dat.) AK is given in magnitude ; and it is also given in position, and 
the point A is given ; wherefore (30. dat.) the point K is given. And 
l)ecause the straight line FG is drawn through the given point K 
parallel to BC which is given in position, therefore (31. dat.) FG is 
given in position. 
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PROP. XL. 



37,88. 



If the ratio of the segments of a straight line into which it is 
cut by three parallel straight lines, be given; if two of the paral- 
lels are given in position, the third is also given in position.* 

Let AB, CD, HK be three parallel straight lines, of which AB, CD 
are given in position ; and let the ratio of the segments GE, GF into 
which the straight line GEF is cut by the three parallels, be given ; 
the third parallel HK is given in position. 

In AB take a given pohit L, and draw LM perpendicular to 
CD, meeting HK in N; because LM is drawn from the given 
point L to CD whtoh is given in position, and makes a given 
angle LMD; LM is given in position (33. dat.); and CD is given 
in position, wherefore the point M is glxen (28. dat.) ; and the point 
L is given ; LM is therefore given in magnitude, (29. dat) : and 
because the ratio of GE to GF is given, and as GE to GF, so \h 
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NL to NM ; the ralio of NL to NM is given ; and therefore (cor. 6. 
or 7. (iat.) the ratio of ML to LN is given ; Tiut LM is given in mag- 
nitude (cor. 6. or 7, (lat.)i wherefore (8. dat.) LN is given in mag- 
nitude ; and it is also given in position, anil the point L is given, 
wherefore (30. dat.) the point N is given ; and because the straight 
line IIK Is drawn through the given point N parallel to CI) which is 
given in position, therefore HK is given in position (S)l. dat.)- 

PROP. XLI. F. 

Ir a straight line meets three parallel straight lines which ara 
given in (wsitioo, the segments into which they cut it have ■ 
given ratio. 

Let the parallel straight lines AB, CD, EF, given In position, be 
nit by the straight line GHK ; the ratio of GH to HK is given. 

tn AB take a given point L, and A (• h B 

draw LM perpendicular to CD, meet- 
ing EF In N ; therefore (33. dat.) LM 
is given in position; and CD, EF' are 
given in position, wherefore the points 
M, N are given; and the point L is 
given; therefore (29. dat.) the straight 

lines LM, MN are given in magnitude ; K K n F 

audihe ratio of LM to MN is therefore given (1. dat.) : but as LM 
to UN, so is GH to HK ; wherefore the ratio of GH to HK is given. 

PROP. XLIl. 39. 

If each of the sides of a triangle be given in magnitude, the 
triangle is given in species. 

-f : Let each of the sides of the triangle ABC be given in magnitude, 
tbe triangle ABC is given in species. 

Make a triangle (22. L) A D 

DEF, the sides of which are 
eqnal, each to each, to the 
given straight lines AB, BC, 
CA, which can be done; be- 
cause any two of them must 
be greater than the third; and 
ht DE be equal to AB, EF to BC, and FD to CA ; and because 
the two sides ED, DF are equal to the two BA, AC, each to each, 
and the base EF equal to the base BC ; the angle EDF is equal 
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(8. 1.) to the angle BAG; therefore, because the angle EDF which 
is equal to the angle BAG, has been found, the angle BAG is given 
(I. def.): in like manner the angles at B,C are given. And because 
the sides AB, BG, GA are given, their ratios to one another are given 
(I. dat.), therefore the triangle ABG is given (3. def.) in species. 



PROP. XLin. 



40. 




D 



If each of the angles of a triangle be given in magnitude, the 
triangle is given in species. 

Let each of the angles of the triangle ABG be given in magnitude, 
the triangle ABG is given in species. 

Take a straight line DE given in po- A 

sition and magnitude, and at the points 
D, E make (23. 1.) the angle EDF equal 
to the angle BAG ; and the angle DEF 
equal to ABG ; therefore the other an- 
gles EFD, BGA are equal, and each of 
the angles at the points A, B, G Is given ; B G B F 

wherefore each of those at the points D, E, F is given : and because 
the straight line FD is drawn to the given point D in DE, which Is 
given in position, making the given angle EDF ; therefore DF Is 
given in position (32. dat.). In like manner EF also Is given In po- 
sition ; wherefore the point F Is given : and the points D, E are 
given; therefore each of the straight Ihnes DE, EF, FD is given (29. 
dat.) in magnitude ; wherefore the triangle DEF is given in species 
(42. dat.) ; and it is similar (4. 6. 1 . def 6.) to the triangle ABG : 
which is therefore given in species. 




PROP. XLIV. 



41. 



Ir one of the triangles of a triangle be given, and if the tides 
about it have a given ratio to one another ; the triangle is giten 
in species. 

Let the triangle ABG have one of its angles BAG given, and let 
the sides BA, AC about it have a given ratio to one another ; the 
triangle ABG Is given in species. 

Take a straight line DE given in position and magnitude, and 
at the point D, in the given straight line DE, make the angle^ 
EDF equal to the ^ven angle BAG; wherefore the angle EDF 
is given ; and because the straight line FD is drawn to the given 



position, making the given 
A 




D 



point D in ED which is given in 

angle EDF ; therefore FD is given in 

position (32. dat.). And because the 

ratio of BA to AG is given, make the 

ratio of ED to DF the same with it, 

and join EF; and l)ecause the ratio of 

ED to DP is given, and ED Is given, 

therefore (2. dat) DF is given in mag- B G E F 

nitude : and it is given also In position, and the point D is given. 
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wherefore the point F is given (30. dat.) ; and the points D, B M« 
given, wherefore DE, EF. FD are given (29. dat.) in magnitude ; and 
thetriangleDEF is therefore given (42.dat.) in species; and because 
the triangles ABC, DCF have one angle BAG equal to one angle 
QDF. and the sides about these angles proportionals ; the triangles 
are (6. 6.) similar; but the triangle DEF is given in species, and 
therefore also the triangle ABC. 



PROP. XLV. 



42. 



If the sides of a triangle have to one another given ratios, the 
— '- is given in species. 




tria; 

Let the sides of the triangle ABC have given ratios to one another, 
the triangle ABC is given in species. 

Take a straight line D given in magnitude; and because the 
ratio of AB to BC is given, make the ratio of D to E the same 
with [it ; and D is given, therefore (3. dat.) E Is given. And be- 
cause the ratio of BC to CA is given, to this make the ratio of E 
to F the same ; and E is given, and therefore (2, dat.> P ; and be- 
cause aa AB to BO, so is D to E ; by composition AB and BC 
together are to BC. aa D and E to A 

F ; but as BC to CA, so is E to F; 
therefore, ex xqitali, (22. 5.) aa AB 
and BC are to CA, so are D and E 
to F, and AB and BC are greater 
(20. 1.) Ihan CA ; therefore D and 
E are greater (A. 5.) than V. In 
the same manner any two of the 
three D, E, P are greater than the 
third. Make(22. l.)thetriangleGHK 
whose sides are equal to D, E, F, so 
that GH be equal to D, HK to E, and 
KG to F ; and because D, E. F, are 
each of them given, therefore GH, " "■ 

HK, KG are each of them given in magnitude ; therefore the triangle 
GHK is given (42. dat.) in species ; but as AB to BC, so is (D to K, 
that is) GH to HK ; and as BC to CA, so is (E to F, that is) HK to 
KG; therefore, ea; ayuo/i, as AD to AC, so isGH'toGK. Where- 
.fore (5. 6.) the triangle ABC Is equiangular and similar to the tri- 
angle GHK ; and the triangle GHK is given in species ; therefore 
also the triangle ABC is given in species. ' 

Cob. If a triangle is required to be made ; the sides of which 
shall have the same ratios which three given straight lines D, E, F 
have to one another ; it is necessary that every two of them be 
greater than the third. 

PROP. XLVI. 43- 

If the sides of a right angled triangle about one of the acute 
stf^6s have a given ratio to one another; the triangle is given 
in apecies. 
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Let the sides AB, BC about the ncute angle ABC of the triangle 
ABC, which has a right angle at A, have a given ratio to one ano- 
ther ; the triangle ABC is given in species. 

Take a straight line DE given in position and magnitude ; and 
because the ratio of AB to BC is given, make as AB to BC, so 
DE to EF ; and because DE has a given ratio to EF, and DE is 
given, therefore (2. dat) EF is given ; and because as AB to BC, 
so is DE to EF; and AB is less (19. 1.) than BC, therefore DE is 
less (A. 5.) than EF. From the point D draw DG at right angles 
to DE, and from the centre E, at 
the distance EF, describe a circle 
which shall meet DG in two 
points; let G be either of them, 
and join EG; therefore the cir- 
cumference of the circle is given 
(6. def) in position; and tlie 
straight line DG is given (32. 
dat) in position, because it is drawn to the given point D in DE 
given in position, in a given angle ; therefore (28. dat) the point 
G is given ; and tlie points D, E are given : wherefore DE, EG, 
GD are given (29. dat.) in magnitude, and the triangle DEG in 
species (42. dat). And because the triangles ABC, DfiG have 
the angle BAC, equal to the angle EDG, and the asides about the 
angles ABC, DEG proportionals, and each of the other angles 
BCA, EGD less than a right angle; the triangle ABC is equi- 
angular (7. 0.) and similar to the triangle DEG : but DEG is given 
in species ; therefore the triangle ABC is given in species : and, in 
the same manner, the triangle made by drawing a straight line 
from E to the other point in which the circle meets DG is given 
in species. 

PROP. XLVIL 44. 

If a triangle has one of its angles which is not a right angle 
given, and if the sides about another angle have a' given ratio to 
one another ; the triangle is given in species. 

Let the triangle ABC have one of its angles ABC a given but 
not a right angle, and let the sides BA, AC about anoUier angle 
BAC have a given ratio to one another ; the triangle ABC is given 
in species. 

First, let the gi^en ratio be the ratio of A 

equality, that is, let the sides BA, AC, and con- 
sequently the angles ABC, ACB be equal ; and 
because the angle ABC is given, the angle ACB, 
and also the remaining (32. 1.) angle BAC is 
given ; therefore the triangle ABC is given (43. 
dat.) in species; and it is evident that in this 
case the given angle ABC must be acute. 

Next, let the given ratio be the ratio of a less to a greBt«r» 
that is, let the side AB adjacent to the given angle be less thm 
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Itie siiie AC ; take a stniiglit Jine DE given in position and magnitude, 

and make the angle DEF equal to the given angle ABC : therefore 

EP is given (32. dat) in position ; and because (he ratio of BA to AC 

is given, as BA to AC, so make ED to a 

DG ; and Isecause the ratio of ED to DQ 

la given, and ED is given, the straight line 

DQ is given (2. dat.), and BA is less than 

AC, therefore ED is less (A. 5.} than DG. B' 

From the centre D at the distance DG de- 

acril)e the circle GF meeting EF in F, and 

join DF ; and because the circle is given 

(fl. def.) in position, as also the straight 

line EF, the point F is given (28. dat.) ; 

and the points D, E are given ; whei-efote 

the straight lines DE, EF, FD are given 

(20- daL) in magnitude, and the triangle 

DEF in species (4'i. dat). And because G 

BA is less than AC. the angle ACQ is less (18. 1.) than the angle 

ABC. and therefore ABC is less (1.7. l.}thaa a right angle. In 

the same manner, because ED Is less than DG or DF, the angle 

DFE is less than a right angle: and t>ecauae the triangles ABC. 

DEF have the angle ABC equal to the angle DEF, and the aide« 

oJwut the angl^ BAG, EDF proportionals, and each of the other 

angles ACS, DFE less than a right angle ; ttie triangles ABC, DEF 

are (7. 6.) similar, and DEF is given in species, wherefore the 

trianple ABC is also given in species, 

Thirdly, let the given ratio he the ratio of a greater to a leas, 
that is, let the side AB adjacent to the given angle be greater 
than AC ; and, as in the last case, take a 
straight line DE given in position and A 

magnitude, and malie the angle DEF equal 
to the given angle ABC ; therefore EF is 
given (32. dat.) in position : also draw 
DG perpendicular to EF; therefore if the 
ratio of BA to AC be the same with the 
ratio of ED to the perpendicular DG, 
the triangles ABC, DEG are similar 
(7. 6.), because the angles ABC, DEG 
are equal, and DGE is a right angle ; 
therefore the angle ACB is a right angle, 
and the triangle ABC is given in (43. dat." 
•species. 

But if, in .this last case, the given ratio of BA to AC be not 
the same with the ratio of ED to DG, that is, with the ratio 
of ^A to the perpendicular AM drawn from A to BC ; the 
ratio of BA to AC must be less than (8. 5.) the ratio of BA to 
AM, because AC is greater than AM. IWake as BA to A(!, so 
ED to DH ; therefore the ratio of ED to DH is less than the ratio 
of (BA to AM, that is, than the ratio of) ED to DG ; and conse- 
quently DH is greater (10. S.) than DG i and because BA is great- 
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or than AC, ED is greater (A. 5.) than DH. A 

Ftom the centre D, at the distance DH, describe 
tlie circle KHF wliich necessarily meets the 
straight iine EF in two points, because DH is 
greater than DG, and iess than DE Let the 
circle meet EF in the points F, K which are B L 
given, as was shown in the preceding case ; and ^i 

DF, DK being joined, the triangles DEF, DEK 
are given in species, as was there shown. From 
the centre A, at the distance AC, describe a cir- 
cle meeting BC again in L: and if the angle ACB E K 
be less than a right angle, ALB must be greater 
than a right angle ; and on the contrary. In the 
same manner, if the angle DGF be less than a right angle, DKE must 
be greater than one ; and on the contrary. Let each of the angles 

<lCB, DFE be either less or greater than a right A 

ngle; and because in the triangles ABC, DEF, 
the angles ABC, DEF arc equal, and the sides 
BA, AC and ED, DF about two of the other an- x / v^i 
gles proportionals, the triangle ABC is similar / / ^ 
(7. 6.) to the triangle DEF. In the same man- 3 ^ 
ner, the triangle ABL is similar to DEK. And L> 

the triangles DEF, DEK are given in species ; 
therefore also the triangles ABC, ABL are given 
in species. And from this it is evident, that in y^ / ^ 
this third case there are always two triangles of «, j^^TL ! 
a different species, to which the things mention- 
ed as given in the proposition can agree. 




PROP. XLVIIL 



46. 



Ip a triangle has one angle given, and if both the sides together 
about that angle have a given ratio to the remaining side; the 
triangle is given in species. 

Let the triangle ABC have the angle BAC given, and let the sides 
BA, AC together about that angle have a given ratio to BC ; the tri- 
angle ABC is given in species. 

Bisect (9. 1.) the angle BAC by the straight line AD; therefore the 
angle BAD is given. And because as BA to AC, so is (3. 6 ) BD to 
DC ; by permutation, as AB to BD, so is AC to A 

CD : and as BA and AC together to BC, so is 
(12. 5.) AB to BD. But the ratio of BA and 
AC together to BC is given, wherefore the ratio 
of AB to BD Is given, and the angle BAD is 
given : therefore (47. dat.) the triangle ABD is 
given in species, and the angle ABD is therefore given : the angle 
BAC is also givan : wher^re the triangle ABC is given in species 
(43. dat.). 

41 




'a. 



I 



A triangle which ahull liave the things that are mentioned In the 
proposition to he given, can be round In the following manner. Lei 
EFG be thP given angle, and let the ratio of H to K be the giren 
ratio which the two sides about the angle* EFG must ha»-e to the 
third side of llie triangle : therefore, because two aides of a triangle 
are greater than the third side, the ratio of H to K must be the ratio 
of a greater to a less. DitMt (9. I.) the angle EPXJ by the straight 
line FL, and by the 47th proposition find a triangle of wiileh EFL Is 
one of the angles, and In which the ralto of the sides about the angle 
opposite to FL is the same with the ratio of H to K : to do wblcli 
tnke FE given in position and magnitude, and draw EL perpendicu- 
lar to FL ; then, if tiM ratio of H to K be the same with the ratio of 
FE to EL, produce EL, and let it meet FG In P: the triancle FEP is 
that which was to be found : For it has the given ani^le EFO ; and 
because this angle is bisected by FL, the sides EF, Fi> together are 
to EP, as (3. 8.) FE to EL, that is, as H to K. . 

Hut if the ratio of H to K be not the same with the ratio of FE A 
EL, it must be less than it, as wus shown in prop. 47. and in Uils 

case there are two triangles, each of j, . — 

which has the given angle EFL, and the F 

ratio of the sides about the angle oppo- 
site to FL the Bamc with the ratio of 
H to K. By prop. 47, find these trjan- 
glea EFM, EFN, each of which has the 
Migle EFL for one of Its angles, and 

the ratio of the side FK fo F.M or F..\ !■; i\ u 

the same with the ratio of H to K ; and let the angle EMP be greater, 
and ENF less than a. right angle. And l>ecause H is greater than 
K, EF is greater than EN, and therefore the angle EFN, that is, the 
angle NFG, is less (18. 1.) than the angle ENF. To each of these 
add the angles NEF. EFN; therefore the angles NEF, EFG are less 
than the angles NEF, EFN, FNE, that is, than two right angles: 
ttierefore the straight lines EN, FG must meet tt^ether when pro- 
duced i let them meet in O, and produce EM to G. Each of the tri- 
angles EFG, EFO has the things mentioned to be given In the pro- 
position : for each of them has the given angle EFG ; and because 
this angle is bisected by the straight line FMN, the sides EF, FG to- 
gether have to EG the third side the ratio of FE to EM, that Is, ofH 
to K. In like manner, the sides EF, FO together have to EO the 
ratio which H has to K. 



PROP. XLIX. 46l 

If a triangle has one angle given, and if the aides about an- 
other anple, both together, have a given ratio to the third side; 

the triangle is given in species. 

Let the triangle ABC have one angle ABC given, and let the two 
•ides BA, AC about another angle BAC have a given ratio to BC ; 
the triangle ABC is given in species. 
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Suppose the angle BAG to be bisected by the straight line AD : 
BA and AC together are to EC, as AB to BD, as was shown in the 
preceding proposition. But the ratio of BA and AC together to BC 
is given, therefore also the ratio of AB to BD is given. And the 
angle ABD is given, wlierefore (44. dat.) the triangle ABD is given 
in species: and consequently the angle BAD, and its double the 
angle BAC are given ; and the angle ABC A 

is given. Therefore the triangle ABC is 
given in species (43. dat). 

A triangle which shall have the things 
mentioned in the proposition to be given, 
may be thus found. Let EFG be the 
given angle, and the ratio of H to K the 
given ratio: and by prop. 44, find the 
triangle EFL, which has the angle EFQ 
for one of its angles, and the ratio of the 
sides EF, FL about this angle the same 
with the ratio of H to K ; and make the F L 

angle LEM equal to the angle FEL. And because the ratio of H to 
K is the ratio which two sides of a triangle have to the third, H 
roust be greater than K ; and because EF is to FL, as H to K, 
therefore EF is greater than FL, and the angle FEL, that is, LEM, 
is therefore less than the angle ELF. Wherefore the angles LFE, 
FEM are less than two right angles, as was shown in the foregoing 
proposition, and the straight lines FL, EM must meet, if produced : 
let them meet in 6, EFG is the triangle which was to be found ; for 
EFG is one of its angles, and because the angle EFG is bisected by 
EL, the two sides FE, EG together have to the third side FG the 
ratio of EF to FL, that is, the given ratio of H to K. 

PROP. L. 76. 

If from the vertex of a triangle, given in species, a straight 
Ime be drawn to the base in a given angle, it snail have a given 
ratio to the base. 

From the vertex A of the triangle ABC which is given In species, 
let AD be drawn to the base BC in a given angle ADB; the ratio of 
AD to BC is given. 

Because the triangle ABC is given in speces, 
the angle ABD is given, and the angle ADB is 
given, therefore the triangle ABD is given (48. 
dat) in species ; wherefore the ratio of AD to 
AB is given. And the ratio of AB to BC is 
given ; and therefore (0. dat) the ratio of AD to 
BC is given. 

PROP. U. 47. 

Rbctilivkal figures, given in species, are divided into trian- 
gles which art given in species. 
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n species, the aogla 



Let Ihe rectOineal figure ABt'DE be given in species; ABCDK may 
be divided inlo triangles given in spedes. 

Join BE, BD; and because ABCDE is given 
BAE is given (3. dcQ. and tile ratio of BA to 
AE is given (3. def.); whei'dbre Ilie triangle 
BAE i9 given In species (44. dat ), and the 
tn^e AEB is therefore given (3. def.). But 
the whole angle AED is given, and tlierefore 
the remaining angle BED is given, and the 
ratio o( AE to BB is given, as also Ihe ratio 
of AE to EU ; therefore the ratio of BE to ED 
li given (9, dat.). And the angle BED is gii 
angle BED la given (44. dat.) in species. In the 




wherefore the tri- 

^ ^ tame manner, the 

triangle BDC is given in species : therefore rectilineal figures wtaicb 
are given in species are divided into triangles given In Bpecies. 



PROP. LU. 



48. 



If two triangles gives in species be described upon the same 
Kraiglit line, Ihey shall have a given ratio to one another. 

Let the triangles ABC', ABD. given in species, be described upon 
the same straight line AB; the ratio of the triangle ABC to the tri- 
angle ABD is given. 

Through the point C draw CE parallel to AB, and let U meet 
DA produced in E, and join BE. Because the triangle ABC is 
given in species, Hip angle ItA(.', that is, ihc azifile A("'E, is given ; 
and because the triangle ABD is given in species, the angle DAB, 
that is, the angle AEC ~ 
ts given. Therefore the 
triangle ACE is given in 
species ; wherefore the 
ratio of EA to AC is 
given (3. def.), and the 
ratio of CA to AB is 
given, as also the ratio of 
BA to AD ; therefore the 
ratio of (9. dat.) EA to AD is given, and the triangle ACB is equal 
(37. 1.) to the triangle AEB, and as the triangle AEB, or ACB, is to 
the triangle ADB. so is (1. 0.) the straight line EA to AD. But the 
ratio of EA to AD is given, therefore the ratio of the triangle ACB 
to the triangle ADB is given. 

PROBLEM. 

To find the ratio of two triangles ABC, ABD given in species, and 
which are described upon the same straight line AB. 

Take a straight line FG given in position and magnitude, and 
because the angles of the triangles ABC, ABD are given, at the 
poinU F, a of the straight line FG, make the angles GFH, GFK 
(Za. 1.) equal to the angles BAC, BAD: and the angles FGH, 
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FGK equal to the angles ABC, ABD, each to each. Therefore 
the triangles ABC, ABD are equiangular to the triangles FGH. 
FGK, each to each. Through the point H draw HL parallel to 
FG, meeting KF produced in L. And because the angles BAG, 
BAD are equal th the angles GFH, GFK, each to each ; therefore 
the angles ACE, A£(y are equal to FHL, FLH, each to each, and 
the triangle AEC equiangular to the triangle FLH. Therefore 
as EA to AC, so is LF to FH ; and as C A to AB, so HF to FG ; 
and as BA to AD, so is GF to FK ; wherefore, ex sequalU as EA 
to AD, so is LF to FK. But, as was shown, the triangle ABC is 
to the triangle ABD, as the straight line EA to AD, that is, as 
LF to FK. The ratio therefore of LF to FK has been found, 
which is the same with the ratio of the triangle ABC to the tri- 
angle ABD. 



PROP LHI. 



40. 
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If two rectilineal figures mven in species be described upon the 
same straight line, they shall have ,a given ratio to one another.* 

Let any two rectilineal figures ABCDE, ABFG, which are given 
in species, be described upon the same straight line AB ; the ratio 
of them to one another is given. 

Join AC, AD, AF: each of the triangles AED, ADC, ACB, 
AGF, ABF is given (51. dat) in species. And because the trian- 
gles ADE, ADC given in species are D 
described upon the same straight line 
AD, the ratio of EAD to DAC is 
given (52. dat.) ; and, by composition, 
the ratio of EACD to DAC is given 
(7. dat.). And the ratio of DAC to 
CAB is given (52. dat.) because they 
are described upon the same straight 
line AC ; therefore the ratio of EACD 
fo ACB is given (0. dat): and, by 
composition, the ratio of ABCDE to 
ABC is given. In the same man- 
ner, the ratio of ABFG to ABF is given. But the ratio of the 
triangle ABC to the triangle ABF is given; wherefore (52. dat.), 
because the ratio of ABCDE to ABC is given, as also the ratio 
of ABC to ABF, and the ratio of ABF to ABFG ; the ratio of the 
lectUineal ABCDE to the rectilineal ABFG is given (9. dat.). 

PROBLEM. 

To find the ratio of two rectilineal figures given in species, and 
described upon the same straight line. 

Let ABCDB, ABFG be two rectilineal figures given in species, 
and described upon the same straight line AB, and join AC, AD, 
AF. Take s straight line HK given in position and magnitude, 
and by the bid dat find the ratio of the triangle ADE to the tri- 
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. angle ADC, and make the ratio of HK to KL the tame with It- 
Find also Iho ratio of Ihe triangle ABD to the triangle ACB. 
And make llic rnlio of KL to LM liie same. Also, find the ratio of 
tho triantflp ABU to the trian<rie ABF and make tho ratio of 
LM to MN the some. And, lastly, find tlie ratio of the triangle 
AFB to the triangle AFG, and make D 

ttie ratio of MN to NO the same. 
Then the ratio of ABCDE to ABFG 
is ttie same with the ratio of HM to 
MO. 

Because the In'hngle EAD is to 
the triiingle DAC as the straight 
line HK to KL; and as the triangle 
DAC to CAB, so is the straight line 
KL to LM ; therefore, by using com- 
position as oltea as the number of 
triangles requires, the rectilineal 
ABCDE is to llie triangle ABC, as the straight line HM to ML. 
In like manner, because the triangle GAP is to FAB, as ON lo 
NM, by composition, the rectilineal ABFG is to the triangle 
ABF, Bs MO to NM ; and, by inversion, as ABF to ABFG, so ia 
NM to MO. And the triangle ABC is lo ABF, as LM to MN. 
Wherefore, because as ABCDE to ABC, so is HM to ML; and as 
ABC to ABF, so Is LM to MN ; andas ABF to ABFG, so is MN to 
MO: ear sfquetli, as the rectilineal ABCDE to ABFG, 80 la the 
straight line HM to MO. 

PROP. LIV. 50. 

If two straight lines have a given ratio to one anothert the 
similar rectilineal figures described upon them similarly, shall 
have a given ratio lo one another. 

Let the straight lines AB, CD have a given ratio to one another, 
and let the similar and similarly placed rectilineal figures E, F tie 
described upon them ; the ratio of E to F is given. 

To AB, CD, let G be a third proportional: 
therefore, as AB to CD, so is CD to G. And 
the ratio of AB to CD is given, wherefore 
the ratio of CD to G is given ; and conse- 
quently the ratio of AB to G is also given 
(9. dat.). But as AB to G, so is the figure 

E to the figure (2. cor. 20. 6.) F. There- — 

fore the ratio of E to F is given, 

PROBLEM. 

To find the ratio of two simDar rectilineal figures, E, F, similarly 
described upon straight lines AB, CD which have a given ratio to 
one another: let G be a third proportional lo AB, CD. 

Take a straight line H given in magnitude ; and because Ihe 
ratio of AB to CD is given, make the ratio of H to K the .same 
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with it; and because H is given, K is given. As H is to K, so make 
K to L ; then the ratio of £ to F is the same with the ratio of H to 
L : for AB is to CD, as H to K, wherefore CD is to G, as K to L : 
and, ex mqtwli^ as AB to 6 so is H to L : but the figure £ is to (2. 
cor. 20. 6.) the figure F, as AB to G, that is, as H to L. 

PROP. LV. 51. 

If two straight lines have a given ratio to one another; the 
rectilineal figures given in species described* upon them, shall 
have to one another a given ratio. 

Let AB, CD be two straight lines which have a given ratio to one 
another: the rectilineal figures £, F given in species and described 
upon them have a given ratio to one another. 

Upon the straight line AB, describe the figure AG similar and 
similarly placed to the figure F ; and because F is given in species, 
AG is also given in species : therefore, 
since the figures £, AG, which are 
given in species, are described upon A /^ "* N^ B 
the same straight line AB, the ratio of 
E to AG is given (53. dat), and be* 
cause the ratio of AB to CD is given, 
and upon ttiem are described the si- H- 
roilar and similarly placed rectilineal 

figures AG, F, the ratio of AG to F is given (54. dat.) : and the ratio 
of AG to £ is given: therefore the ratio of £ to F is given (9. dat). 

PROBLEM. 

To find the ratio of two rectilineal figures ^^ F given in species, 
and described upon the straight lines AB, CD which have a given 
ratio to one another. 

Take a straight line H given in magnitude; and because the rec- 
tilineal figures E^ AG given in species are described upon the same 
straight line AB, find their ratio by the 53d dat. and make the ratio 
of H to K the same: K is therefore given; and because the similar 
rectilineal figures AG, F are described upon the straight lines AB, CD, 
which have a given ratio, find their ratio by the 54th dat. and make 
the ratio of K to L the same : the figure E has to F the same ratio 
which H has to L : for by the construction, as E is to AG, so is H to 
K ; and as AG to F, so is K to L ; therefore, tx sequalit as E to F, so 
is H to L. 

PROP. LVL 52. 

If a rectilineal figure given in species be described upon a 
straight line given in magnitude, the figure is given in magnitude. 

Let the-rectiHiieal figure ABCDB given in species be described 
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upon the straight line AB given In magnitude; tlie figure ABCDE it 
given in mapnlludr. 

Upon AB Irl the square AF Ue descrilied ; C 

therefore AF it given in species ami magni- 
tude, and because the reclilineal figures 
ABCDE, AF given in species are described D 
upon the same straight line AB, the ratio of 
ABCDE to AF is given (S3, dat.) ; but the 
aqiiare AF is given in magnitude, therefor* 
It. dat.) also the figure ABCDE is given in 
magnitude. 

PROBLEM. 

To find the magnitude of & rectilineal figure 
given in species described upon a straight line 
given in magnitude. 

Take the straight line GH equal to the given 
■traight line AB. and by the 53d dat. find thn I — 
ratio which the square AF upon AB has to the O 
figure ABCDE; and make the ratio of GH to HK the same; and 
upon GH describe the square GL, and complete the psrallelogrBin 
LHKM ; the figure ABCDE is equal to LHKM : because AF is to 
ABCDE, as the straight line GH to HE, that is, as the figure GL to 
HM; and AF is equal to GL; therefore ABCDE U equal to HM 
(14. 5.). 




PROP, LVIL 



63. 



Ir two rectilineal figures are given in species, and if a side of 
one of them has a given ratio to aside of the other; the ratios of 
the remaining sides to the remaining sides shall be given. 

Let AC, DF, be two rectilineal figures given in species, and let 
the ratio of the side AB to the side DE be given, the ratios of the 
remaining sides to the remaining sides are also given. 

Because the ratio of AB to DE is given, as also (3. def ) the ratios 
of AB to EC. and of DE to EF, the ratio of BO to EF is given (10. 
dat.). In the same manner, the ratios of the 
other sides to the other sides are given. 

The ratio which BC has to EF may be 
found thus : take a straight line G given in 
magnitude, and because the ratio of BC to g c E 

BA is given, make the ratio of G to H the 
same; and because the ratio of AB to DE 
is given, make the ratio of H to K the game ; 
and make the ratio of K to L the same with 
the given ratio of DE to EF. Since there- 
fore as BC to BA, so is G to H ; and as BA 
to DE. so is H to K ; and as DE to EF, so is 

K to L; ex sfjuall, BC is to EF. as G to L; therefore the ratio of G 
to L has been found, which is the same with the ratio of BC to EF. 
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PROP. LVni. G. 

Ir two similar rectilineal figures have a given ratio to one ano- 
ther, their homologous sides have also a given ratio to one another.* 

Let the two similar rectilineal figures, A, B, have a given ratio to 
one another, their homologous sides have also a given ratio. 

Let the side CD be homologous to EF, and to CD, £F let the 
straight line Q be a third proportional. As therefore (2. cor. 20. 6.) 
CD to G, so is the figure A to B ; and the 
ratio of A to B Is given, therefore the ratio 
of CD to G is given ; and CD, EF, G are / j^ r^ 

proportionals ; wherefore ( 1 3. dat.) the ratio /, I /^l 

of CD to EF is given. C D E F G 

The ratio of CD to EF may be found 

thus: Take a straight line H given in „ . "^ 

magnitude; and because the ratio of the L K. 

figure A to B is given, make the ratio of H to K the same with it : 
And, as the 13th dat. directs to be done, find a mean proportional 
L between H and K ; the ratio of CD to EF is the same with that 
of H to L. Let G be a third proportional to CD, EF : therefore as 
CD to G, so is (A to B, and so is) H to K; and as CD to EF, so is 
H to L, as is shown in the 1 3th dat. 

PROP. UX. 54. 

If two rectilineal figures given in species have a given ratio 
to one another, their sides shall likewise have given ratios to one 
another.* 

Let the two rectilineal figures A, B, given in species, have a given ratio 
to one another, their sides shall also have given ratios to one another. 

If the figure A be similar to B, their homologous sides shall have 
a given ratio to one another, by the preceding proposition ; and be- 
cause the figures are given in species, the sides of each of them have 
given ratios (3. def) to one another ; therefore each side of two of 
them has (9. dat) to each side of the other a given ratio. 

But if the figure A be not similar to B» let CD, EF be any two 
of their sides; and upon EF conceive the figure EG to be described 
similar and similarly placed to the 
figure A, so that CD, EF be homo- 
logous sides; therefore EG is given 
in species; and the figure B is given 
in species ; wherefore (53. dat.) the 
ratio of B to EG is given; and the ^ ^ 

ratio of A to B is given, therefore 

(9. dat) the ratio of the figure A to H 

EG Is given; and A is similar to K 

EG ; therefore (58. dat) the ratio M 

of the side CD to EF is given ; and L 

consequently (9. dat) the ratioc of 

the remaining sides to the remaining sides are given. 
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The ratio of OD to KF may be fiiund thus : lake a straight line H 
gtvon in luagnltude, and because (lie laljo of the iigure A to B is 
given, make the ratio of H to K (he wimo with il. And by the 53d 
dot. find the ratio of the figure B to EG, and make Ihe ratio of K to 
L the snnie: Between H and L find a mean proportional M; (he 
ratio of CD to EF is the same with llic rnlio of H to M; because 
the figure A is to B us 11 to K ; and as B to EG, so is K !o L; ex 
xtfuati, aa A to EG so i« M to L : and the figures A, EG are siiikilar. 
and M Is a mean proportional betiween H and L; therefore, at \na 
shown in the preceding proposition, CD is to EF as H (o M. 

PROP. LX. 55- 

Ip a rectilineal figure bo given in species and (nagnitude, ihe 
sides of it shall be given in magnitude. 

Let (he rectilineal figure A be given in species and magnitude, ila 
sides are given in magnitude. 

Take a straight line BC given in position and magnKude, and 
upon BC descrilje (18. fl.) Che figure D similar, and simHarly 
(>laii?d, to the figure A, and IM 
EF be the aide of the figure 
A homologous to BC the side 
of D ; therefore the figiu-c D is 
given in species. And because 
upon Ihk given straight line 
BC, the figure D given in 
species is described, D is given 
(66. liat.) in magniliide, and 
the figure A is given in mag- 
nitude, therefore the ratio of 
A (o D is given : and the figure A is similar to D ; therefore the ratio 
trfthe side EF to the homologous side BC is given (58. dat.) ; wher^ 
fore (2. dat.) EF is given : and the ratio of EF to EG is given (3. 
def ), therefore EG is given. And, in the same manner, each of the 
other sides of a figure A can be shown to be given. 

PROBLEM. 

To describe a rectilineal figure A, similar to a given figure D, and 
equal to another given figure H. It is prop. 25, b. 6, Elem. 

Because each of the figures D, H Is given, their ratio ia given, which 
may be found by making (cor. 45. 1.) upon the given straight line 
BC the parallelogram BK equal to D, and upon its side CK making 
(cor. 4b. 1.) the parallelogram KL equal to H, and the angle KCL 
equal to the angle MBC ; therefore the ratio of D to H, that Is, of BK 
toKUis Ihe same with the ratioof BCIoCL: and because the figures 
D, A are similar, and that the ratio of D to A, or H, is (he same with the 
ratio of BC to CL ; by the &Bth dat. Ihe ratio of the homologous sides 
BC, EF is the same with the ratio of BC to the mean proportional 
between BC and CL. Find EF the mean proportional ; then EF is the 
sideof the figure to be described, homdogous to BC the side of D, and 
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the figure itself can be described by the 18th prop, book 6, which, 
by the construction, is similar to D; and because D is to A, as Ql cor. 
20. 6.) BC to CL, that is, as the figure BK to KL ; and that D is equal 
to BK, therefore A (14. 5.) is equal to KL, that is, to H. 

PROP. LXI. 57. 

If a parallelogram given in magnitude has one of its sides and 
one of its angles given in magnitude, the other side also is given.* 

Let the parallelogram ABDC given in magnitude, have the side 
AB and the angle BAG given in magnitude, the other side AC is given. 

Take a straight line EF given in position and magnitude; and be- 
cause the parallelogram AD is given in magni- A B 
tude, a rectilineal figure equa*! to it can be 
found (1. def.). And a parallelogram equal to 

this figure can be applied (cor. 45. 1.) to the 

given straight line EF in an angle equal to the q jy 

given angle BAG. Let this be the parallelo^ £ p 

gram EFHG having the angle PEG equal to m y 

the angle BAG. And because the parallelo- / / 

grams AD, EH are equal and have the angles / / 

at A and E equal; the sides about them are / / 

reciprocally proportioned (14. 6.); therefore g H 

as AB to EF, so is EG to AG ; and AB, EF, 
EG are given, therefore also AG is given (12. 6.). Whence the way 
of finding AG is manifest. 

PROP. LXIL H. 

Ir a parallelogram has a given angle, the rectangle contained 
by the sides about that angle has a given ratio to the parallelo- 
gram.* 

Let the parallelogram ABGD have the given 
angle ABG, the rectangle AB, BC has a given 
ratio to the parallelogram AC. 

From the point A draw AE perpendicular to 
BC ; because the angle ABC is gi^n, as also the 
angle AEB, the triangle ABE is given (42. dat.) 
in species : therefore the ratio of BA to AE is 
given. But as BA to AE, so is (1. 16.) the rect- 
angle AB, BC to the rectangle AE, BC ; therefore 
the ratio of the rectangle AB, BC to AE, BC, that 
is, 35. 1.) to the parallelogram AC, is 'given. 

And it is evident bow the ratk> of the rectangle to the parallelogram 

•See Not*. 
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may be (bund by making tlie angle FGH equal lo Ihe given angle 
ABC, and drawing from any point F In one of its sides, FK perpsn- 
dicular lo Ihe other GH : for GF is to FK, as BA to AE. that is, as 
the rectangle AB, BT to the parallelogram AC. 

Cor. And if a triangle ABC has a given angle ADC, the rectangle 
AB, BC containpd by the sides about that angle, shall liavB a pven 
ratio to the ttiungle AUG. 

Complete the parallelogram ABCD ; therefore, by this proposition, 
th« rectangle AB. OC has a given ratio to the parallelogram AC ; and 
AC has a given raiio to Its half the triangle (41. 1.) ABC; therefore 
the rectangle AB, BU has a given (9. ilat,) ratio lo tiie Irianele ABC. 

And the ratio of the rectangle to the triangle it found tliua ; make 
the triangle FGK as was shown in the proposition ; the ratio of OP 
to the half of the perpendicular FK is the some with the ratio of the 
rectangle AB. BC to the triangle ABC. Because, as was shown, OP 
is to FK, as AB, BC to the pa rail el ogi am AC ; and FK la to Its hsK 
as AC is to its half, which is the triangle ABC ; therefore, tx a-ijvali, 
GF is to Ihe half of FK, as AB, BC rectangle is to the triangle ADC. 



Ir two purailclograms be equiangular, as a side of the first to 
a side of the second, so u Ihe other side of the second to the 
straight line to which the other side of the first has the same ratio 
which the first parailelngram has In the second. And conse- 
quently, if Ihe Ttilio of the first parallelogram lo the second be 
^ven, the ratio of the other side of the first to that straight line 
IS given, and if the ratio of the other side of the first lo that 
straight line be given, the ratio of the first parallelogram to the 
second is given. 

Let AC. DP" be two cf[uiangular parallelograms ; as BC, a side of 
the first, is to EF, a side of the second, so is DE the other side of the 
second, to the straight line to which AB, the other side of the first, 
has the same ratio which AC has to DF. 

Produce the straight line AB, and malie as BC to EF, so DE to 
BG, and complete the parallelogram A 

BGHC ; therefore because BC or (Xi is 
to EF, as DE to BG, the sides about Ihe 
equal angles BGH, DEF ore reciprocally 
proportional ; wherefore (14. 6.) the pa- 
rallelogram BH is equal to DF ; and AB 
la to BG, as the parallelogram AC is to 
BH, that is, to DF; as therefore BC is 
to EF, so is DE to BG, which is the 
straight line to which AB has the same 
ratio that AC has to DF. 
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And if the ratio of the paralleloinr&m AC to DF be given, then the 
ratio of the straight tine AB to BQ is given ; and if the ratio of AB 
to the straight line BG be given, the ratio of the parallelogram AC to 
DF ia given. 

PROP. LXIV. 74. 73. 

Ir two parallelograms have unequal but given andes, and if 
as a side of the first to a side of the second, so the other side of 
the second be made to a certain straight line; if the ratio of the 
first parallelogram to the second be given, the ratio of the other 
side of the first to that straight line shall be given. And if the 
ratio of the other side of the first to that straight line be given, 
the ratio of the first parallelogram to the second shall be 
given.* 

• 

Let ABCD, EFGH be two paraUelogramif which have the unequal, 
but given angles ABC, EFG ; and as pC to FG, so make EF to the 
straight line M. If the ratio of the parallelogram AC to EG be given, 
the ratio of AB to M is given. 

At the point B of the straight line BC make the angle CBK equal 
to the angle EFG, and complete the parallelogram KBCL. And be- 
cause the ratio of AC to EG is given, and that AC is equal (85. 1.) 
to the parallelogram KC, therefore the ratio of KC to EG is given ; 
and KC, EG are equiangular; therefore as BC to FG, so is (63. dat.) 
EF to the straight line to which KB has a given ratio, viz. the same 
which the parallelogram KC has to EG ; but as BC to FG, so is EF 
to the straight line M ; therefore KB has a given ratio to M ; and 
the ratio of AB to BK is given, because the triangle ABK is given 
in species (43. dat.) ; therefore the ratio of AB to M is given (9. 
dat.). 

And if the ratio of AB to M be given, the ratio of the parallelo- 
gram AC to EG is given; for since the ratio of KB to BA is 
given, as also the ratio of AB to M, the ratio 
of KB to M is given (9. dat.) ; and because 
the parallelopranis KC, EG are equiangular, 
as BC to FG, so is (63. dat.) EF to the 
straight line to which KB has the same ratio 
which the parallelogram KC has to EG; 
but as BC to FG, so is EF to M ; therefore 
KB is to M, as the parallelogram KC is to 
EG ; and the ratio of KB to M is given, 
therefore the ratio of the parallelogram KC, 
that is, of AC to EG, is given. 

Cor. And if two triangles ABC, EFG, have two equal angles, 
or two unequal, but given angles, ABC, EFG, and if as BC a side 
of the first to FG a side of the second, so the other side of the se- 

• See Note. 
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cond EF be made to a straight line M ; if the ratio of the triangles 
be given, the ratio of the otiier side of the first to the straight line 
M is given. 

Complete the parslleiograms ABCD, EFGH ; and because ihe ratio 
of the triangle ABC to the triangle EFG is given, the ratio of the 
parallelogram AC to EXj it given (Id. 6.), because the p^^sllelogranis 
are double (41. 1 .) of the triangles ; and because BC ia *• FQ. as 
E;F to M, the ratio of AB to M is given by the 63d tkt if the 
angles ABC, EFG are equal ; but if they be unequal, but given 
angles, the ratio of AB to M is given by this proposition. 

And if the ratio of AB to M be given, the ratio of the parallelogram 
AC to EG is given by the same proposition; and therefore the ratio 
of the triangle ABC to EFG is givea 

PROP. LXV. 68. 

Ir two equiangular (Aralielograms have a given ratio to ono 
anwiher, and if one side have to one side a given ratio ; the other ^ 
side shall also have to the other side a given ratio. 

Let the two equiangular parallelograms AB, CD have a given 
ratio lo one anotlwr, and let the side EB have a given ratio to the 
■Ide FD ; the other side AE has also a given ratio to the otiier 
flideCF. 

Because the two equiangular paralleiograms AB, CD have a 
given ratio to one another; as EB, a aide of the first, is lo FD, a 
aide of the second, so is (63. dat.) FC, the other side of the second, 
to the straight line to which AE, the other side of the first, has 
the same given ratio which the first parallelogram AB has to the 
other CD. Let this straight line 
be EG ; therefore the ratio of AE 
to EG is given ; and EB is to 
FD, as FC to EG, therefore the 
ratio of FC to EG is given, be- 
cause the ratio of EB to FD is 
given; and because the ratio of 
AE to EG, as also the ratio of FC H K L 

to EG is given ; the ratio of AE 
to CF is given (9. dat.). 

The ratio of AE to CF may be found thus : take a straight line 
H given in magnitude; and because the ratio of the parallelogram 
AB to CD is given, make the ratio of H to K the same with it. And 
Iwcause the ratio of FD to EB is given, make the ratio of K to L the 
same; the ratio of AE to CF is the same with the ratio of H to L. 
Make as EB to FD. so FC to EG, therefore, by inversion, as FD to 
EB, so is EG to FC ; and as AE to EG, so is (63. dat.) (the paral- 
lelogram AB to CD, and ao is) H to K ; but as EG to FC, so is (FD 
to EB, and so is) K to L ; therefore rx xquati, as AE to FC, so is 
H toL. 
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PROP. LXVI. 



69. 



Ir two parallelograms have unequal, but given angles, and a 
given ratio to one another ; if one side have to one side a given 
ratio, tl»9 other side has also a given ratio to the other side. 

Let the two parallelograms ABCD, EFGH which have the given 
unequal angles ABC, EFG, have a given ratio to one another, and let 
the ratio of BC to FG be given ; the ratio also of AB to £F is given. 

At the point B of the straight line BC make the angle CBK equal 
to the given angle EFG, an4 complete the parallelogram BKLC ; and 
because each of the angles BAK, AKB, is given, the triangle ABK is 
given (43. dat.) in species ; therefore the ratio of AB to BK is given ; 
and because, by the hypothesis, the ratio of the parallelogram AC to 
EG is given, and that AC is equal (35. 1.) to BL; therefore the ratio 
of BL to EG is given : and because BL is equiangular to EG, and, by 
the hypothesis, the ratio of BC to FG is given ; therefore (65. dat.) 
the ratio of KB- to EF is given, and the A K D L 

ratio of KB to BA is given ; the ratio there- 
fore (9. dat.) of AB to EF is given. 

The ratio of AB to EF may be found ^ 
thus : take the straight line MN given in E^ 




position and magnitude ; and make the an- p 
gle NMO equal to the given angle BAK, 
and the angle MNO equal to the given an- 
gle EFG or AKB: and because the paral- NO 
Hogram BL is equiangular to FG, and has a given ratio to it, 
and that the ratio of BC to FG is given ; find by the 65th dat. the 
ratio of KB to EF ; and make the ratio of NO to OP the same with 
it : then the ratio of AB to EF is the same with the ratio of MO to 
OP : for since the triangle ABK is equiangular to MON, as AB to BB^ 
80 is MO to ON : and as KB to EF, so is NO to OP ; therefore, ex 
mquali, as AB to EF, so is MO to OP. 



PROP. LXVn. 



70. 



Ir the sides of two equiangular parallelograms have given 
ratios to one another; the parallelograms shall have a given 
ratio to one another.* 

Let ABCD, EFGH be two equiangular parallelograms, and let the 
ratio of AB to EF, as also the ratio of BC to FG, be given; the ratio 
of the parallelogram AC to EQ is given. 

Take a ttndglit line K given in magnitude, and became the 



« See Note. 
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ratio of AB to EF is giren, make A 
the ratio of K to L the ssrae wJtb 
it; therefore L Is given (2. dat,): 
and because the ratio of BC to 
FG is given, make the raUo ofL to 
M the sBnie : therefore M is given 
(2. dat.) : and K is given, where- 
fore (1. dat.) the ratio of K to M 
is given : but the parallelo^ani AC is to the paraTIelogram ^, as 
the straight line K to the straight line M, as is demonstrated '.n the 
23i1 prop, of B. 6. Elem. ; therefore the ratio of AC to EG Is glreD. 

From (his it Is plain how the ratio of two oqiiiangulBr paralidcv 
grams may be found when the ratios of (heir side.i are given. 




PROP. LXVffl. 



70. 
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Ir the sides of t«'o parallelograms which have unequal, but 
given angles, have given ratios to one nnolher; the parallelo- 
grams shall have a given ratio lo onfi another." ' 

Let two parallelograms ABCD, EPGH, which have the given un- 
e<iaal angles ABC, EFG, have the ratios of their sides, viz, of AB to 
EF, and of BC to'FG, given ; the ratio of the parallelogram AC to 
BG Is given. 

At the point B of the straight line 8C make the angle CBK eqinl 
to the given angle EFG, and complete the parallelogram KBC1-; 
and because each of the angles BAK, BKA is given, the tiiange 
ABK is given (43. dat.) in species : therefore the ratio of AB to BE 
is given ; and the ralio of AB to £F is given ; wherefore (0. dat.j 
the ratio of BK lo EF is given : K A ' " " " 

and the ratio of BC to FG is 
given ; and the angle KBC is equal 
to the angle EFG^ therefore (67. 
dat) the ratio of the parallelo- 
gram KC to BG is given : but 
KC Is equal (35. 1 .) to AC ; there- 
fore the ralio of AC to EG is - . %* 
given. 

The ratio of the parallelogram AC to EG may be found thus : take 
the straight line MN given in position and magnitude, and make the 
angle MNO equal to the given angle KAB, and the angle NMO equal 
to the given angle AKB, or FEH : and because the ratio of AB to 
EF is given, make the ratio NO to P the same ; also make the ratio 
of P to Q, the same with the given ratio of BC to FG, the parallelo- 
gram AG is to EG, as MO to Q. 

Because the angle KAB is equal to the angle MNO, and the 
angle AKB equal to the angle NMO ; the triangle AKB is equi- 
angular to NMO : therefore as KB to BA, so is MO to ON ; and 

• See Note. 
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as BA to EF, 80 is NO to P ; wherefore, ex mquoH, an KB to EF, 
•o is MO to P : and BC^ is to FQ, as P to d, and the parallelograms 
KG, EG are equiangular; therefore, as was shown in prop. 67, the 
parallelogram KC, that is, AC is to EG, as MO to Q. 

Cor. 1. If two triangles, ABC, DEF have two equal angles, or 
two unequflt but given angles, ABC, DEF, and if the ratios of the 
sides about these angles, viz. the ratios o^ a G D H 

AB to DE,and of BC to EF be given; the 
triangles shall have a given ratio to one 
another. 

Complete the parallelograms BG, EH: 
the ratio of BG to EH is given (67. or 68. 
dat); and therefore the triangles which are the halves (84. 1.) of 
them have a given (15. 5. 72.) ratio to one another. 

Cor. 2. If the bases BC, EF of two triangles ABC, DEF have a 
given ratio to one another, and if also the straight lines AG, DH 
which are drawn to the bases from the opposite angles, either in 
.equal angles, or unequal, but given angles, AGC, DHF have a given 
ratio to one another; the triangles ^ ^ L D 

shall have a giv^ ratio to one an- 
other. 

Draw BK, EL parallel to AG, 
DH, and complete the parallelo- •, ^ ^ n ti m 

grams KC, LF. And because the ^ ^ ^ E H F 

angles AGC, DHF, or their equals, the angles KBC, LEF are either 
equal, or unequal, but given; and that the ratio of AG to DH, that 
is, of KB to LE, is given, as also the ratio of BC to EF ; therefore 
(67. or 68. dat) the ratio of the parallelogram KC to LF is given ; 
wherefore also the ratio of the triangle ABC to DEF is given 
(41. 1. 16. 6.) 

PROP. LXIX. 61. 

Ir a parallelogram which has a given angle be applied to one 
side of a rectilineal figure given in species; if the ngure have a 
given ratio to the parallelogram, the parallelogram is given in 
species. 

Let ABCD be a rectilineal figure given in species, and to one side 
of it AB, let the parallelogram ABEF, having the given angle ABE, 
be applied ; If the figure ABCD have a given ratio to the parallelo- 
gram BF, the parallelogram BF is given in species. 

Through the point A draw AG parallel to BC, and through the 
point C draw GG parallel to AB, and produce GA, CB to the points H, 
K : because the angle ABC is given (3. def.), and the ratio of AB to BC 
Is given, the figure ABCD being given In species; therefore the pa- 
rallelogram BG is given (3. ddl), in species. And because upon the 
same straight line AB the two rectilineal figures BD, BG given In spe- 
cies are described, the ratio of BD to BG Is given (53. dat.) ; and, by 
hjrpothesis, the ratio of BD to the paralldogram BF is given ; Ulierefore 
(tf. dat.) the ratio of BF, that is, (35. 1 .)of the parallelogram Oil, to BO is 
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given, and therefoTe (1. 6.) the ratio of Ihe slrsiplit Itce KB to BC l> 
given ; and the ratio of BC to BA Is pivtn. wherefore the ratio of 
KB to BA is given (9. dat.): and because the aople ABC is given, 
the adjacent angle ABK Is given; and tlie angle ABE Iv (.'iven, 
therefore the remaining angle KBE Is given. The angle EKB Is 
also given, because it tl equal to Ihe angle ABK; therefore the tri- 
angle BKE is given In species, and eqnseriuently the raijn of EB to 
BK is given; and the ratio of KB lo BA Is given, wherefore (9, dnt.) 
the ratio of EB lo BA Is given ; 
and the angle ABE la given, 
therefore Ihe parallelogram BF 
if given In species, 

A parallelngrain similar to 
BF may be found ihus: lake a 
8lrnighl line LM given in posi- 
tion and mogniturle: and t;e- 
cause the angles ABK, ABB 

are given, make the angle KLM equal lo ABK, and the angle NL( 
equul to ABE And because the ratio of BF to BD Is gli 
the ratio of LM lo P the same with it ; and because l\te ratio of iM 
figure BD to BG is given, lind this ratio hy Ihe S3d dal. and males 
the ratio of P to Q Hie same. Also, because the ratio of CB to BA 
Is given, make the ratio of Q, to R Ihe same; and take LN equal to 
R ; through the point M drawn OM parallel to LN, and compleie lh« 
parallelogram NLOS ; then this is similar to the parallelogrBin BF. 

Because the angle AEK is equal to NLM, and the angle ABE 
to NLO, the angle KBE is equal lo MLO; and the angles BKE. 
LMO are equal, because the angle ABK is equal to NLM ; therefore 
tite triangles BKE, LMU are equiangular to one another; wherefore 
as BE to BK, so is LO to LM : and because as the figure BF to BD. 
BO is the straight line LM to P ; and as BD to BG, so is P to Q ; 
ex tequati, as BF, that is (35. 1.) BH to BG, so is LM to Q : but BH 
la lo (L 6.) BG, as KB to BC : as therefore KB to BC, so is LM to 
Q; and because BE is to BK, as LO to LM ; and as BK to BC, so 
is LM to Q : and as BC to BA, so Q, was made to R ; therefore ex 
xquali, as BE to BA, so is LO to R, that is to LN ; and the angles 
ABE, NLO are equal ; therefore the parallelogram BF is similar 
toLS. 

PROP. LXX 62. 7B. 

Ip Iwo straight lines have a given ratio to one another, and 
upon one of them be describea a reclilineal figure given in 
species, and upon the other a parallelogram having a given 
angle ; if the figure have a given ratio to the parallelogram, (he 
parallelogram is given in species.* 

Let the two straight lines AB, CD have a given ratio to one 
another, and upon AB let the figure AEB given in species be de- 




Euclid's data. 389 

scribed, and upon CD the paralldogram DP having the given angle 
PCD ; if the ratio of AEB to DP be given, the paraUelogram DP is 
given in species. 

Upon the straight line AB, conceive the parallelogram AG to be 
described similar,"and similarly placed to PD ; and because the ratio 
of AB to CD is given, and upon them are described the similar rec- 
tilinedl figures AG, PD ; the ratio of 
AG to PD is given (54. dat.) ; and the 
ratio of PD to AEB is given ; there- 
fore (9. dat.) the ratio of AEB to 
AG is given; and the angle ABG is 
given, because it is equal to the angle 
PCD : because therefore the parallelo- 
gram AG which has a given angle 
ABG is applied to a side AB of the 
figure AEB given in species, and the 
ratio of AEB to AG is given, the parallelogram AG is given (69. dat.) 
in species; but PG is similar to AG; therefore PD is given in 
species. 

A parallelogram similar to PD may be found thus : take a straight 
line H given in magnitude ; and because the ratio of the figure AEB 
to PD is given, matce the ratio of H to K the same with it : also, 
because the ratio of the straight line CD to AB is given, find by the 
64th dat. the ratio which the figure PD described upon CD has to 
the figure AG described upon AB similar to PD ; and malce the ratio 
of K to L the same with this ratio ; and because the ratios of H to K, 
and of K to L are given, the ratio of H to L is given (9. dat.) ; 
because, therefore, as AEB to PD, so is H to K ; and as PG to AG, 
so is K to L ; ex asquali, as AEB to AG, so is H to L ; therefore the 
ratio of AEB to AG is given ; and the figure AEB is given in species, 
and to its side AB the parallelogram AG is applied in the given 
angle ABG ; therefore by the 69th dat. a parallelogram may be found 
similar to AG : let this be the parallelogram MN ; MN also is similar 
to PD ; for, by. the construction, MN is similar to AG, and AG is 
similar to PD ; therefore the parallelogram PD is similar to MN. 

PROP. LXXI. 81. 

If the extremes of three proportional straight lines have given 
ratios to the extremes of other three proportional straight lines; 
the means shall also have a given ratio to one another: and if one 
extreme have a given ratio to one extreme, and the mean to the 
mean; likcwiss the other extreme shall have to the other a given 
ratio. 

Let A, B, C be three proportional straight lines, and D, E, P three 
other ; and let the ratios of A to D, and of C to P be given ; then the 
ratio of B to E is also given. 

Because the ratio of A lo D, as also of C to P is giv^» the ratio 
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oT the rectangle A, C to the rectangle D, F is given (67. dat); 
Ihrr square of Bis equal (17. tt.) to the reclangle A.Ci andtbesqaar* 
(if E to the rectangle (17. 60 D. Fl therefore the ratio ef Iha squara 
□f B to the square of E is §[lven ; wliereforo (M dat.) aliio the ratio of 
Ibe straight line B to E is piven. 

Next, let the ratio of A to D. and of B to . 

E be piven; then Ihe ratio of C to F U also | , 

given. 

Because the ratio of U tn E ts given, the ratio 
of the square of B to the square of E is given 
{54 dat.) ; therefore (17. fl ) the ratio of the rec- 
tangle A, n to the rcclanfilc D, P is given ; and 
the ratio of the side A to the side D is given ; 
therefore the ratio of the other side C to the other ' I 

P to given (65. dat.). ' — 

Cor- And if the extremes of four proportionals have to the ex- 
tremes of four other proportionals given ratios, and one of the meant 
a given ratio to oneoftlie means; the other mean shall have a given 
ratio to the other mean, as may be shown in the same manner W * 
In the liiregoiag propowtion. 

PROP. LXXII. S«. 

If four straight lines be proportionals ; as Ihe first is to the 
strughl line to which the second has a given ratio, so U tb« 

third to a slraighl line lo which the fourth has a given ratio. 

Let A, B, C, D be proportional straight lines, viz. as A to B. so C 
to D ; as A is to the straight line to which B has a given nUio so it 
C to a straight line to which D has a given ratio. 

Let E l>e the straight line to which B has a given 
ratio, and as B to E, so make D to F : the ratio of 
B to E is given (Hyp.), and therefore the ratio of D 
to F ; and because as A to B, so is C to D ; and as 
B to E, so D to F; therefore, ex xquali, as A to E, ■ 
so is C to F; and E is the straight line to which B 
has a given ratio, and F that to which D has a given 
ratio ; therefore as A is to the straight line to which 
B^has a given ratio, so is C to a line to which D has 
a given ratio. 



PROP. LXXIIl 83. 

Ir four straight Mnes be proportionala ; as the first is lo 
the straight hne to which the second has a given ratio, so 
is a straight line to which the third has a given ratio to the 
fourth." 
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Let the straight line A be to B, as C toD: as A 
to the straight line to which B has a given ratio, so 
is a straight line to which C has a given ratio toD. 

Let E be the straight line^to which B has a given 
ratio, and as B to E, so make F to C ; because the 
ratio of B to E is given, the ratio of C to F is given : 
and because A is to B, as C to D ; and as B to E, 
so F to C ; therefore, ex xquali in proportioru per- 
turhata (23. 5.), A is to £, as F to D ; that is, A is 
to E, to which B has a given ratio, as F, to which 
C has a given ratio, is to D. 

PROP. LXXIV. 

Ir a triangle have a given obtuse angle ; the excess of the 
square of the side which subtends the ootusc angle, above the 
squares of the sides which contain it, shall have a given ratio to 
the triangle. 

Let the triangle ABC have a given obtuse angle ABC ; and pro- 
duce the straight Hne CB, and from the pohit A draw AD perpmidl- 
cular to BC : the excess of the square of AC above the squares of 
AB, BC, that is (12. 2.), the double of the rectangle contained by 
DB, BC, has a given ratio to the triangle ABC. 

Because the angle ABC is given, the angle ABD is also given ; 
and the angle ADB is given ; wherefore the triangle ABD is given 
(43. dat) in species ; and therefore the ratio of AD to DB is given : 
and as AD to DB, so is (1. 6.) the rectangle AD, BC to the rectangle 
DB, BC ; wherefore the ratio oi the rectangle AD, BC to the rect- 
angle DB, BC is given, as also the ratio of twice the .rectangle DB, 
BC to the rectangle AD, BC : but the ratio of A B 

the rectangle AD, BC to the triangle ABC is 
given, because it is double (41. 1.) of the tri- 
angle ; therefore the ratio of twice the rectan- 
gle DB, BC to the triangle ABC is given (9. 
dat.) ; and twice the rectangle DB, BC is the 
excess (12. 2.) of the square of AC above the D B C 

squares of AB, BC ; therefore this excess has a given ratio to the 
triangle ABC. 

And the ratio of this excess to the triangle ABC may be found 
thus : take a straight line EF given in position and magnitude ; and 
because the angle ABC is given, at the point F of the straight line 
EF, make the angle EFG equal to the angle ABC ; produce GF, and 
draw EH perpendicular to FG ; then the ratio of the excess of the 
square of AC above the squares of AB, BC to the triangle ABC, is 
the same w{th«the ratio of quadruple the straight line HF to HE. 

Because the angle ABD is equal to the angle EFH, and the 
angle ADB to EHF, each being a right angle : the triangle ADB 
is equiangular to EHF ; therefore (4. 6.) as BD to DA, so FH to 
HE; and as quadruple of BD to DA, so is (cor. 4. 6.) quadruple 
of FH to HE : but as twice BD is to DA, so is (1 . 6.) twice the 
rectangle DB, BC to the rectangle AD, BC; and as DA to the 
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half of H, so is {cor. 5.) the rectangle AB, BC to Ita half the triangle 
ABC; therefore, tx xijvali.aa twice BD is lo the half of DA. that fs. 
a» quadruple of BD is to DA, that is. as quadruple of FH to HE, so 
is twice the rectangle UB, BC to the triangle ABC. 

PROP. LXXV. 65. 

Ir a triangle have a given acule angle, the space by which 
the square of (tie side subtending ihe acute angle is Ices than ths 
squiire.1 of the sides which contain it, shall have a given ratio to 
the triangle. 

Let the triangle ABC have a given acute angle ABC, and draw 
AD perpendicular to BC ; the space by which the square of AC is 
IBM than the squares of AB. BC, tliat is (13. 2.). the double of the 
rectangle contained by CB, BD, has a given ratio lo the triangle 
ABC. 

Because tlie angles ABD, ADB are each of them given, the tri- 
angle ABD la given in species ; and therefore Ihe ratio of BD to 
DA fs given : and aa BD to DA, so Is the reel- A 

angle CB, UB, to the rectangle CB, AD ; there- 
fore the ratio oTttiese rectangles is given, as 
also Ihe ratio oftmwtbe reclnngle CB, BD to 
the rectangle Cf^ AD; but Ihe rectangle CB, 
AD has a given ratio to lis half Ihe triangle 
ABO; therefore (9. dat,) the ratio nf twice the 
rectangle CB, BD to the triangle ABC is given ; and twice the rect- 
angle CB. BD.is (13. 2.) the space by which the square of AC is 
less than the squares of AB, BC ; therefore the ratio of this space to 
the triangle ABC is given : and the ratio may t<e found as in the 
preceding proposition. 

LEMMA. 

If from the vertex A of an isosceles triangle ABC any straight 
line AD be drawn to Ihe base QC, the square of the side AB is equal 
to the rectangle BD, DC of the segments of the base together with 
the square of AD; but if AD be drawn to Ihe base produced, the 
•qnare of AD is equal lo Ihe rectangle BD, DC togetho' vith the 
square of AB. 

Case 1. Bisect the base BC in E, and join A 

AE which will be perpendirul.ir (8. I.) to 
BC; wherefore the squnre of ABis equal (47. 
1.) to the squares of AE, EB; but the square 
of EB is equal (5. I.) to the rectangle BD, 
DC, together with Ihe square of DE; there- ^' — ^iifp" 
fore the square of AB Is equal to the squares "^ " 
of AE, ED, that is lo (47. I.) the squares of AD, together with the 
rectangle BD, DC; Ihe other case is .shown in the same way by 6. 
2. Elem. 
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PROP. LXXVI. 67. 

Ir a triangle have a given angle, the excess of the square of 
the straight line which is equal to the two sides that contain the 
given angle, above the square of the third side, shall have a given 
ratio to the triangle. 

Let the triangle ABC have the given angle BAC ; the excess of 
the square of the straight line which is equal to BA, AC together 
above the square of BC, shall have a given ratio to the triangle ABC. 

Produce BA, and take AD equal to AC ; join DC, and produce 
it to E, and through the point B draw BE parallel to AC; join 
AE, and draw AF perpendicular to DC; and because AD is equal 
to AC, BD is C'lual to BE: and BC is drawn from the vertex B 
of the isosceles triangle DBE; therefore, by the lemma, the square 
of BD, that is, of BA and AC together, is equal to the rectangle 
DC, CE together with the square of BC ; and therefore, the square 
of BA, AC, together, that is, of BD : is 
greater than the square of BC by the 

rectangle DC, CE; and this rectangle ^^^ F 

has a given ratio to the triangle ABC : 
because the angle BAC is given, the 
adjacent angle CAD is given : and each 
of the angles ADC, DCA is given, for 
each of them is the half (5. & 32.) of ^ 

the given angle BAC ; therefore the tri- ^ ^^ ^** "^ E 

angle ADC is given (43. dat.) in spe- 
cies; and AF is drawn from Its ver- 
tex to the base in a given angle ; wherefore the ratio of AF to the 
base CD is given (50. dat.); and as CD to AF, so is (1. 6.) the 
rectangle DC, CE to the rectangle AF, CE ; and the ratio of the 
rectangle AF, CE to its half (41. 1.), the triangle ACE, is given; 
therefore the ratio of the rectangle DC, CE to the triangle ACE, that 
is (37. l.\ to the triangle ABC, is given (9. dat.), and the rectangle 
DC, CE is the excess of the square of BA, AC together above the 
square of BC : therefore the ratio of this excess to the triangle ABC 
Is given. * 

The ratio which the rectangle DC, CE has to the triangle ABC 
is found thus: talie the straight line GH given in position and 
magnitude, and at the point O in GH make the angle HGK equal 
to the given angle CAD, and take GK equal to GH ; join KH, and 
draw GL perpendicular to it : then the ratio of HK to the half of 
GL is the same with the ratio of the rectangle DC, CE to the tri- 
angle ABC : because the angles HGK, DAC, at the vertices of the 
isosceles triangles GHK, ADC are equal to one another, these tri- 
angles are similar ; and because GL, AF are perpendicular to the 
bases HK, DC, as HK to GL, so is (4. 6. 22. 5.) (DC to AF, and 
so is) the rectangle DC, CE to the rectangle AF, CE; but as GL 
to its half, so Is the rectangle AF, CE to its half, which is the tri- 
angle ACE, or the triangle ABC; therefore, ex tpgvalL HK is to 
the half of the straight line GU as the rectangle DC, CR is to the 
triangle ABC. 
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Cor. And if a triangle have a given an^le, tlie space by wbfcll 
tile square of the straight line which is the diSerence of the «[d«a 
which contain the given angle is less than the square of the third 
side, shall have a given ratio to the triande. This is demonsEralcd 
the same way aa the preceding proposition, by help of the second 
case of the lemma. 

PROP. LXXVII. L. 

If ihe perpendicular drawn from a given angle of a triangle 
to ihe opposite side, or base, have a. given raiio lo the base, tiie 
triangle is given iu species.* 

Lei the triangle AI3C have the given angle BAC, and let the per- 
pendicular AD drawn lo Ihe base BC have a given ratio to it : the 
trianele AIK' la given In species, 

ir ABC be an Isosceles triangle, It is evident (5. and 32. 1.) thai 
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if any one of its angles be given, the rest are also given i and tliere- 
fore Ihe triangle Is given in species, without the consideration of the 
ratio of the |jerpendicular to Ihe base, which in liils case is gii'en hy 
prop. SO. 

But when ABC is not an isosceles triangle, take any straight 
line EF given in position and magnitude, and upon it deacribe 
the segment of a circle EGF containing an angle equal tn the 
given angle BAC; draw GH bisecting £F at right angles, and 
join EO, GP: then, since the angle EGF is equal to the angle 
BAC, and that EGF is an isosceles triangle, and ABC ia not, the 
angle PEG is not equal lo the angle CBA : draw EL, making the 
angle PEL equal to tHt angle CBA; join PL, and draw LM per- 
pendicular to EF; then, because the triangles ELF, BAC are 
equiangular, as also are the triangles MLE, DAB, as ML to LE. 
so is DA to AB; and as LE to EK, so is AB to BC; Wtwefore, 
ex aquali, as LM to EF, so is AD to BC \ and because .(he ratio 
of AD to BC is given, therefore the ratio of LM to EF is given ; 
and EF is given, wherefore (2. dat) LM also is given. Complete 
the parallelogram LMFK; and because LM is given. FK is given 
in magnitude ; it is also given in position, and the point F is 
given, and consequently (30. dat.) the point K; and because 
through K the straight line KL Is drawn parallel to EF which is 
given in position, therefore (31. dat.) KL is given in position; 
and the circumference ELP is given in position ; theiefore the 
point L ia given (28. dat.). And because the points L, E, F, are 
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given, the straight lines LE, EF, FL, are given (29. dat) in mag- 
nitude ; therefore the triangle LEF is given In species (42. dat) ; 
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and the triangle ABC is similar to LEF, wherefore also ABC is given 
in species. 

Because LM is less than GH, the ratio of LM to EF, that is, the 
given ratio of AD to BC, must be less than the ratio of GH to EF, 
which the straight line, in a segment of a circle containing an angle 
equal to the given angle, that bisects the base of the segment at 
right angles, has unto the base. 

CoR. 1. If two triangles, ABC, LEF, have one angle BAC equal 
to one angle ELF, and if the perpendicular AD be to the base BC» 
as the perpendicular LM to the base EF, the triangles ABC. LEF 
are similar. 

Describe the circle EFG about the triangle £LF» and draw LN 
parallel to EF ; Join EN, NF, and draw NO peipendicular to EF ; 
because the angles ENF, ELF are equal ; and that the angle EFN 
is equal to the alternate angle FNL, that is, to the angle FEL in the 
same segment ; therefore the triangle NEF is similar to LEF ; and 
in the segment EGF there can be no other triangle upon the base 
EF, which has the ratio of its perpendicular to that base the same 
with the ratio of LM or NO to EF, because the perpendicular most 
be greater or less than LM or NO ; but, as has been shown in the 
preceding demonstration, a triangle similar to ABC can be described 
in the segment EGF upon the base EF, and the ratio of its perpen- 
dicular to the base is the same, as was there shown, with the ratio 
of AD to BC, that is, of LM to EF; therefore that triangle must be 
either LEF, or NEF, which therefore are similar to the triangle ABC. 

CoR. 2. If a triangle ABC have a given angle BAC, and if the 
straight line AR drawn from the given angle to the opposite side BC, 
in a given angle ARC, have a given ratio to BC, the triangle ABC Is 
given in species. 

Draw AD perpendicular to BC ; therefore the triangle ARD is 
given in species ; wherefore the ratio of BD to AR is given : and the 
ratio of AR to BC is given, and consequently (0. dat.) the ratio of 
AD to BC is given; and the triangle ABC is therefore given in 
species (77. dat.) 

CoR. 3. If two triangles ABC, LEF have one angle BAC equal 
to one angle ELF, and if straight lines drawn from these angles 
to the bases, making with them given and equal angles, have the 
same ratio to the bases, each to each ; then the triangles are simi* 
lar ; for having drawn perpendiculars to the bases from the equal 
angles, as one perpendicular is to its base, so Is the other to its 
base (4. 6. 22. 5.) ; wherefore, hy Tor. 1 . the triangles are similar. 
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A triangle Bimilar to ABC may be found thus: havinp dmcribed 
the »fpment BGF, and drawn the slraipM line GH, as wa« liirectsd 
In Ihe propnsltion. ISiid FK. which has lo EF ihe (liven ratio of Al> to 
BC; and place FK at light alleles to EF from Ihe point F; Ih'n. 
Iwcause. as has been ahown, the ratio of AD lo BC, that is of FK lo 
EF. must be less Ihan the ralto of GH to EP ; therefore FK i« less 
than GH ; and consequentiy the parnllel to EF, drown through th« 
point K, must meet the circumference of the segment in two point*: 
let L be either of them, and join EL, LF, and draw LM perpenJicu- 
lar to EF : then, because the angle DAC is equal to the angle ELF. 
and that AD is to BC, as KF, that ia, LM to EF. the triangle ABC 
Is similar lo the triangle L£F, by Cor. 1. 



PROP. LXXVlll. 80. 

If a triangle have one angSc given, and il' the ratio of the rect- 
angle of the sides which contain Ihe given angle to tlie square of 
the third side be given, the iriangte is given id species. 

Let the [riangie ABC have itie given angle BAC, and let the ratio 
of the rectangle BA, AC lo the square of BC be given ; the triangle 
ABC is given In species. 

From the point A, draw AD perpendicular 10 BC ; ttie rectangle 
AD, BC has a given ratio to itsi half (41. 1.). (be triangle ABC; and 
because the angle BAC is given, the ratio of the triangle ABC to the 
rectangle BA, BC is gi\'en (('or. 62. dat,); and by the hypothesis, 
the ratio of the rectangle BA, AC to the square of BC is given ; 
therefore (9. daL) the ratio of the rectangle AD. BC to the square of 
BC, that is (1. 6.). the ratio of the straight line AD to BC is given ; 
wherefore the triangle ABC is given in species (77. dat.). 

A triangle similar to ABC may be found thus : talce a straight line 
EF given in position and miignitude, and make the angle FEG equal 
to the given angle BAC, and draw FH perpendicular to EG, and BK 
perpendicular to AC: therefore the triangle ABK, EFH are similar, 
and the rectangle AD, BC, 
or the rectangle BK, AC 
which is equal to it, is to 
the rectangle BA, AC, as 
the straight line BK to BA, 
that is, as FH to FE. Let 
the given ratio of the red- 
angle BA, AC to the square 
of BC be the same with the ratio of the straight line EF to FL ; there- 
fore, tx atgiiali, the ratio of the rectangle AD, BC to the square of BC, 
that is, the ratio of the straight line AD to BC, is the same with the 
ratio of HF to FL ; and because AD is not greater than the straight 
line MN in tlie segment of the circle described about Ihe triangle ABC, 
which bisects BC at right angles ; the ratio of AD to BC, that is, of HF 
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to FL, must not be greater than the ratio of MN to BC : let it be 
so; and, by the 77th dat. find a triangle OPQ which has one of 
its angles POQ equal to the given angle BAG, and the ratio of the 
perpendicular OR, drawn from that angle to the base PQ, the same 
with the ratio of HF to FL ; then the triangle ABC is similar to 
OPQ,: because, as has been shown, the ratio of AD to BC is the 
same with the ratio of (HF to FL, that is, by the construction, with 
the ratio of) OR to Pd; and the angle BAG is equal to the angle 
POQ; therefore the triangle ABC is similar (1. Cor. 77. dat.) to the 
triangle OPQ. 

Otherwise, 

Let the triangle ABC have the given angle BAG, and let the ratio 
of the rectangle BA, AG, to the square of BC be given; the triangle 
ABC is given in species. 

Because the angle BAG is given, the excess of the square of 
both the sides BA, AC together above the square of the third 
side BC has a given (76. dat.) ratio to the triangle ABC. Let the 
figure D be equal to this excess ; therefore the ratio of D to the 
triangle ABC is given : and the ratio of the triangle ABC to the 
rectangle BA, AC is given (Cor. 62. dat.), because BAG is a given 
angle; and the rectangle BA, AG has a 
given ratio to the square of BC : where- 
fore (10. dat.) the ratio of D to the square 
of BC is given ; and by composition (7. dat.) 
the ratio of the space D together with the 
square of BC to tlie square of BC is given ; 
but D together with the square of BC is 

equal to the square of both BA and AG together; therefore the ratio 
of the square of BA« AG together to the square of BC is given ; and 
the ratio of BA, AC together to BC is therefore given (69. dat.) ; and 
the angle BAG is given, wherefore (48. dat) the triangle ABC is 
given in species. 

The composition of this, which depends upon those of the 76th 
and 48th propositions, is more complex than the preceding composi- 
tion, which depends upon that of prop. 77, which is easy. 

PROP. LXXIX. K. 

If a triangle have a given angle, and if the straight line 
drawn from that angle to the base, making a given angle wjth 
it, divide the base into secments which have a given ratio to one 
another ; the triangle is given in species.* 

Let the triangle ABC have the given angle BAG, and let the 
straight line AD drawn to the base BC making the given angle 
ADB, divide BC into the segments BD, DC which have a given ratio 
to one another; the triangle ABC is given in species. 

Describe (5. 4.) the circle BAG about the triangle, and from iU 
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centre E, draw EA, EB, EC, EU: becBUse the oDgle BAC i» 
given, the angle BE(J at the centre, which is the douWB (»0. 3.) 
of if, Ib given. And llie ratio of BE to EC is given, because th»y 
are equal to nne anotner ; tliPrefore {<4. dat ) the triiingle BEC is 
given in speciee, and the ratio of KB to BC Is given; also the 
ratio of CD to BD Is given C- dat,). beonuae tlie ratio of BD to 
DC is given; therefore the ralio of EB to BD in given {» dai.> 
and the angle EBi; is given, wherefore the triangle EBU Is piveti 
(B. dat.) In siMcies. and tlie rallo of EB, thai is. of EA to ED, la 
therefore given; and the anplo EDA is given, liecduse each of th9 
angles BDE, BDA Is given ; therefore the triangle AED is given 
(47. dat.) in species, and the angle AED given : 
also the angle DEC Is given, besause each of 
the angles BEID, BEC is given; therefore the 
angle AEC is given, and the ratio of EA to 
BO, which are eijunl, is given ; and the trian- 
gle AEU is therefore given (44, dat.) in species. B 
and the angle EGA given; and the angle ECB 
ts given, wherefore the angle ACB is given, and 
the angle BAC is alao given ; therefore (43. dat.) the triangle ABC ta 
given in species. 

A triangle similar to ABC may be found, by taking a straight line 
given in position and magnitude, and dividing it in the given ratio 
which the segments BD, DC are required to have to one another: 
then, if upon that straight line a segment of a circle tw deacribed 
containing an angle equal to Ihe given angle BAC, and a straight 
line he drawn froin tlie point of division in an angle equal to the 
given angle ADB, and from the (wint where it meets the circum- 
ference, straight lines be drawn to the extremity of the first line, 
these, together with the first line, shall contain a triangle similar to 
ADC, as may easily be shown. 

Tim demonstration may be also made in the manner of that of the 
77th prop, and that of the 77th may be made in the manner of this. 

PROP. LXXX. L. 

If Ihe sides about an angle of a triangle have a given ralio 
to one another, and if the perpendicular drawn from that angle 
to Ihe base have a given ratio to the base; the triangle is given 
in apecies. 

Let Ihe sides BA, AC, about the angle BAC of the triangle ABC 
have a given ratio to one another, and let the perpendiciilar At) have 
a given ratio to the base BC ; the triangle ABC is given in species. 

First, let the sides AB. AC be equal to one another, therefore 
the perpendicular AD bisects (26. 1.) the base 
BC ; and the ratio of AD to BC. and therefore to 
Its hair DB, is given; and the angle ADB is given; 
wherefore the triangle (43. dat.) ABD. and conse- 
quently the triangle ABO, is given (44. dat.) in 
species. 
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But let the sides be unequal, and BA be greater than AC ; and 
make the angle CAE, equal to the angle ABC ; because the angle 
AEB is common to the triangles AEB, CEA, they are similar; 
therefoie as AB to BE, so is (.'A to AE, and, by permutation, as 
BA to A( \ so is BE to EA, and so is EA to EC ; and the ratio of 
BA to A(' is given, therefore the ratio of BE to EA, and the ratio 
of EA to EC, as also the ratio of BE to EC is given (9. dat.); 
wherefore the ratio of EB to BC is given (6. dat.) ; and the ratio 
of AD to BC is given by the hypothesis, there- 
fore (9. dat.) the ratio of AD to BE is given; 
and the ratio of BE to EA was shown to be 
given ; wherefore the ratio of AD to EA is given, 
and ADE is a right angle, therefore the triangle 
ADE is given (46. dat.) in species, and the angle 
AEB given; the ratio of BE to EA is likewise 
given, therefore (44. dat) the triangle ABE is given in species, and 
consequently the angle EAB, as also the angle ABE, that is, the 
angle CAE^ is given; therefore the angle BAC is given, and the 
angle ABC being also given, the triangle ABC is given (43. dat.) 
in species. 

How to find a triangle which shall have the things which are 
mentioned to be given in the proposition, is evident in the first 
case; and to find it more easily in the other case, it is to be 
observed, that, if the straight line £F equal to EA be placed in 
EB towards B, the point F divides the base BC into the segments 
BF, FC which have to one another the* ratio of the sides BA, AC, 
because BE, EA, or EF, and EC, were shown to be proportionals, 
therefore (19. 5.) BF is to FC as BE to EF, or EA, that is, as BA 
to AC ; and AE cannot be less than the altitude of the triangle 
ABC, but it may be equal to it, which, if it be, the triangle, in this 
case, as also the ratio of the sides, may be thus found: having 
given the ratio of the perpendicular to the base, take the straight 
line GH given in position and magnitude, for the base of the tri- 
angle to be found ; and let the given ratio of the perpendicular to 
the base be that of the straight line K to GH, that is, let K be 
equal to the perpendicular; and suppose GLH to be the triangle 
which is to be found, therefore having made the angle HLM equal 
to I/SH, it is required that LM be perpendicular to GM, and 
equal to K ; and because GM, ML, MH are proportionals, as was 
shown of BE, EA, EC, the rectangle GMH is equal to the square 
of ML. Add the common square of NH, (having bisected GH in N), 
and the square of NM is equal (6. 2.) to the squares of thie 
given straight lines NH and ML or K ; therefore the square of NM 
and its side NM, is given, as also the point M, viz. by taking the 
straight line NM, the square of which Is equal to the squares of 
NH, ML. Draw ML equal to K, at right angles to GM ; and be* 
cause ML is given in position and magnitude, therefore the point L 
is given ; join LG, LH; then the triangle LGH is that which was to 
be found, ^r the square of NM is equal to the squares of NH and 
ML. and taking away the common square of NH, the rectangle GMH 
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in equal {6. 2.) to IhH squari- of 
ML. Iberefore as GM lo MU 
so is ML to MH. uijJ the trt- 
angle LGM is (G. 6.) therefore 
equiaogular lo HLM. and the 
angle HLM equal lo the an- 
gle GLM, and the straight line , 
LM drawn from the vertex of 
the triangle making the angle 
HLM equal to LGH, la perpen- 
dicular to the base and equal to the given straight line R, as was 
required: and (he ratio of Ihe sides GL, LH is the same with the 
ratio of GM to ML, tliat is, with the ratio of the straighl line whicl) 
iff made up of GN the half of the given base anil of NM, tlic square 
of which is equal to the squares of GN and K, to the straight line K. 

And whelher this ratio of GM to ML be greater or less tiian the 
ratio of the sides of any other angle upon the base GH, and of vhich 
the altitude is equal to the straight line K, that is, Ihe verten of 
which is in the parallel to GH drawn through the point L, may be 
thus found. Let OGH be any such triangle, and draw OP, making 
the angle HOP equal to the angle OGH ; therefore, as before, GP. 
PO, PH are proportionals, and PC cannot be equal to LM, because 
the reotangle GPH would be equal to the rectangle GMH, which Is 
impossible ; for the point P cannot fall upon M, because O would 
then fell on L ; nor can PO be less than LM, therefore it la greater ; 
and consequently the rectangle GPH is greater than Ihe rectangle 
GMH, and the straight line GP greater than UM : thorelbre, the 
ratio of GM to MH is greater than the ratio of GP to PH, and 
the ratio of the square of GM to the square of ML b therefore 
(2. cor. 20. 6.) greater than the ratio of the square of GP to 
the square of PO, and the ratio of the straight line GM to ML, 
greater than the ratio of GP to PO. But as GM to ML, so is GL 
to LH ; and as GP to PO, so is GO to OH ; Iherefore the ratio of 
GL to LH is greater than the ratio of GO to OH ; wherefore the 
ratio of GL to LH is the greatest of all others ; and consequently 
the given ratio of the greater side to the less, must not be greater 
than this ratio. 

But if the ratio of the sides be not the same with this greatest 
ratio of GM to ML, it must necessarily be less than it: let any less 
ratio be given, and the same things being supposed, viz. that GH 
is Ihe base, and K equal lo the altitude of the triangle, it may t>e 
found 03 follows. Divide GH in the point Q, so that the ratio of 
GQ to QH may be the same with the given ratio of the sides; 
and as Gft to QH, so make GP to PQ, and so will (19. 5.) PQ. be 
to PH; wherefore the square of GP is to the square of PQ. as 
(«. cor. -^9. a.) the straight line GP to PH: and because GM, ML, 
MH are proportionals, the square of GM is to the square of ML, 
as {2. cor. 20. 6,) the straight line GM to MH: but the ratio of 
GO. to (iH, that is, the ratio of GP to PCI, is less than the ratio of 
GM to ML; and therefore the ratio of the square of GP lo the 
square of Pft is less than the ratio nf the square of GM to that of 
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ML ; and consequently the ratio of the straight line GP to PH is 
less than the ratio of GM to MH; and by division, the ratio of 
GH to HP is less than that of GH to HM ; wherefore (10. 5.) the 
straight line HP is greater than HM, and the rectangle GPH, that 
is, the square of PQ, greater than the rectangle GMH, that is, than 
the square of ML, and the straight line P€t is therefore greater 
than ML. Draw LR parallel to GP, and from P draw PR at 
right angles to GP : because PQ, is greater than ML or PR, the 
circle described from the centre P, at the distance PQ, must ne- 
cessarily cut LR in two points ; let these be O, S and join OQ, 
OH ; SG, SH : each of the triangles OGH, SGH has the things 
mentioned to be given in the proposition : join OP, SP ; and be- 
cause as GP to BQ, or PO, so is PO to PH, the triangle OGP is 
equiangular to HOP ; as, therefore, OG to GP, ^o is HO to OP ; 
and, by permutation, as GO to OH, so is GP to PO, or PQ ; and 
80 is GQ to OH : therefore the triangle OGH has the ratio of its 
sides GO, OH the same with the given ratio of GU to Q,H : and the 
perpendicular has to the base the given ratio of K to GH, because 
the perpendicular is equal to LM or K : the like may be shown in 
the same way of the triangle SGH. 

This construction, by which the triangle OGH is found is shorter 
than that which would be deduced from the demonstration of the 
datum, by reason that the base GH is given in position and magni- 
tude, which was not supposed in the demonstration; the same thing 
is to be observed in the next proposition. 

PROP. LXXXT. M. 

Ir the sides about an angle of a triangle be unequal, and have 
a given ratio to one another, and if the perpendicular from that 
angle to the base divide it into segments that have d given ratio 
to one another, the triangle is given in species. 

Let ABC be a triangle, the sides of which about the angle BAC 
are unequal, and have a given ratio to one another, and let the per- 
pendicular AD to the base BC divide it into the segments hD, DC, 
which have a given ratio to one another, the triangle ABC is given 
in species. 

Let AB be greater than AC, and make the angle CAE equal to 
the angle ABC ; and because the angle AEB is common to the 
triangles ABE, CAE, they are (4. 6.) equian- A 

gular to one another : therefore as AB to BE, 

so is CA to AE, and by permutation, as AB to 

AC, so BE to EA, and so is EA to EC: but B DC E 

the ratio of BA to AC is given therefore the ratio of BE to EA, as 

also the ratio of EA to EC is given ; where- M 

fore (9. dat.) the ratio of BE to EC, as also 

(cor. 0. dat.) the ratio of EC to QB is given : 

and the ratio of BC to CD is given (7. dat.) 

because the ratio of BD to DC is given; 

therefore (9. dat) the ratio of EC to CD is G K L H B 

given, and consequntly (7. dat) the ratio of 
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DE to EC: and the ratto of EC to EA was shown to be gtven, there- 
fore (9. dat.) Ihe ralio of DE tn EA Is given ; and ADE Is a right 
angle, wherefore (46. dal) the triangle ADE Is given in species, and 
the angle AED given : and Ihe ralio of CK (o EA Is given. lher»- 
fore (44. dat.) the triangle AEC is given In species, and cons*. 
quenlly the angle ACE is given, as also the adjacent angle ACB. 
In the BauiR manner, because the ratio of BE to EA is gWen. Iho 
triangle UEA Is given In spe-des, and the angle ADE is therefore 
given : and the angle ACB is given ; wherefore the triangle ABC IB 
given (43, dat.) In spccips. 

But the ratio of the greater side BA to Ihe olhrr AC must be !m» 
than the ratio of Ihe greater segment BD to DC': bccanse tho 
square of BA is to the square of AC, as the squares of BD, DA lo 
the squares of DC, DA ; and the squares of BD, DA have (o tht 
squares of DC, DA a less ratio tban the square of BD has to the 
square of DC,* because Ihe square of BD is greater than Ihe square 
of DC ; therefore the square of BA has lo Ihe square of AC a les* 
ratio than the square of BD lias to that of DC ; and consequently 
the ratio of BA to AC is less tlian the ratio of BD lo DC. 

This being premised, a triangle which shall have the things 
mentioned to be given in the proposition, and to wliich the trian- 
fle ABC is similar, may be found thus; take a straight line GH 
given in position and magnitude, and divide it in K, so that the 
ratio of GK to KH may be tlie same with Ihe given ratio of BA 
to AC: divide also GH in L. so thai the ralio of GL to LH may 
be the samr with Ihe same i alio of BD lo DC, and draw !.M at 
right angles to GH : and tiecause the ratio of the side of a trian- 
gle is less than the ratio of the segments of the base, as has tteen 
shown, the ratio GK to EH is less than the ratio of GL to LH ; 
wherefore tl^ie point L must fall between K and H : also make as 
GK to KH; so GN to NK, and so shall (19. 5,) NK be to NH. 
And from the centre N, at the distance NK, describe a circle, 
and let its circumference meet LM in O, and join OG. OH ; then 
OGH is the triangle which was to be described: because GN is 
to NK, or NO, aa NO to NH, the triangle OGN is equiangular 
to HON; therefore as OG toGN, so is HG to ON, and by per- 
mutation, as GO to OH, so is GN to NO, or NK, that is, as GK 
to KH. that is, in the given ratio of the sides ; and by the construc- 
tion. GL, LH have to one another the given ratio of the segments 
of the base. 

PROP. LXXXII. 60. 

If a parallelogram given in species and magnitude be increas- 
ed or diminished by a gnomon given in rjiagnitude, the sides of 
the gnomon are given in Enagnitndc. 

• If A lie greater thon B, iird C ony third magnilode ; (hen A and C together 
hiTe Id BnndClogcthcrnlcBa ratio than A liislo li. 

Let A be to B a« C lo D, und twcao'c A io grciilcr than B, C ia (jrcalcr iIid.t 
D: bula« A is to B, Ki A iiiid do B and D; mid A and C h»VF lo B nnd C a lest ca. 
liolhan AuidC hovp lo B and D, hecnuau C is grtaler Ihsn D, ihrrEfora A and C 
hacc lo B and C a le» ratio Ihan A to B. 
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Vlrfttv let the paralldogram AB given in species and magnitude be 
increased by the given gnomon ECBDFG, each of the straight lines 
CB, DP is given. 

Because AB is given in species and magnitude, and that the 
gnomon EC'BDFG is given, therefore the whole space AG is 
given in magnitude : but AG is also given in species, because it 
is similar (2. def 2. and 24. 6.) to AB ; therefore the sides of AG 
are given (60. dat) : each of the straight lines 
AE, AF is therefore given; and each of the --^^^ ' •'^ 

straight iines CA, AO is given (60. dat.), there- 
fore each of the remainders EC, DF is given 
(4. dat.). 

Next, let tlie parallelogram AG given in spe* 
cies and magnitude, be diminished by the given 
gnomon ECBDFG, each of the straight lines 
CE, DF is given. 

Because the parallelogram AG is given, as also its gnomon 
ECBDFG, the remaining space AB is given in magnitude : but it is 
also given in species : because it is similar (2. def 2. and 24. 6 ) to 
AG; therefore (60. dat.) its sides CA, AD are given, and each of the 
straight lines EA« AF is given ; therefore EC, Uf^ are each of them 
given. 

The gnomon and its sides CE, DF may be found thus in the first 
case. Let H be the given space to which the gnomon must be made 
equal, and find (25. 0.) a parallelogram similar to AB and equal to 
the figures AB and H together, and place its sides AE, AF from the 
point A, upon the straight lines AC, AD, and complete the parallelo- 
gram AG which is about the same diameter (26. 6.) with AB; be- 
cause therefore AG is equal to both AB and H, talie away the com- 
mon part AB, the remaining gnomon ECBDFG is equal to the re- 
maining figure H; therefore a gnomon equal to H, and its sides CE, 
DF are found : and in lilce manner they may be found in the other case, 
in which *the given figure H must be less than the figure FE from 
which it Is to be taken. 



PROP. LXXXm. 58. 

Ir a parallelogram equal to a given space be applied to a 
given straight line, deficient by a parallelogram given id species, 
the sides of the defect are given. 

Let the parallellogram AC equal to a given space be applied 
to the given straight line AB, deficient by the parallelogram BDCL 
given in species ; each of the straight lines CD, DB are given. 

Bisect AB in E; therefore EB is given in magnitude: upon 
EB describe (18. 6.) the parallelogram EF similar to DL and si- 
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mllBfly placed ; therefore EF is giren in spe- 
cies. Bnd is about the same diameter {^6. ) 
with DL; let BCG be the diaiueler, and 
CODslruct the figure i therefore, because the 
figure EF ^iven in species ia described Upon 
the given straight linft EB. EF is given (56. 
dat.) it) msgnitade. and the gnomon ELH is 
equal (36. und 43. I.) to the given figure AC . - - . - 

since EF Is diminished by the given gnomon ELH, the sides EK, FH 
of the gnomon are given ; but E& is equal to DC, and FH to DB ; 
wherefore CD, DO are each of them given. 

This demonslrution is the analysis of the problem in the 28th 
prop, of book 6, (he construction and demonstration of which pro- 
potltion is the composiUon of the analysis; and because the givWJ 
apace AC or its equal the gnomon ELH is to be talten from the 
figure EF described upon the half of AB similar to BC, therefore AC 
must not be greater than EF, as is shown in the a7th prop. B. 6. 

PROP. LXXXIV. 58- 

Ir a parallelogram equal lo a given space be appliwi to a 
given straight line, exceeding by a parallelogram given in spe- 
cies : the sides of the excess are given. 

Let the parallelogrnra AC equal to a given space be appHed 
to the given straight line AB. exceeding by the parallelogram 
BDCL given In sfiecics ; each of the straight lines CD, DB are 
given. 

Bisect AB in E; therefore EB is given in magnitude: upon 
EB describe (16. 6.) the parallelogram EF Similar lo LD, and si- 
milarly placed ; therefore EF la given in species, and U about the 
•Jmc diameter (26. 6.) with LD. Let CBG n F H 

))B the diameter, and coDStnict, the figure : 
(berefore, because the figure EF given in 
•pecies is described upon the given straight 
line EB, EF is given in magnitude, (56. 
dat.) and the gnomon ELH is equal to the 
given figure (36. dat 43. 1.) AC; where- 
fore since EF is increased by the given gnomon ELH, Its sides EK, 
FH are given (82. dal.); but EK is equal to CD, and FH toBD; 
therefore CD, DB are each of thera given. 

This demonstration Is the analysis of the problem in the 29th 
prop, book 6, the construction and demonstration of which is the 
composition of the analysis. 

Cor. If a parallelogram given in species be applied to a given 
straight line, exceeding by a parallelogram equal to a given space ; 
ttie sides of the parallelogram are given. 

Let the parallelogram ADCG given in species be applied to 
the given straight line AB, exceeding by the parallelogram BDCG 
eqnal to a given space ; the sides AD, DO of the parallelogram are 
given 

Draw the diameter DE of the parallelogram AC, and ccrastruct 
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the flgnre. Because the parallelogram AK is equal (43. 1.) to BC 
which is given, therefore AK is given ; and 
BK is similar (24. 6.) to AC, therefore BK 
is given in species. And since the parallelo- 
gram AK given in magnitude is applied to 
the given straight line AB, exceeding by the 
parallelogram BK given in species, therefore, 
by this proposition BD, DK the sides of the A B 

excess are given, and the straight line AB is given ; therefore the 
whole AD, as also DC, to which it has a given ratio, is given. 

PROBLEM. 

To apply a parallelogram similar to a given one to a given straight 
line AB, exceeding by a parallelogram equal to a given space. 

To the given straight line AB apply (29. 6 ) the parallelogram AK 
equal to the given space, exceeding by the parallelogram BK similar 
t« the one given. Draw DF, the diameter of BK, and through the 
point A draw AE parallel to BF, meeting DF produced in £, and 
complete the parallelogram AC. 

The parallelogram BC is equal (43. 1.) to AK, that is, to the given 
space; and the parallelogram AC is similar (24. 6.) to BK; therefore 
the parallelogram AC is applied to the straight line AB similar to the 
one given, and exceeding by the parallelogram BC which is equal to 
the given space. 

PROP. LXXXV. 84. 

Ir two straight lin^s contain a parallelogram given in magni- 
tude, in a given angle ; if the dinereQce of the straight lines be 
given, they shall each of them be given. 

Let AB, BC contain the parallelogram AC given In magnitude, in 
the given angle ABC, and let the excess of BC above AB be given ; 
each of the straight lines AB, BC is given. 

Let DC be the given excess of BC above BA, A E 

therefore the remainder BD is equal to BA. Com- / 7 1 

plete the parallelogram AD; and because AB is / / / 

equal to BD, the ratio of AB to BD Is given ; and / / / 

the angle ABD is given, therefore the parallelo- DC 

gram AD is given in species ; and because the given ° 
parallelogram AC is applied to the given straight line DC, exceeding 
by the parallelogram AD given in species, the sides of the excess 
are given (84. dat ) : therefore DD is given ; and DC is given, where- 
fore the whole BC is given : and AC is given, therefore AB, BC are 
each of them given. 

prop: lxxxvi. ee. 

Ir two straight lines contain a parallelogram givoo in magni- 
tude, in a given angle; if both of them together be given, they 
shall each of them be given. 
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Let the two straight Jines AB, BC eontain the parallelojiTam AC 
given in magnilude, in the given angle ABC, and let AB, liC together 
be given; each of the straight lines AB, BC Is given. 

Produce CB, and make BD erjual to AB. and complete the 
parallelogram ABDE, Because DB Is equal to BA. and the angie 
ABD given, because the adjacent angle ABC is E A 

given, the parallelograai AD is given In spe- > i j 

cies; and because AB, BC toother are given, / j I 

and AB is equal to BD; therefore DC is given; / / / 

and because the (fiven iwrallelogram AC is ap- ^ ^ — 

plied to the given straight line DC, deficient by ^ B C 

the parallelogram AD given In species, the aides AB, PD of the defect 
ar« given (SH. dot.) ; and DC is given, wherefore the remainder BC 
is given ; and each of the straight lines AB, GC is theiefore given. 

PROP. LXXXVII. 87. 

\v two slraight lines contain a parallelogram given in magni- 
tude, in a given angle ; if the excess of the square of the ereuter 
above the square ol the lesser be given, each of the elratgfll lines 
•hall be given. 

Let the two straight lines AB, BC contain the given parallelo- 
gram AC in the given angle ABU ; if the excess of the square of BC 
above the square of DA be given, AB and BC are each of them given. 

Let the given excess of the square of BC ahove the square <rf 
BA be the rectangle CB, BD; take this from the square of BC; 
the remainder, which Is (2. 2.) the rectangle BC, CD, is equal to 
the square of AB; and because the angle ABC of the paralle1o> 
gram AC is given, the ratio of the rectangle of the sides AB, BC 
to the parallelogram AC is given (62. dat,); and AC is given, 
therefore the rectangle AB, BC is given ; and the rectangle CB 
BD is given ; therefore the ratio of the rectangle CB, BD to the 
rectangle AB, BC, that Is (I. 6.). the ratio of the straight line DB 
to BA is given ; therefore (54. dat.) the ratio of the square of DB 
to the square of BA is given : and the square of 
BA is equal to the rectangle BC, CD: where- 
fore the ratio of tlie rectangle BC, "~ 
square of BD is given, as also 

times the rectangle BC, CD to the square „. j^_j, - 
BD; and, bj composition (7. dat,). the ratio of ° *^" 
(bur times the rectangle BC, CD, together with the square of BC 
to the square of BD is given: but four times the rectangle BC, 
CD, together with the square of BD is equal (9. 2.) to the square 
of the straight lines BC, CD taken toeether: therefore the ratio 
of the square of BC, CD together to the square of BD is given ; 
wherefore (58. dat.) the ratio of the straight line BC, together 
with CD to BD, is given: and, by composition, the rotio of BC, 
together with CD and DB, that is, the ratio of twice BC to BD, 
Is given; therefore the ratio of BC to BD is given, as also (L 6.) 
the ratio of the square of BC to the rectangle CB, BD : but th* 



::, CD: where- 

BC, CD to the / 

he ratio of four / 

) the square of ir-^-;:— 




BUCLID*S DATA. M7 

reotuigle CB, BD is given, being the given excess of the square of 
BC^ BA; therefore the square of BC, and the straight line BC, is 
given : and the ratio of BC to BD, as also of BD to BA, has been 
shown to be given ; therefore (9. dat.) the ratio of BC to BA is given ; 
and BO is given, wherefore BA is given. 

The preceding demonstration is the analysis of this problem, viz. 

A parallelogram AC which has a given angle ABC being given in 
magnitude, and the excess of the square of BC one of its sides above 
the square of the other BA t>eing given ; to find the sides : and the 
composition is as follows. 

Let £FG be the given angle to which the angle ABC is required 
to be equal, and from any point E in EF, draw EG perpendicular to 
FG; let the rectangle EG, GH be the given ^ 
space to which the parallelogram AC is to 
be made equal; and the rectangle HG, 
GL be the given excess of the squares of 
BC.BA. 

Take, in the straight line GE, GK equal 
to FE, and make GM double of GK : join 

ML, and in GL produced, take LN equal to _ ' — j^ rr^ 

LM : bisect GN in O, and between GH, ** ^ *" " "" 

GO find a mean proportional BC : as OG to GL, so make CB to 
BD ; and make the angle CBA equal to GFE, and as LG to GK, 
so make DB to BA ; and complete the parallelogram AC : AC is 
equal to the rectangle EG, GH, and the excess of the squares of CB, 
BA is equal to the recUngle HG, GL. 

Because as CB to BD, so is OG to GL, the square of CB is to the 
rectangle CB, BD as (L 6.) the rectangle HG, GO to the rectangle 
HG, GL : and the square of CB is equal to the rectangle HG, GO, 
because GO, BC, GH are proportionals ; therefore the rectangle CB, 
BD is equal (14. 5.) to HG, GL. And because as CB to BD, so is 
OG to GL ; twice CB is to BD, as twice OG, that is GN, to GL : 
and, by division, as BC together with CD Is to BD, so is NL, that is, 
LM, to LG : therefore (22. 6,) the square of BC together with CD is 
to the square of BD, as the square of ML to the square of LG : but 
the square of BC and CD together is equal (8. 2.) to four times the 
rectangle BC, CD together with the square of BD ; therefore four 
times the rectangle BC, CD together with the square of BD is to the 
square of BD, as the squarC of ML to the square of LG : and, by di- 
vision, four times the rectangle BC, CD is to the square of BD, as 
the square of MG to the square of GL; wherefore the rectangle BC, 
CD is to the square of BD as (the square of KG the half of MG to 
the square of GL, that is, as) the square of AB to the square of BD, 
because as LG to GK, so DB was made to BA: therefore (14. 5.) 
the rectangle BC, CD is equal, to the square of AB To each of 
these add the rectangle CB, BD, and the square of BC becomes 
equal to the square of AB together with the rectangle CB, BD ; 
therefore this rectangle, that to, the given rectangle KG, GL, is 
the excess of the squares of BC, AB. From the point A, draw 
AP perpendicular to BC, and beoiuse the angle ABP is equal to 
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tho angle EFO, the triangle ABP Is equiangular (o EPO: Bnd 
DB was made to BA, as LQ to GK ; thererore as the rectonid* 
CB, BD to Ca BA, so ia the rectangle HG, GL to HO. OK i 
and as the leclangle CB, BA to AP, BC, so is (the stnigbt 
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line BA to AP. and so Is FE or GK to EG. and so is) the rrctafi^S 
HG. GK to HG. GE; therefore ex xqvoli, as the rectangle CB, 
BD to AP. QC. so is llie rectangle HG. GL to EG. GH : ond iSo 
rectangie CD, BD is equal to HG, GLr therefore the rectanplff 
AP. BC, that ia. the parallelogram AC. is equal to the given reelaiv- 
gle EG. GH. 

PROP. LXXXVril. N. 

Ir two straight tines contain a iiarcillelogram given in niagDi> 
tude, in a given angle ; if the sum of the squares of its sidea b* 
given, the sides shall each of iheni be given. 

l^ the two straleht lines AB, BC contain the paraTlelt^ram 

ABCD piven in miieniliiJe in the piven angle ABC, and let the sum 
of the squares of AB, BC be given ; AB, BC are each of them given. 

First, let ABC be a right angle; and because twice the rectangle 
contained by two equal straight lines is equal to both their squares; 

but if two straight lines are unequal, twice the reel- m ,D 

angle contained by them is less than the sum of their j 

squares, as is evident from the 7th prop, boolt 2, i '^ 

Elem. ; therefore twice the given space, to which space the rectangle 
of which the sides are to be found is equal, must not be greater than 
the given sura of the squares of the sides : and if twice Ihat space be 
equal to the given sum of the squares, the sides of the rectangle must 
necessarily be equal to one another; therefore in this case describe 
B square ABCD equal to the given rectangle, and ils sides AB, BC 
are those which were to be found : for the rectangle AC is equal to 
the given space, and the sum of the squares of its sides AB. BC Is 
equal to twice the rectangle AC. that is, by the hypothesis, to the 
given space to which the sum of the squares was required to be 

But if twice the given rectangle be not equal to the given sum 
of the squares of the sides, it must be less than it, as has been 
shown. Let ABCD be the rectangle; join AC and draw BE 
perpendicular to it, and complete the rectangle AEBF, and de- 
scribe the circ;e ABC about the triangle ABC; AC' is its diame- 
ter (Cor. 5. J.): and because the triangle ABC is similar (8.6.) 
to AEB. as AC to CB, so is AB to BE; therefore the rectangle 
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ACf BE is equal to AB, EC ; and the rectangle AB, BC it given, 

wbereibre AC, BE is given : and because the sum of the squares 

of AB, BC is given, the square of AC which is equal (47. i.) to 

that sum is given; and AC itself is therefore given in magnitude: 

let AC be lilcewlsc given in position, and the point A; therefore 

AF is given (32. dot.) in position : and the A D 

rectangle A(X BE is given, as has been 

shown, and AC is given, wherefore (61. 

dat.) BE is given in magnitude, as also 

AF which is equal to it; and AF is also 

given in position, and the point A is given ; 

wherefore (30. dat.) the point F is given, 

and the straight line FB in position (31. 

dat.) : and the circumference ABC is given 

in position, wherefore (28. dat) the point 

B is given : and the points A, C are given ; therefore the straight 

lines AB, BC are given, (29. dat.) in position and magnitude. 

The sides AB, BC of the rectangle may be found thus : let the 
rectangle GH, GK be the given space to which the rectangle 
AB, BC is equal; and let GH, GL be the given rectangle to 
which the sum of the squares of AB, BC is equal: find (14. 2.) 
a square equal to the rectangle GH, GL : and let its side AC be 
given in position : upon AC as a diameter describe the semicircle 
ABC, and as AC to GH, so make GK to AF, and from the point 
A place AF at right angles to AC: therefore the rectangle CA, 
AF is equal (16. 6.) to GH» GK; and, by the hypothesis, twice 
the rectangle GH, GK is less than GH, GL, that is, than the 
square of AC ; wherefore twice the rectangle CA, AF is less than 
the square of AC, and the rectangle CA, AF itself less than 
half the square of AC, that is, than the rectangle contained by 
the diameter AC and its half; wherefore AF is less than the semi- 
diameter of the circle, and consequently the straight line drawn 
through the point F parallel to AC must meet the circumference 
in two points: let B be either of them, and join AB, BC, and com- 
plete the rectangle ABCD; ABCD is the rectangle which was to 
be found: draw BE perpendicular to AC; therefore BE is equal 
(84. 1.) to AF and because the angle ABC in a semicircle is a 
right angle, the rectangle AB, BC is equal (8. 6.) to AC, BE, 
that is, to the rectangle CA, AF, which is equal to the given 
rectangle GH, GK : and the squares of AB, BC are together equal 
(47. 1.) to the square of AC, that is, to the given rectangle GH, 
GL. 

But if the given angle ABC of the parallelogram AC be not 
a right angle, in this case, because ABC is a given angle, the 
ratio of the rectangle contained by the sides AB, BC to the paral- 
lelogram AC is given (62. dat.); and AC is given, therefore the 
rectangle AB, BC is given; and the sum of the square of AB, 
BC is given; therefore the sides AB, BC are given by the pre- 
ceding case. 

The sidai AB. BC and the parallelogram AC may be found 
thus : let EFO be the given an^ of the parallelogram, and from 
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any point E In FE draw EG perpeadicular to FO; and let Che 
rectangle EG, PH he the given space lo which the pKraUelogr«ni 
ts to be made equnl, and let EF, FR be Ihe 'A D 

glren rectangle to iriiicli Ihe sum of the square 
of the sides is to be equal. And, by the pre- 
ceding case, find the sides of a rectangle 
which is equal to tlie given rectangle EF, FH, 
and the squares of Ihe sides of which are to- 
gether equal lo Ihe given rectangle EF. FK; 
therefore, as Was shown in that case, twice 
the rectangle EF, FH must not be grpoter 
than the rectangle EF, FK; let it be so, and 
• let AB. BC be Ihe aides of the rectangle joined 
In the angle ABC equal to the given angle 
EFG, and complete the parallelogram ABCD, ** nu n 

which wilt be (hat which was to be found: draw AL perpendicular 
to BC, and because the angle ABL is equal to EFG, the triangle 
ABL is equiangular to EFG; and the parallel ograni AC, that is, the 
recUngle AL, BC la to ihe rectangle AB. BC, aa (Ihe sfraight line 
AL to AB, that is, as EG lo EF. that Is. as) Ilie rectangle EG, PH, 
to EF, FH : and, by the construction, Ihe rectangle AB, BC is equal 
lo EF, FH, tlwrefore Ihe rectangle AL. BC. or, its equal, the p&ral- 
lelogram AC, is equal to the given rectangle EG, FH; and the 
squares of AB. BC are together equal, by con si ruction, to the given 
rectangle EF, FK. 

PROP. LXXXIX. 86. 

If two straight lines contain a given parallelogram in » gives 
aogle, and if the excess of the square of one of then% above m 
given space, has a given ratio to the square of the other; each 
of the straight lines shall be given. 

Let the two straight lines AB, BC contain (he given parallelogram 
AC in the given angle ABC, and let the excess of the square of BC 
above a given space have a given ratio to the square of AB, each of 
the straight lines AB, BC is given. 

Because the excess of the square of BC above a given spac* 
has a given ratio to the square of BA. let Ihe rectangle CB. BD 
be the given space; take this from the square of BC; Ihe remain' 
der. to wit, the rectangle (2. 2.) BC, CB has a given ratio to Ihe 
square of BA: draw AE perpendicular to BC. and let the square 
of BF be equal lo Ihe rectangle BC. CD ; then, because the angle 
ABC, as also BEA. is given, llie triangle ABE p 

is given (43. dat.) in sppcies, and the ratio of , 

AE to AB is given: and because the ratio of 
the rectangle BC. CD, that is, of the square 
of BF to the square of BA is given, the ratio 
of the straight line BF to BA is given (58. 
dat.); and the ratio of AE to AB is given, 
wherefore (9. dat.) the ratio of AE lo BF is given; as also the 
ratio of the recUngle AE to BC, that is, (85. 1.) of the paral- 
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lelogram AC to the rectangle FB, BC ; and AC is given, wherefore 
the rectangle FB, BC is given. The excess of the sqaare of BC 
above the square of BF, that is, above the rectangle BC, CD is 
given, for it is equal (3. 2.) to the given rectangle CB, BD ; therefore, 
because the rectangle contained by the straight lines FB, BC is 
given, and also the excess of the square of BC above the square of 
BF ; FB, BC are each of them given (87. dat) ; and the ratio of FB 
to BA is given ; therefore, AB, BC are given. 

The composition is as follows: 

Let GHK be the given angle to which the angle of the paral- 
lelogram is to be made equal, and from any point G in HG, draw 
GK perpendicular to HK ; let GK, HL be the rectangle to which 
the parallelogram is to be made equal, and let N 

LH, HM be the rectangle equal to the given 
space which is to be taken from the square of 
one of tlie sides; and let the ratio of the re- 
mainder to the square of the other side be the 
same with the ratio of the square of the given H K M L 

straight line NH to the square of the given straight line HG. 

By help of the 87th dat. find two straight lines BC, BF, which 
contain a rectangle equal to the given rectangle NH, HL, and such 
that the excess of the square of BC above the F 

square of BF be equal to the given rectangle / 

LH,HM; and join CB, BF in the angle FBC ^ — 
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equal to the given angle GHK : and as NH to 

HG, so make FB to BA, and complete the pa- ^ 

rallelogram AC, and draw AE perpendicular to ^ ^ *^ 

BC ; then AC is equal to the rectangle GK, AL ; and if from the 

square of BC, the given rectangle LH, HM be taken, the remainder 

shall have to the square of BA the same ratio whtoh tlie square of 

NH has to the square of HG. 

Because, by the construction, the square of BC is equal to the 
square of BF, together with the rectangle LH, HM ; if from the 
square of BC there be taken the rectangle LH, HM, there remains 
the square of BF, wliich has (22. 6.) to the square of BA the same 
ratio which the square of NH has to the square of HG, because, as 
NH to HG, so FB was made to BA ; but as HG to GK, so is BA to 
AE, because the triangle GHK is equiangular to ABE ; therefore ex 
mquali, as NH to GK, so is FB to AE ; wherefore (I. 6.) the rectan- 
gle NH, HM is to the rectangle GK, HL, as the rectangle FE BC to 
AE, BC ; but by the construction, the rectangle NH, HL Is equal to 
FB, BC; therefore (14. 6.) the rectangle GK, HL is equal to the rect- 
angle AE, BC, that is, to the parallelogram AC. 

The analysis of this problem might have been made as in the 86th 
prop, in the Greek, and the composition of It may be made as that 
which is in prop. 87th of this edition. 

PROP. XC. O. 

Ir two straight lines contain a given parallelogram in a given 
angle,' and if Ine square of one of them together with the apace 

46 



which bas a given ratio to the square of the other be given, each I 
of the straight lines shall be given. 

Lrt the two etrslf^hl linca AB, BC contain the given pnraQ^lo^ma 
AC in the giren angle ADC, jidiI let ihe s(]uare of BC together witt 
the simce which has a glvpn ratio to the square of AB be given 
AB, BC are each of theni given. 

Let the square of BD be the space which has the given raliC, 
to Ihe eijiiare of AB; therefore, by the hypothesis, the square dt 
BC together with the square of BD is given. From the point A, 
draw AE perpendicular to BC ; nnii because (he angles AD^ 
BEA are given. Ihe triangle ABE is given (43. dat.) in species; 
therefore the lolio of BA to AE la given; and because the raU»> 
■of the square of BU to the square of BA is given, the ratio oT 
the straight line Bit to BA Is given (58, dat); and the rnllo of 
BA lo AE is given; therefore (9. dat.) the ratio of AE to UD It 
given, as also the ratio of the rectangle AE; Bt\ thai Is, of the 
paraliBlogram AC to the rectangie DB, BC; and AC is given, 
therefore the rectangle DB, BC Is given ; and the square of EC 
D M 
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together with the square of BD is given ; therefore (S8, dat.) because 
the rectangle contained by two straight lines DB, BC Is given, and 
the sum of their squares is given, the straight line DB, BC are each 
of them given ; and the ratio of DB lo BA is given : therefore AB, 
BC are given, 

Tht compoailion is as follows: 

Let FGH be Ihe given angle to which Ihe angle of the parallelo- 
gram is to be made equal, and from any point F in GF draw FH 
perpendicular to GH ; and let the rectangle FH, GK be that to which 
the parallelogrnm is to be made equal ; and let Ihe rectangle KG, GL 
he the space to which the square of one of the sides of the parallelo- 
gram together wllh Ihe space which has a given ratio to the square 
of the other side, is to be made equal ; and let this given ratio be the 
same which the square of the given straight line MG has to the 
square of GF. 

By the 88th daf. find two straight lines DB. BC which contain 
a rectangle equal to the given rectangle MG, Glv: and such thai 
the sum of their squares is equal to the given rectangle KG, GL: 
therefore, by Ihe determination of the problem in that proposi- 
tion, twice the rectangle MG, GK, must not be greater than the 
rectangle KG, GL. Let it be so, and join the straight linos DB, 
BC in the angle DBC equal to the given angle FGH ; and, as MG 
to GF, so make DB to BA, and complete the parallelogram AC: 
AC is equal lo Ihe rectangle FH, GK ; and the square of BC to- 
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gether with the square of BD, which, by the construction, has to the 
square of BA, the given ratio which the square of MG has to the 
square of GF, is equal, by the construction, to the given rectangle 
KG, GL. Draw AE perpendicular to BC. 

Because, as DB to BA, so is MG to GF ; and as BA to AE, so 
GF to FH ; ex ssquali^ as DB to AE, so is MG to FH ; therefore as 
the rectangle DB, BC to AE, BC, so is the rectangle MG, GK to FH, 
GK ; and the rectangle DB, BC is equal to the rectangle MG, GK ; 
therefore the rectangle AE, BC, that is, the parallelogram AC, is 
equal to the rectangle FH, GK. 

PROP. XCI. 88. 

Ip a straight line drawn within a circle given in magnitude 
cuts off a segment which contains a given angle; the straight 
line is given in magnitude. 

In the circle ABC given in magnitude, let the straight line AC be 
drawn, cutting off the segment AEC which contains the given angle 
AEC ; the straight line AC is given in magnitude. 

Take D the centre of the circle (1. 3.), join AD and produce it 
to E,.and join EC: the angle ACE being a 
right (31. 3.) angle, is given; and the angle 
AEC is given ; therefore (43. dat.) the tri- 
angle ACE is given in species, and the ra- 
tio of EA to AC is therefore given; and EA 
is given in magnitude, because the circle is 
given (5. def.) in magnitude ; AC is there- , ^ 

fore given (2. dat.) in magnitude. 

PROP. XCII. 89. 

Ir a strnii^ht line given in magnitude be drawn within a circle 
given in magnitude, it shall cut ofTa segment containing a given 
angle. 

Let the straight line AC given in magnitude be drawn within the 
circle ABC given in magnitude; it shall cut off a segment containing 
a given angle. 

Take D the centre of the circle, join AD 
and produce it to E^ and join EC : and be- 
cause each of the straight lines EA and AC 
is given, their ratio is given (1. dat.); and 
the angle ACE is a right angle, therefore | 

the triangle ACE is given (46. dat.) in spe- 
cies, and consequently the angle ABC is 
given. 
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If from any point in the circomfereticc of a circle given . 
position, two straight linen be drawn meeting the circuinterence, 
and containing a given angle ; if the point in which one of them 
meeta the circunilorence again be given, the point in which the 
other meets it is also given. 

From any point A in the circumference of a circle ABC glveiib 
in position, lei AB, AC be diawn to the cir- 
CTimference, making ihe given angle BAC ; 
if the point B be given, the point C Is also 
given. 

Talce D the centre of the circle, and Join 
BD, DC ; and because each of the points 
B, D is given, BD Is given (20. dat.) In poni- 
tlon ; and because the angle BAC ia given, 
the angle BDC ts given (20. 3.), therefore because the straigbt Loo 
DC is drawn to the given point D in the straight line BD given in 
position In the given angle BDC, DC La given {:t•^. dat.) in position: 
and the circumference ABC is given In position, therefore (38. daL) 
the point C is given. 

PROP. XCIV. 81,., 

If from a given point a straight line be drawn touching a cir- 
cle given in position; the straight line is given in position and 
magnitude. 

Let the straight line AB be drawn from the given point A touch- 
ing the circle BC given in position ; AB is given in position and 
'I magnitude. 

Take D the centre of the circle, and join DA, DB ; because 
each of the points D. A is given, the 
straight line AD is given (20, dat.) in 
position and magnitude ; and DBA is a 
right (18. 3.) angle, wherefore DA is a 
diameter (Cor. 5. 4.) of the circle DBA, 
described about Ihe triangle DBA ; and 
that circle is therefore given (6. def) in 
position : and the circle BC is given in 
position, therefore Ihe point B is given (28. dat.) ) the point A Is also 
giten : therefore (he straight hne AB is given (28. dat.) in position 
and magnitude. 

PROP. XCV. 92. 

Ir a straight line be drawn from a given point without a circle 
given in position; the rectangle contained by the segments be- 
twixt the point and the circumference of the circle is given. 





■DOilD^t DATA. 365 

r 

Let the itralght lint ABO be drmwn from the given point A with- 
out the circle BCD given in poeitlon, cat- 
ting it in B, C ; the rectangle BA« AC is 
given. 

From the point A draw (17. 3.) AD ^ 
touching the circle ; therefore AD is given \ y U -A. 

(94. dat.) in position and magnitude ; and 
because AD is given, the square of AD 
is given (56. dat.)t which is equal (36. 8.) 

to the rectangle BA, AC: therefore the rectangle BA, AC is 
given. 

PROP. XCVL 08. 

If a straight line be drawn through a given point within a 
circle ffiven in position, the rectangle contained by the seg- 
ments betwixt the point and the circumference of the circle is 
given. 

Let the straight line BAC be drawn through the given point A 
within the circle BCE given in position ; the rectangle BA, AC is 
given. 

Take D the centre of the circle, join AD, 
and produce it to the points £, F; because 
the points A, D are given, the straight line 
AD is given (29. dat) in position; and the 
circle BEC is given in position; therefore the 
points E» F are given (2iB. dat.) ; and the point 
£ is given, therefore EA, AF are each of them 
given (29. dat.) ; and the rectangle EA, AF is 
therefore given ; and. it is equal (35. 3.) to the rectangle BA, AG, 
which consequently is given. 

PROP. XCVn. 94. 

If a straight line be drawn within a circle given in magnitude, 
cutting off a segment containing a given angle ; if the angle in 
the segment be bisected by a straight line produced till it meets 
the circumference, the straight lines which contain the given 
angle shall I>oth of them toother have a given ratio to the 
straight line which bisects the angle: and the rectangle con- 
tained by both of these lines together which contain the given 
angle, and the part of the bisecting line cut below the base of 
the segment, shall be given. 

Let the straight line BC be drawn within the circle ABC given 
in magnitude, cutting off a segment containing the given angle 
BAC, and let the angle BAC be bisected by the straight line 
AD; BA togetlier wi& AC has a given ratio to AD; and the 
rectangla contained by BA and AC together, and the straight 
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line ED cat off from AD below BC IIjc base of the segment, ia 
given. 

Join BD; and because BC is drawn wilhlo tlie cirole ABC 
gitvn in magnilude. cutting off the segment BAG, corttaining the 
given angle BAG; BC Is given (91. dot.) in magnitude: by the 
same reason BD ia given: therefore (I. dat.) the ratio of BC to 
BD is given: ant! because the angle BAG is bisected by AD. as 
BA to AC, fio is (3. 6.) BE to EG ; and, by permuttition. as AB to 
BE. BO la AOto CE; wherefore (12.6.) aa BA and AC togetlier 
to BC. so Is AG to CE: and because tbe angle BAE ia equal to 
EAG, and the angle ACE to (21. 3.) " 
ABO, the triangle ACE is e([uiangular 
to (be triangto ABD; therefore as AC 
to CE, so is AD to DB: but ns AC to 
CE, so is BA together with AG to BC : 
as therefore BA and AC to BC, so Is 
AD to DB ; and, by permutation, tm DA 
and BC to AD. so is BC to BD : and the 
ratio of BC to BD is given, therefore the 
ratio of BA together with AC to AD ia 
gi.-en. 

Also the rectangle contained by BA and AC tog'-ther, and DE 
is given. 

Because the triangle BDE is equiangular to tlie triangle ACE, 
as BD to DE, so is AC to OE; and as AC to CE, so is BA and 
AC to nC; Uierefnre as RA and AC to BC. so is BD (o DE ; 
wherefore the rectangle contained by BA and AC together, and 
DE, is equal to the rectangle CB, BD : but CB, BD is given ; there- 
fore the rectangle contnined by BA and AG together, and DE. is 
given. 

Otherwise, 

Produce CA, and make AF equal to AB, and join BF; and be- 
cause the angle BAC is double (5. and 32. 1.) of each of the angles 
BFA. BAD, The angle BFA is equal to BAD ; and the angle BCA is 
equal to BDA, therefore the triangle FCB is equiangular to ABD: 
as therefore FC to CB, so is AD to DB ; and, by permutation, as 
FC, that is, BA and AC together, to AD, so is CB to BD: and the 
ratio of CB to BD is given, therefore the ratio of BA and AC to AD 
is given. 

And because tbe angle BFC is equal to the angle DAG, that is, to 
the angle DBC, and the angle ACB equal to the angle ADB, the tri- 
angle FCB is equiangular to BDE; as therefore FC to CB. so is BD 
to UE; therefore the rectangle contained by FC, that is, BA and AC 
together, and DE, is equal to the rectangle CB, BD, which is given, 
and therefore the rectangle contained by BA, AC together, and DE, 
Is given. 

PIIOP. XCVIII. p. 

Ir a straight line be drawn within n circle given in magni- 
lude, cutting off a segment containing a given angle, if the angle 
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adjacent to the angle in the segment be bisected by a straight 
line produced till it meet the circumference again and the base 
of the segment ; the excess of the straight lines which contain 
the given /ingle shall have a ffiven ratio to the segment of the 
bisecting lipe which is within tne circle; and the rectangle con- 
tained by the same excess and the segment of the bisecting line 
betwixt the base produced and the point where it again meets 
the circumference, shall be given. 

Let the straight line DC be drawn within the circle ABC given in 
mairnitude, cutting off a segment containing the given angle BAG, 
and let the angle OAF adjacent to BAG be bisected by the straight 
line DAE, meeting the circumference again in D, and BC the base of 
the segment produced in E; the excess of BA, AC has a given ratio 
to AD; and the rectangle which is contained by the same excess 
and the straight line ED, is given. 

Join BD, and through B draw BG parallel to DE meeting AC 
produced in G: and because BC cuts ofif from the circle ABC 
given in magnitude the segment ^ p 

BAC containing a given angle, BC 
is therefore given (91. dat.) in mag- 
nitude; by the same reason BD is 
given, because the angle BAD is 
equal to the given angle EAF: 
therefore the ratio of BC to BD is 
given : and because the angle CAE 
is equal to EAF, of which CAE is 
equal to the alternate angle AGB, ^^ ^' 

and EAF to the interior and opposite angle ABG ; therefore the 
angle AGB is equal to ABG, and the straight line AB equal to AG ; 
so that GC is the excess of BA, AC ; and because the angle BGC is 
equal to GAE, that Is, to EAF, or the angle BAD ; and that the angle 
BCG is equal to the opposite Interior angle BDA of the quadrilateral 
BCAD In the circle; therefore the triangle BGC Is equiangular to 
BDA : therefore as GC to CB, so Is AD to DB ; and, by permutation, 
as GC which Is the excess of BA, AC to AD, so Is CB to BD : and 
the ratio of CB to BD Is given : therefore the ratio of the excess of 
BA, AC to AD is given. 

And because the angle GBC is equal to the alternate angle 
DEB and the angle BCG equal to i>DE; the triangle BCG is 
equiangular to BDE: therefore as GC to CB, so is BD to DE; 
and consequently the rectangle GC, DE Is equal to the rectangle 
CB, BD which Is given, because Its sides CB, BD are given : there- 
fore the rectangle contained by the excess of BA, AC and the straight 
line DE is given. 




Euclid's data. 



Irftom a given point in the diameter of a circle given in posi- 
Mon, or rn tlie djameler produced, a straight line be drawn to 
any [Kiiiit in ihe ci renin ference, and from that point a straight 
lino be drawn at right angles la Ihe first, and from the point in 
which Ihis meets the circumference again, a straight line be 
. drawn parallel to the first ; the point in which this parallel meets 
the diaoieicr is given; and the rectangle contained by the two 
parallels is given. 

In BC the diameter of the circle ABC given in position, or in 
BC produced, let dm given point D be taken, and from D let a 
straight line DA be drawn lo any point A in tlie circumference, 
and let AE be drawn at rigiit angles to DA. and from the point S 
where It meets the circumference again Jet EF be drawn parallel to 
AD Ef""^ B*^ 'n P; Ihe point P is given, as also Ihe rettangle 

Produce EF to the circumference in G, and join AG: because 
GEA IS a right angle, the straight line AG is (Cor. 5. 4.) Ihe dia- 
meter of the circle ABC; and BC is also a diameter of it; there- 
fore the point H where they meet is the centre of the circle, and 
consequently H is given : and the point D Is given, wherefore DH 
is given in magnitude; and because AD is parallel lo FG, and 
GH equal to HA; DH is equal (i. 6.) lo HP, and AD equal to 
OF. and Dii is given, tlierefore HF is given in magnitude; and 




it is also given in position, and the poJ()t H is given, therefore 
(30, rtat.) the point F is given. 

And t)ecause the straight line EFG is drawn from a given point 
F without or within the circle AEIC given in position, therefore 
(95. or 96. dat.) the rectangle KF, FG is given ; and EF is equal to 
AD, wherefore the rectangle AD, EF is given. 



PROP. C. 



" If from a given point in a straight line j 
straight line ne drawn lo any point in ihe • 
circle given in position; and from this [winl a straight line be 
drawn, making with the first an angle equal to Ihc dilfercncc of 
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a right angle and the angle contained by the etrai^ line given 
in position, and the straight line which joins the given point and 
the centre of the circle; and from the point in which the aaeood 
line meets the circumference again, a third straight line be drawn« 
making with the second, an angle equal to that which the first 
makes with the second : the point in which this third line meets 
the straight line given in position is given; as also the rectangle 
contained by the first straight line and the segment of the third 
betwixt the circumference and the straight line given ia position, 
is given. 

Let the straight line CD be drawn from the given point C in 
the straight line AB given in position, to the circumference of the 
circle DEF given in position, of which G is the ceatre; join CG, 
and from tlie point D let DF be drawn, making the angle CDF 
equal to the difference of a right angle and the angle BCG, jand 
from the point F let FE be drawn, making the angle DFE equal to 
CDF, meeting AB in H : the point H is given ; as also the rectangle 
CD, FH. 

Let CD, FH meet one another in the 
pohit K, from which draw KL perpendi- 
cular to DF ; and let DC meet the circum- 
ference again in M, and let FH meet the 
same in E, and join MG, GF, GH. 

Because the angles MDF, DFE are A 
equal to one another, the circumferences 
MF, DE are equal (26. 3.) ; and adding or 
taking away the common part ME, the 
circumference DM is equal to EF ; there- 
fore the straight line DM is equal to the 
straight line EF, and the angle GMD to 
the anglers. L) GFE; and the angles 
GMC, GFH, are equal to one another, be- 
cause they are either the same with the E 
angles GMD, GFE or adjacent to them : 
and because the angles KDL, LKD are to- 
gether equal (32. I.) to a right angle, that 
is, by the hypothesis, to the angles KDL, 
GCB; the angle GCB, or GCH, is equal 
to the angle (LKD, that is, to the angle) 
LKF or GHK : therefore the points C, K, 
H, G are in the circumference of a circle; 
and the angle QCK is therefore equal to 
the angle GHF; and the angle GMC is equal to GFH, and the 
straight line GM to GF; therefore (26. 1.) CG is equal to GH, and. 
CM to HF : and because CG is equal to GH, the angle GCH is * 
equal to GHC; but the angle GCH is given: therefore GHC is 
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gven, mid consMiueiitly t)ie angle CGH is given ; and CG is given 
_ iKistlion, and the point G ; therefore (32. dat.) GH i 

^Ition; and CB Is also giren i 
. IS piven. 

I And IwcQUsc HP la eqnal lo CM. the rectangle DC, FH is eqaal 
to DC:, CM ; but DC. CM is given (B5. or 96. dat.). because the point 
C is given, therefore Ihe rectangle DC, Fll is given. 
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DEFINITION n. 

This is made more explicit than in the Greek text, to prevent a 
mistake which the author of the second demonstration of the 24th 
proposition in the Greek edition has fallen into, of thinking that a ra- 
tio is given to which another ratio is shown to be equal* noagh this 
other be not exhibited in given magnitudes. See the Imet on that 
proposition, which is the 1 3th in this edition. Besides, by this defi- 
nition, as it is now given, some propositions are demonstrated, which, 
in the Greek, are not so well done by help of prop. 2. 

DEF. IV. 

In the Greek text, def 4, is thus ; *' Points, lines, spaces, and an- 
gles are said to be given in position which tiave always the same 
situation ;'* but this is imperfect and useless, because there are in- 
numerable cases in which things may be given according to this defi- 
nition, and yet their position cannot be found ; for instance, let the 
triangle ABC be given in position, and let it be proposed to draw 
a straight line BD from the angle at B to the opposite side AC, 
which shall cot oflf the angle DBC, which A 

shall be the seventh part of the angle 
ABC ; suppose this is done, therefore the 

straight line BD is invariable in its posi- y^ \ D 

tion, that is, has always the same situa- B ■^'==^ ^ •- C 

tion ; for any other straight line drawn from the point B on either 
side of BD cuts off an angle greater or lesser thaii the seventh part 
of the angle ABC; therefore, according to this definition, the straigbt 
line BD is given in position, as also (28. dat.) the point D in wUob Jl 
meets the straight line AC which is given in position. But finom 
the things here given, neither the straight line BD nor the point D 
can be found by the help of Euclid's Elements only, by which every 
thing in his Data is supposed may be found. This definition is 
therefore of no use. We have amended it by adding, ** and which 
are either actually exhibited or can be found ;** for nothing is to be 
reckoned given which cannot be found, or is not actually exhibited. 

The definition of an angle given by position is taken out of the 4th, 
and given more distinctly by itself in the definition marked A. 

DEF. XL XIL XIII. XIV. XV. 

The 1 1th and I2th are omitted, because they cannot be given in 
English so as to have any tolerable sense : and, therefore, wherever 
the terms defined occur, the words which express their meaning are 
made use of in their place. 
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The 13th, Utb, 16th ore omilled. as being ofii' 

It U lo bo observed in peneral ol" the Data lii Ihia book, that thej 
are to be understood to be given eeonietricnily. not always nrilh- 
metlcslly ; Ihni is, liicy r«mot always be exhibited in tiumbera ; for 
Instance, if the side of <m square be tiivcti, the ratio of It lo its diame- 
ter is given (41. ciatjgeonielrically. but not in nomberi ; and Uie 
iven (2. dal.)j but tiiough the number of any equal parts 
in the side be given, for example, 1(1. the number of them in the di- 
cannat be given : and the lilic holds in many otber cases. 
PROPOSITION I. 

In this it is shown, that A is to B, as C to D ; fronn this, that A li 
lo C, as B lo D ; and then by permutation : but it follows directly, 
without these two steps, from 7, fi. 

PROP. U. 

The limitation added at the end of this proposition between the 
Inverted commas is quite necessary, because without It the propo 
eltlon cannot always be demonairaled : for the author having said,* 
" because A is given, a magnitude equal to it can bo found (1. defJi 
let this be C; and because the ratio of A to B is given, a ratio 
which is the same to it can be found (2. def > ;" adds, " Let 11 b« 
found, and let it be the ratio of C. to A." Now. from the second 
definition nothing more follows, than that some ratio, suppose the 
ratio of E to Z, can be found, which is the same with the ratio of A 
to B; and when the author supposes that the ratio of C to.i, which 
Is alao the same with the ratio of A to B can be found, he necessa- 
rily supposes that to the three magnitudes £. Z, C, a fourth propor- 
tional A may be found ; but this cannot always be done by the Ele- 
ments of Euclid ) from which it i.s plain Euclid must have understood 
the proposition under the limitation which is now added to his text. 
An example will make this clear : let A A B a 

be a given angle, and B another angle 
to which A has a given ratio : for in- 
■tance, the ratio of the given straight 
line E to the given one Z ; then, having 
found an angle C equal to A, how can 
the angle A be found to which C has the 
same ratio that E has to Z ! Certainly 
no way, until it be shown how to find 
an angle to which a given angle has a 
given ratio, which cannot be done by 
Euclid's Elements, nor probably by any Geometry known in his 
time. Therefore, in all the propositions of this book which depend 
upon this second, the above mentioned limitation must be under- 
stood, though it be not explicitly mentioned. 
PROP. V. 

The order of the propositions in the Greek text, between prop. 
4, and prop. 20, is now changed into anotlier which Is more iiatu- 
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ra], by placing those which are more simple before those which are 
more complex; and by placing together those which are of the same 
kind, some of which were mixed among others of a different kind. 
Thus, prop. 12, in the Greek, is now mi^ the Sth, and those which 
were the 22d and 23d are made the llth aiid[ 12th, as they are more 
simple than the propositions concerning magnitudes, the excess of 
one of whteh above a given magnitude has a given ratio to the other, 
after which these two were placed; and the 24th in the Greek text is, 
for the same reason, made the 13th. 

PROP. VL vn. 

These are universally true, though in the Greek text they are 
demonstrated by prop. 2, which has a limitation; they are there- 
fore now shown ^thout it. 

PROP. XII. 

In the 23d prop, in the Greek text, which here is the 12th, the 
words, ** fjii} rxf aurts ^e,*' are wrong translated by Claud. Hardy, in 
his edition of Euc]id*s Data, printed at Paris, anno 1 625, which was 
the first edition of the Greek text: and Dr. Gregory follows him in 
translating them by the words, " etsi, non easdem,'* as if the Greek 
had been si xai jjiy) lug aurs^, as in prop. 9. of the Greek text. Euclid's 
meaning is, that the ratios mentioned in the proposition must not be 
the same; for, if they were, the proposition would not be true. 
Whatever ratio the whole has to the whole, if the ratios of the parts 
of the first to the parts of the other be the same with this ratio, one 
part of the first may be double, triple, &,c. of the other part of it, or 
have any other ratio to it, and consequently cannot have a given ra- 
tio to it ; wherefore, these words must be rendered by ** non autem 
easdem,** but not the same ratios, as Zambertus has translated them 
in his edition. 

PROP. XUI. 

Some very ignorant editor has given a second demonstration of 
this proposition in the Greek text, which has been as ignorantly kept 
in by Claud. Hardy and Dr. Gregory, and has been retained in tht 
translations of Zambertus and others ; Carolus Renaldinus gives it 
only : the author of it has thought that a ratio was given, if ano- 
ther ratio could be shown to be the same to it, though this last ratio 
be not found : but this is altogether absurd, because from it would 
be deduced, that the ratio of the sides of any two squares is given, 
and the ratio of the diameters of any two circles, Ac. And it is to 
be observed, that the moderns frequently take given ratios, and ra- 
tios that are always the same, for one and the same thing; and Sir 
Isaac Newton has fallen into this mistake in the 17th lemma of his 
Principia, edit 1713, and in other places: but this should be careful- 
ly avoided, as it may lead into other errors. 

PROP, XIV. XV. 

Euclid, in this book, has several propositions concerning mag- 
nitudes, the excess of one of which above a given magnitude has 
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a given nitio to the other; but he has given none concerning magni- 
tudes whereof one together with a given magnitude has a given ra- 
tio to the other; though these last occur as frequently in the solution 
of problems as the first; the reason of which is, that the last may 
be all demonstraled by help of the first ; for. if a magnitude, toge- 
ther with a given magnitude, has a given ratio to another magnitwde, 
the excess of this other above a given magnitude shall have a given 
ratio 10 the first, and on the contrary; as we have demonstrated In 
prop. H. And for a lllce reason prop. 15 has been added to the 
Data. One example will make the thing clear: suppose it were to 
be demonstrated, that if a magnitude A together with a given mag> 
oltude has a given ratio to another magnitude B, that the two magni- 
toiies A and B, together with a given magnitude, have a given ratio 
to that other magnitude B ; which is the some proposition with re- 
spect to the last kind of magnitudes above mentioned, that the first 
part of prop. 16, in this edition, is in respect of the first liind: this 
is shown thus; from the hypothesis, and by the first part of prop. 14, 
the excess of B above a given magnitude has unto A'a given ratloi 
and, therefore, by the first part of prop. 17, the excess of B above a 
given magnitude has unto B and A together a given ratio; and by 
the second part of prop. H, A and B together with a given magni- 
tude has unto B a given ratio; which la the thing Uiat was to be 
demonstrated. In like manner the other propositions concerning 
tlwlaat kind of magnitudes may be shown. 

PROP. xvr. xvri. 

.In the third part of prop. 10, in the Greek text, which is the 16th 
in this edition, after the ratio of EC to CB has been shown to be 
given; from this, by inversion and conversion, the ratio of EC to 
BK is demonstrated to be given ; but without these two steps, the 
conclusion should have l>een made only by citing the 6th propo- 
sition. And in like manner, in the first part of prop. 11, in the 
Greek, which in this edition is the 17th, from the ratio of DB to BC 
being given, the ratio of DC to DB is shown to be given by inver- 
sion and composition, instead of citing prop. 7, and the same (ault 
occurs in the second part of the same prop. 11. 

PROP. XXi. XXII. 
These now are added, as being wanting to complete the subject 
treated of in the four preceding propositions. 

PROP. XXIIl. 
This, which is prop. 30, in the Greek text, was separated from 
prop. 14, 1!>, 16, in that text, after which It should have l>eeu im- 
niedialoly placed, as tieing of the same kind : it Is now pui ijiio its 
proper pUice; but prop. 21, in the Greek, is left out, as being the 
same with prop. 14, in that text, which is here prop, 18. 

PROP. XXiV. 
This, which is prop. 13, in the Greek, is now put into its proper 
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place, having been disjoined from the three following it in this edi- 
tion, which are of the same kind. 

PROP. xxvm. 

This, which in the Greek text is prop^ Ui and several of the fol- 
lowing propositions, are there dedueei froai def. 4, which is not 
sufficient, as has been mentioned in the neto en that definition: they 
are therefore now shown more explicitly. ' 

PROP. XXXIV. XXXVL 

Each of these has a determination, which is now added, which 
occasions a change in their demonstrations. 

PROP. XXXVn. XXXDL XL. XU. 

The 4l5th and 36th propositions in the Greek text are joined into 
one, which makes the 39th in this edition, k>ecao8e the same enuncia- 
tion and demonstration serves both : and for the same reason prop. 
37, 38, in the Greek, are joined into one, which here is the 40th. 

Prop. 37 is added to the Data, as it frequently occurs in the solu- 
tion of problems; and prop. 41 is added to complete the rest. 

PROP. XUL 

This is prop. 39, in the Greek text, 'where the whole constrnction* 
of prop. 22, of book 1, of the Elements, is put, without need, into the 
demonstration, but is now only cited. 

PROP. XLV. 

This is prc^. 42, in the Greek, where the three straight lines made 
use of in the construction are said, but not shown, to be such that 
any two of them is greater than the third, whteh is now done. 

PROP. XLVU. 

This is prop. 44, in the Greek text ; but the demonstrations of it 
is changed into another, wherein the several cases of it are shown, 
whkh, though necessary, is not done in the Greek. 

PROP. XLvra. 

There are two cases in this proposition, arising from the two oases 
of the third part of prop. 47, on which the 48th depends ; and In the 
composition these two cases are explicitly given. 

PROP. LII. 

The construction and demonstration of this, which is prop, 48, in 
the Greek, are made something shorter than in that text, 

PROP. LUL 

Prop. 68, in the Greek text, is omitted, being only a case of prop. 
49, in that text, wliich is prop. 68, in this edition. 
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PROP. LVIII. 

This i9 not in the Greek text, but its demonstration is conlainni 
in that or the lirst part of prop. M, in that text ; whici) proposition It 
concerning figures that are given in species : this 58th is true of 
sLmllar figures, thougl] they be not given in species, and as it fre- 
quent]]' occurs, it wa» necessary to add it. 

PROP. LIX. LSI. 
This Is t)ie IMtJi In the Greek ; and the 77th in Uie Greek, being 
the very same with it, Is left out, aad a shorter demonBtration it 
given of prop. 61. 

PROP. LXII. 
This, wlilch is most frequently useful, is not in the Greek, and is 
necessary to prop. 87. 88, in this edition, as also, tliough not men- 
tioned, to prop. 86, 87, in the former editions. Prop. 06, id the 
Greek text, is made a corollary to it. 

PROP. LXIV. 

This contains both prop, 74, anJ 73, in the Greek teit ; the first 
CBM of the 74tli Is B repetition of prop. 66, from which it is separated 
In that te):t by many propositions ; and as there is no order in these 
propositions, as they stand in the Greek, they are now put into the 
order which seemed most convenient and natural. 
The demonatralion of the first part of prop. 73, in the Greek, is 
' grossly vitiated. Dr. Gregory says, that the sentences he hnt 
enclosed betwixt two star.f are superfluous, iind ought 
celled ; but he has not obstTved, that what follows them 
being to prove that the ratio [see his figure] of Ar to TK is given, 
which by the hypothesis at the beginning of the proposition is 
pressly given : so that the whole of this part was to be altered, which 
is done in this prop. 64. 

PROP. LXVII. LXVllI. 

Prop. 70, in the Greek text, is divided into these two, for the sake 

of distinctness ; and the demonstration ofthe 67th h rendered shorter 

than that ofthe first j>artof prop. 70, in the Greek, by means of prop. 

83, of book 5, ofthe Elements, 

PROP. LXX. 
This is prop. 6'2, in the Greek text ; prop. 78, in that text, is only 
a particular case of it, and is therefore omitted. 

Dr. Gregory, in the demonstration of prop. 62, cites the 49lh prop, 
dat. to prove that tlie ratio of the figure AEB to the parallelogram 
AH is given ; whereas this was shown a few lines before : and be- 
sides, the 49th prop, is not applicable to these two figures ; because 
AH is not given in species, but is, by the step for which the citation 
is brought, proved to be given in species. 
PROP, LXXIII. 
Prop. 13, in the Greek text, is neither well enunciated nor 
demonstrat^. The 73d, which in tliis edition is put in place of 
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it, is really the same, as will appear by considering [see Dr. Gregory's 
edition] that A, B, F, E in the Greeic text are four proportionals ; and 
that the proposition is to show that A, which has a given ratio to £, 
is to r, as B is to a straight line to which A has a given ratio ; or, 
by inversion, that F is to A, as a straight line to which A has a given 
ratio is to B ; that is, if the proportionals be placed in this order, viz. 
F, £, A, B, that the first F is to A to which the second E has a given 
ratio, as a straight line to which the third A has a given ratio is to 
the fourth B ; which is the enunciation of this 73d, and was thus 
changed that it might be made like to that of prop. 72, in this edition, 
which is the 82d in the Greek text : and the demonstration of prop. 
73 is the same with that of prop. 72, only maldng use of prop. 28. 
instead of prop. 22, of book 5, of the Elements. 

PROP. LXXVIL 

This is put in place of prop. 79, in the Greek text, which is not a 
datum, but a theorem premised as a lemma to prop. 80 in that text : 
and prop. 79 is made cor. 1 to prop. 77, in this edition. CI. Hardy, 
in his addition of the Data, takes notice, that in prop. 80, of the Greek 
text, the parallel KL in the figure of prop. 77, in this edition, must 
meet' the circumference, but does not demonstrate it, which is done 
here at the end of cor. 3, prop. 77, in the construction for finding a 
triangle similar to ABC. 

PROP. Lxxvm. 

The demonstration of this, which is prop. 80, in the Greek, is 
rendered a good deal shorter by help of prop. 77. 

PROP. LXXIX. LXXX. LXXXI. 

These are added to Euclid's Data, as propositions which are often 
useful in the solution of problems. 

PROP. LXXXn. 

This, which is prop. 60, in the Greek text; is placed before the 83d 
and 84th, which, in the Greek, are the 58th and 69th, because the 
demonstration of these two in this edition are deduced from that of 
prop. 82, from which they naturally follow. 

PROP. LXXXVIIL XC. 

Dr. Gregory, in his pre&ce to Euclid's Works, which he published 
at Oxford in 1703, after having told that he had supplied the deftdn 
of the Greek text of the Data in innumerable places from several 
manuscripts, and corrected CL Hardjr's translatkm by Mr. Bernard's; 
adds, that the 80th theorem, *«or proposition,** jseemed to be remark- 
ably vitiated, but which could not be restored by help of the manu- 
scripts ; then he gives three diflferent translations of it in Latin, ac- 
cording to which, he thinks it may be read ; the two first have no 
distinct meaning, and the third which he says is the best, though it 
contains a true proposition, which is the 9th in this edition, has no 
connexion in the least with the Greek text. And it is strange that 
Dr. Gregory did not observe, that, if prop. 86 was changed into this, 
the demonstration of the 86th must be canceUed| and another put in 
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iis place : but the truth is, bolli the enunciation and the demonwra- 
tlor of prop, 86 are quite entire and right, only prop. 87. which it 
more simple, ought to have been placed before it ; and the deficiency 
which the doctor justly observes to be in this part of Euclid's Data, 
and which, no doubt, is owinp (o the carelessness and ignorance 
of the Greek editors, should have been supplied, not by changing 
prop. 86, which is both entire and necessary, but by adding the two 
propositions, which are Ihe 86th and 00th In this edition. 

PROP. XCVIII. C. 

These were communicated to me by two excellent geometers, th* 
first of ihem by the Right Honourable the Earl of Stanhope, and the 
other by Dr. Matthew Stewart ; to which 1 iiave added the demon- 
strations. 

Though the order of the propositions has been in many places 
changed from that in former editions, yet this will be of little disad- 
ventage, as the ancient geometers never cite the Data, and the mo- 
derns very rarely. 



AS that part of the composition of a problem which is its constmc* 
lion may not be so readily deduced from the analysis by beginners ; 
for their sake the following eicample is given, in which the devialkm 

of Ihe several parts of the constniciinn from the analysis is particu- 
larly shown, that they may be assisted to do the like in other problems. 

PROBLEM. 

Having given the magnitudeof a parallelogram, the angle of which 
ABC is given, and also the excess of the square of its side BC above 
the square of the side AB; to find its sides, and descrilM* it. 

The analysis of this is the same with the demonstration of the 87th 
prop, of the Data, and the construction that is given of the problem 
at the end of that proposition is thus derived from the analysis. 

Let EFG be equal to the given angle ABC, and because in the 
analysis it is said that the ratio of the rectangle AB, BC to the 
parallelogram AC is given by the 62d prop. dat„ therefore, from 
a point in FE, the perpendicular EG is drawn to FG, as the ratio 
of FE to EG is the ratio of the rectangle AB, BC to the parallelo- 
M 



z: 



P D C F G L O H N 

gram AC, by what is shown at the end of prop. 62. Next, Ihe 
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magnitode of AC is exhibited by making the rectangle BQ, GH 
equal to it ; and the given excess of the square of BC above the 
square of BA, to which excess the rectangle CB, BL is equal, is 
exhibited by the rectangle HG, GL: then, in the analysis, the 
rectangle AB, BC is said to be given, and this is equal to the 
rectangle FC, GH, because the rectangle AB, BC is to the paral- 
lelogram AC, as (FE to EG, that is, as the rectangle) FE, GH 
to EG, GH; and the parallelogram AC is equal to the rectangle 
EG, GH, therefore the rectangle AB, BC, is equal to FE, GH: 
and consequently the ratio of the rectangle CB, BD, that is, of 
the rectangle HG, GL, to AB, B(^ that is of the straight line 
DB to BA, is the same with the ratio (of the rectangle GU 
GH to FE, GH, that is) of the straight line GL to FE, which 
ratio of DB to BA is the next thing said to be given in the ana- 
lysis : from this it is plain that the square of FE is to the square 
of GL, as the square of BA, which is equal to the rectangle BC, 
CD, is to the square of BD: the ratio of which spaces is the 
next thing said to be given: and from this it follows that four 
times the square of FE is to the square of GL, as four times the 
rectangle BC, CD is to the square of BD; and, by com))osition, 
four times the square of FE together with the square of GL, is 
to the square of GL, as four times the rectangle B(y, (/D, toge- 
ther with the square of BD is to the square of BD, that is, (8. 6.) 
as the square of the straight lines BC, CD taken together is to 
the square of BD, which ratio is the next thing said to be given 
in the analysis : and because four times the square of FE and the 
square of GL are to be added together ; therefore in the perpen- 
dicular EG there is taken KG equal to FEI, and MG equal to the 
double of it, because thereby the squares of MG, GL, that is, 
joining ML, the square of ML is equal to four times the square 
of FE and to the square of GL: and because the square of ML 
is to the square of GL, as the square of the straight line made up 
of BC and CD is to the square of BD, therefore (22. 6 ) ML is 
to LG, as BC together with CD is to BD ; and, by composition, 
ML and LG together, that is, producing GL to N, so that ML 
be equal to LN, the straight line NG is to GL, as twice B(* is to 
BD ; and by taking GO equal to the half of J^G, GO is to GL, as 
BC to BD, the ratio of which is said to be given in the analysis : 
and from this it follows, that the rectangle HG, GO is to HG, 
GL, as the square of BC to the rectangle CB, BD, which is equal 
to the rectangle HG, GL; and therefore the square of BC i:* equal 
to the rectangle HG, GO; and n(J is consequently found by 
taking a mean proportional botwixt HG and GO, as is said in 
the construction : and because it was shown that GO is to GL, as 
BC to BD, and that now the three first are found, the fourth BD 
is found by 12. 6. It was likewise shown that LG is to FG, or 
GK, as DB to BA, and the three first are now found, and thereby 
the fourth BA. Make the angle AB(y equal to EFG, and com- 
plete the parallelogram of which the sides are AB, GC, and the 
construction is finished ; the rest of the composition contains the 
demt>nstration. 
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As the propositions from the 13th to the 28lh may be thought by 
bfgtnners to be leas useful llian ihe rest, b<*cause they cannot so 
readily see how they acf to be made use of in ihe soluilon of pro- 
blems; nn thisaccounl the tworollo*ing problems are ndded. to show 
that they are equally useful with the other proposilions, and from 
which i( may be easily judged that many other problems depend 
upon these propositions. 

PROBLEM !. 

To find three sirnight lines such, ihat ihe ratio of the first to 

the second is given; and if a given siraichi line be laken from 

ihe second, the ratio of the remainder to ine third \s given i also 

the rectangle contained by the first and third is given. 

Let An be Ihe first straight line. CD the second, and EP the 
third; end because (he ratio of AB to CD is given, and that if a 
given straight line ))e taken from CD, the ratio of the remainder 
to EF is given: therefore (24. dat.) the excess of the Jirst A8 
above a given alralght line has a given ratio to the third EF; let 
BH be that given straight line; therelore AH, the 
excess of AS above ll. has a given ratio to EF; A H B 

and consequently (I. 6,) the rectangle BA, AH. 1 

has a given ratio to the rectangle AB, EF, which C O D 

last rectangle is given by the hypothesis; there- 1-- 

fore (2. dat.) the rectangle BA, AH is given, and E F 

» BH the CKcess of its sides is piven ; wherefore Ihe 

stdes AB, AH are given (85. dat.): and because K NM L O 

the ratios of AB to CD. and of AH to EF are 1— |— | 

given, CD and EF are (2. dat.) given. 

'The Composilhn. 

Let the given ratio of KL to KM be that whith AB is required to 
have to CD; and let DG be the given siraiglil line which is to be 
taken from CD, and let the given ratio of KM to K.\ be that which 
the remainder must have to EF; also let the given rectangle NK, 
KG be that to which the rectangle AB. EK is required to he equal : 
find the given stright line BH which is lo be laken from AB. wliich 
is done, as plainly appears from prop. "24. dat. by making as K.\l to 
KL, so GD to HB. To the given straight line BH apply (-JB. 6 ) 
a rectangle equal to LK, KO exceeding by a square, and let BA, AH 
be its sides : then is AB the first of the straight lines required lo be 
found, and by making as LK lo KM. so AB to DC, Di; will be tl-p 
second : and lastly, make as KM to K.\. so CG to KF. and EF is 
the third. 

For as AB to CD. so is HB 1o GD. each nf these ralios beine 
the same with the ratio of LK to KM; iherefire (ID. ft.) AH is to 
CG, as (AB to CD. that i.<!, as} LK 1'> KM ; and as ( C to EF. so 
is KL to K.\: wherefore, r.r .-e'l-'ii/i. jis AH to EF, so is LK to 
KN; and as the rectangle BA. All to the rrctanjiio H.A, EF. so is 
(I. 6.) the rectangle LK. KO to ihe rectangle KN. KO: and by the 
' rerlangle BA, AH Is eqinl to LK, KO : there- 
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fbre (14. 5.) the rectangle AB, EF is equal to the given rectangle 
NK, KO : and AB has to CD the given ratio of KL to KM ; and from 
CD the given straight line GD being taken, the remainder CG has to 
EF tlje given ratio of KM to KN. d. E. D. 

PRORIL 

To find three straight lines such, that the ratio of the first to 
the second is given ; and if a given straight line be taken from 
the second, the ratio of the remainder to me third is given ; also 
the sum of the squares of the first and third is given. 

Let AB be the first straight line, BC the second, and BD the third : 
and because the ratio of AB to BC is given, and that if a given 
straight line be taken from BC, the ratio of the remainder to BD is 
given ; therefore (24. dat.) the excess of the first AB above a given 
straight line, has a given ratio to the third BD : let AE be that given 
straight line, therefore the remainder EB has a given ratio to BD ; 
let BD be placed at right angles to EB, and join DE ; then the trian- 
gle EBD is (44. dat.) given in species; wherefore the angle BED is 
given : let AE, which is given in magnitude, be given also in posi- 
tion, as also the point E, and the straight line ED will be given (32. 
dat.) in position : join AD, and because the sum of the squares of 
AB, BD, that is (47. 1.), the square of AD is given, therefore the 
straight line AD is given in magnitude ; and it is also given (34. dat.) 
in position, because from the given point A it is drawn to the straight 
line ED given in position : therefore the point D, in which the two 
straight lines AD, ED given in position cut one another, is given 
(28. dat.) : and the straight line DB which is at right angles to AB is 
given (33. dat.) in position, and AB is given in position, therefore 
(28. dat.) the point B is given : and the points A, D are given, where- 
fore (29. dat.) the straight lines AB, BD are given ; and the ratio of 
AB to BC is given, and therefore (2. dat) BC is given. 

71u Composition. 

Let the given ratio of FQ to GH be that which AB is required to 
have to BC, and let HK be the given straight line which is to be taken 
from BC, and let the ratio which the remainder is required to have 
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to BD, be the given ratio of HG to LG, and place GL at right angles 
to FH, and join LF, LH : next, as HG is to GF, so make HK to 
AE ; produce AB to N, so that AN be the straight line to the square 
of whkh the sum of the squares of AB, BD is required to be equal ; 



» 



and make the angle NED equal to the angle GFL ; and from the cen- 
tre A at the distance AN describe a circle, and let iis circumference 
meet ED in D, and draw DB perpendicular to AN, and DM, malting 
the angle BDM equal to the angle GLH. Lastly. pro<luce BM to C, 
so that MC be equal to HK ; then is AB the first. EC the second, and 
BD the third of the straight lines (hat were to be found. 

For the triangles EBD, FGL, as also DBM. LGH being equiangu- 
lar, as EG to BD. so is FG to GL ; and as DB lo BM, so is LG to 
GH ; therefore, ex squnll, as EB to BM, so is (FG to GH, and so is) 
AE to HK or MC; wherefore (12. 5) AB Is to BC, as AE to HK, 
that is, as FG lo GH. that is, in tlie given ratio ; and from the straight 
line BC taking MC, which is equal to the given straight line HK, the 
remainder BM has to BD the given ratio ofHG to GL; end the sum 
of the squares of AB, BD is equal (47, 1.) to the square of AD or AN, 
which Is the given space. Q. E. D. 

I believe it would be in vain to try to deduce the preceding con- 
struction from an algebraical splution of the problem. 
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LEMMA L FIG. I. 

Let ABC be a rectilineal angle; if about the point B as a centre, 
and with any distance BA, a circle be described, meeting BA, BC, 
the straight lines including the angle ABC in A, C ; the angle ABC 
will be to four right angles, as the arch A(y to the whole circum- 
ference. 

Produce AB till it meet the circle again in F, and through B draw 
D£ perpendicular to AB, meeting the circle in D, E. 

By 33. 6. Elem. the angle ABC is to a right angle ABD, as the 
arch AC to the arch AD; and quadrupling the consequents, the 
angle ABC will be to (bur right angles, as the arch AC to four times 
the arch AD, or to the whole circumference. 

LEMMA IL FIG. 2. 

Let ABC be a plane rectilineal angle as before : about B as a cen- 
ire, with any two distances BD, BA, let two circles be described 
meeting BA, BC in D, E, A, C ; the arch AC will be to the whole 
circumference of which nt is an arch, as the arch DE is to the whcrie 
circumference of which it is an arch. 

By Lemma 1, the arch AC is to the whole circumference of which 
it is an arch, as the angle ABC is to four right angles ; and by the 
same Lemma 1, the arch DE is to the whole circumference of whicti 
it is an arch, as the angle ABC is to four right angles ; therefore the 
arch AC is to the whole circumference of which it is an arch, mm the 
arch DE to the whole circumference of which it it all arch. 

DEFINITIONS. FIG. 3. 

L 

Let ABC be a plane rectilineal angle; if about B as a centre, 
with BA any distance, a circle ACF be described, meeting BA, 
BC in A, C ; the arch AC is called the measure of the angle 
ABC 

II. 

The circumference of a cirde is supposed to be divided into 
300 equal parts called degrees ; and each degree into 60 equal 
parts called minutes, and each minute into 60 equal parts odled 
seconds, &c. And as many degrees, minutes, secondsi 4c, as 
are contained in any arch, of so many degrees, minutes, seconds, 
Ac, is the angle, of which that arch is the measure, said to be. 

CoR. Whatever be the radius of the circle of which the measure 
of a given angle Is an arch, that arch will contain the same 
number of degrees, minutes, seconds, &c. as is manifest from 
Lemma 2. 
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Let AB be produced till it meet the circle again in F ; the aofle CBP, 
which, (ogettiM with ABC, ia equal to two right angles, ia called 
the SuppUmtHt of ttie angle ABC. 

IV. 
A straight line CD drawn through C. one of the extremities of the 

arch AC perpendicular upon the diameter passing through the 

Other extremity A, is called the Sine of the wch AC, or of the 

angle ABC, of which it Is the measure. 
Cor, The Sine of a quadrant, or oT a fight angle, ia etfual to the 

radius. 



The segment DA of the diameter passing through A, one extremity 
of the arch AC, between the sine CD and that extremity, is caiiei 
the Vtfttd Sint of the arch AC. or angle ABC, 

VI. 

A Straight line AE, touching the circle at A, one extremity of (he 
arch AC, and meeting the diameter BC passing through the otliar 
extremity C in E, Is called the Tangent of the arch AC; or oTUw 
ui^eABC. 

VH. 

tike straight line BE, between the centre and the extremity of 
the tangent AE, ia called the Scrnnl of the arch AC, or angle 
ABC. 

Con. to def. 4, 6, 7. The sine, tangent, and secant of any angle 
ABC, are likewise the sine, tangent, and secant of its supplement 
CBF. 

It ia manifest from deC 4, that CD is the sine of the an^le CBF. 
Let CB be produced till it meet the circle again in G ; and it is 
manifest that AE Is the tangent, and BE the secant, of the angle 
ABG or EBF, fh>m def Q, 7. 

CoR. to def 4, 5, 6. 7. The sine, versed sine, tangent, and secant, of 
any arch which Is the measure of any given angle ABC, is to tiie 
sine, versed sine, tangent and secant, of any other arch which is 
the measure of the same angle, as the radius of the first is to the 
radius of the second. 

l^t AC, MN be measures of the angle ABC, according to dd". 1, 
CD the sine, UA the versed line, AE the tangent, and BE the 
secant of the arch AC, according to def. 4, 6, 6. 7, and NO the 
aine, OM the versed line, MI' the tangent, and BP the secant 
of the arch MN, according to the same definitions. Since CD, 
NO, AE, MP are parallel, CD is to NO as the radius CB to 
the radius NB, and AE to MP as AB to BM, and BC or BA to 
BD as BN or BM to BO; and, by conversion, DA to MO as 
AB to MB. Hence the corollary is manifest; therefore, if the 
radius be supposed to be divided into any given number of 
equal paj'ts, the sine, versed sine, tangent, and secant, of any 
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given angle, will each contain a given number of these parts ; and, 
by trigonometrical tables, the length of the sine, versed sine, tangent, 
and secant, of any angle, may be found in parts of which the radius 
contains a given number ; and, vice versa, a number expressbig the 
length of the sine, versed sine, tangent, and secant, being given, the 
angle of which it is the sine, versed sine, tangent, and secant, may be 
found. 

Vni. Fig. 3. 

The difierence of an angle from a right angle is called the eample- 
meni of that angle. Thus, if BH be drawn perpendicular to AB« 
the angle CBH will be the complement of the angle ABC, or of 
CBF. 

IX. 

Let HK be the tangent, CL or DB, which is equal to it, the sine and 

BK the secant of CBH, the complement of ABC, according to def. 

4, 6, 7, HK is called the eo-iangentt BD the cosine^ and BK the 

cosecant, of the angle ABC. 
CoR. 1. The radius is a mean proportional between the tangent and 

co-tangent. 
For, since HK, BA are parallel, the angles HKB, ABC will be equal, 

and the angles KHB, BAE are right : therefore the triangles BAE, 

KHB are similar, and therefore AE is to A B, as BH or BA to HK. 
Cor. 2. The radius is a mean proportional between the co-sine and 

secant of any angle ABC. 
Since CD, AE are parallel, BD is to BC or BA, as BA to BR 

PROP. I. FIG. 5. 

Iir a right angled plane triangle, if the hypothenusc he made 
radiiiR, the sides oecome the sines of the angles opposite to ihem : 
and if either side be mnde radius, the remaining side is the tan- 
gent of the angle opposite to it, and the hypothenuse the secant 
of the same angle. 

Let ABC be a right angled triangle; if the hypothenuse BO be 
made radius, either of the sides AC will be the sine of the angle ABC 
opposite to it; and if either side BA be made radius, the other side 
AC will be the tangent of the angle ABC opposite to it, and the hy- 
pothenuse BC the secant of the same angle. 

About B as a centre, with BC, BA for distances, let two circles CD. 
EA be described meeting BA, BC in D, E : since CAB is a right an- 
gle, BC being radius, AC is the sine of the angle ABC by def. 4, and 
BA being radius, AC is the tangent, and BC the secant of the ang^e 
ABC, by de£ 6, 7. 

Cor. 1. Of the hypothenuse a side and an angle of a right angled 
triangle, any two being given, the third is also given. 

Cor. 2. Of the two sides and an angle of a right angled triangle, 
any two being given, the third is alxo given. 
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Tmk sides of a plane triangle are to one onollier as dw « 
of tlie angles Apposite to them. 

In right angled trianglM, This prop. \a manifest from prop, t ; for 
If (he hypolhenuae be made radius, the sides are the aines of the an> 
gles opposite to them, and the radius is the sine of a riglitaogle (cor. 
to def, 4.) which is opposite to the hypotheniise. 

In any oblique angled triangle ADC', any two sides AB, AC will be 
to one another as the sines of the angles ACB, ABC which are oppo 
Bite to thrni. 

From C, B draw CE, BD perpendicular upon the opposite sides 
AB, AC produced, if need Iw. Since CEB. CDB, are right angles. 
DO being radius, CE ia ihe sine of the angle CBA, and BD the sine 
of the angle ACB: but the two triangles CAE, DAB haw each I 
right angle at D and E; and lilcewise the common angle CAB; 
therefore tbey are similar, and consequently, CA is to AB as CE 
to DB; that is, Ihe sides are as Ihe sines of the angles opposite to 
Ihcm. 

Cor. Hence of two sides, and two angles opposite to tbeni, in t 
plnne triangle, any three being given, the fourth is also given. 

PROP. HL FIG. 8. ' 

In a plane triangle, llie sum v( nny two sides is to their difier- 
ence, as the tangent of half the t^iim of Ihe angles at the base, to 
Ihe tangent of lialf their difference. 

[^t ABC be a plane triangle; the sum of any two sides, AB, Af 
will be to their difference as the tangent of half the sum of the an- 
gles at the l>ase ABC, ACB to the tangent of half their difference. 

About A as a centre, with AB Ihe greater side for a distance, let 
a circle be described, meeting AC produced in E, F, and BC in D; 
join DA, EB, FB: and draw FG ]>arallel to BC, meeting EB in G 

The angle EAB (32. 1.) is equal to.the sum of Ihe angles at the 
base, and the angle EFB at the circumference is equal to the half of 
EAB at the centre (20. 3.) ; therefore EFB is half the sum of the 
angles at the base; but the angle ACB (.^2. I,) is equal to the an- 
gles C:AD and ADf.:. or ABC together; therefore FAD Is the differ- 
ence of the angles at the base, and FBD at the circumference, or BFG. 
on account of the parallels FG, BD, is Ihe half of that diffe^nce; but 
since Ihe angle EBF in a semicircle is a right angle (I , of this). FB 
being radius, BE, BG, arc the tangents of Ihe angles EFB, BFG; but 
it is manifest that EC is Ihe sum of ihe sides BA. AC, and CF their 
difference ; and since BC, FG are parallel (i. 6.), EC is to CF, as 
EB to BG ; that is, the sum of the sides Is to their difference, as the 
tangent of half Ihe sum of the angles at Ihe base to tiie tangent of 
half their difference. 
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PROP. IV. FIG. 18. 

Iir any plane trianffle BAC, whose two sides are BA« AC, and 
base EC, the less of the two sides, which let be BA is to the 
greater AC, as the radius is to the tangent of an angle; and the 
radius is to the tangent of the excess of this angle above half a 
right angle, as the tangent of half the sum of the angles B and 
C at the base is to the tangent of half their diflferencc. 

At the pdnt A, draw the straight line EAD perpendicular to BA : 
make AE, AP each equal to AB, and AD to AC ; join BE, BF, BD, 
and from D draw DG perpendicular upon BF. And because BA is 
at right angles to EF, and EA, AB, AF are equal, each of the angles 
EBA, ABF is half a right angle, and the whole EBF is a right angle; 
also (4. 1. El.) £B is equal to BF. And since EBF, FGD are right 
angles, EB is parallel to GD, and the triangles EBF, FGD are simi- 
lar ; therefore EB is to BF as DG to GF, and EB being equal to BF, 
FG must be equal to GD. And because BAD is a right ang^ BA 
the less side is to AD or AC the greater, as the radius it to the 
tangent of the angle ABD ; and because BGD is a right angle, BO is 
to GD or GF as the radius is to the tangent of GBD, which is the 
excess of the angle ABD above ABF half a right angle. But 
because EB is parallel to GD, BG is to GF as ED is to DF, that is, 
since ED is the sum of the sides BA, AC, and FD their difference 
(3. of this), as the tangent of half the sum or the angles B, C, at the 
base, to the tangent of half their difference. Therefore, in any plane 
triangle, 6lc. H. E. D. 

PROP. V. FIG. 9. 10. 

lir any triangle, twice the rectangle contained bv any two 
sides is to the diflerence of the sum of the squares of these two 
sides, and the square of the base, as the radius is to the co-sinc 
of the angle included by the two sides. 

I^ ABC be a plane triangle; twice the rectangle ABC contained 
by any two sides BA, BC, is to tlie difference of the sum of the 
squares of BA, BC, and the square of th*" base AC, as the radios to 
the co-sine of the angle ABC. 

From A, draw AD perpendicular upon the opposite side BC ; tlien 
(by 12. and 13. 2. El.) the difference of the sum of the squares of 
AB, BC, and the square of the base AC, is equal to twice the rect- 
angle CBD; but twice the rectangle CBA is to twice the rectangle 
CBD, that is to the difference of the sum of the squares of A& B( \ 
and the square of AC (1. 6.), as AB to BD; that is, by prop. I, as 
radius to the sine of BAD, which is the complement of the angie 
ABC, that is, as radius to the co-sine of ABC. 
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III any uiangle ABC, whose t«'o sides are AB, AC. and base 
BC, the rectangle contained by half the perimeter, and the excess 
of it above the base BC, is to the rectangle contained by the 
straight lines by which the half of Ihe perimeter exceeds (he 
other two sides AB, AC, as the square of the radius is to tlie 
square of the tangent of half the angle BAC opposite to lh« 
base- 
Let the angles BAC, ABC be bisected by the straight lines AO, 
BG; and producinfr the side AB, lei the exterior angle CBH ba 
bisected by the atraighl line BK, ineeling AU in K; and from the 
points G, K, let there be drawn perpendicular upon the sides lh« 
Straight lines GD, GE, OF, KH, KL. KM. Since therefore (4. 4.) 
G in the centre of the circle inscribed in the triangle ABC, GD^ 
GF, GE will be equal, and AD will be equal to AE, BO to BF, and 
CE to CF; in like manner KH, KL, KM will be equal, and BH 
will be equal to BM, and AH to AL, because the angles HBM, 
HAL are bisected by the straight lines BK, KA : and because in 
the trianples KCL. KCM. the sides LK, KM are equal. KC is eoro. 
mon, and KLC, KMC are right angles, CL will be equal to CM: 
since therefore BM is equal to BH,~ and CM to CL ; BC will be 
equal to BH and CL together ; and. adding AB and AO together, ^ 
AB. AC. and BC will together Iw equal to AH and AL together: ' 
bul AH, AL arp eijual : wlifrofare rarh of Idem is equal to half 
the perimeter of the triangle AI3C; but since AD, AE are equal, 
and BD, BF, and also CE, CF, AB, together with FC, will be equal 
to half the perimeter of the triangle to which AH or AL was 
shown to be equal ; taking away therefore the common AB, the 
remainder FC will be equal to the remainder BH ; in the same man- 
ner it is demonstrated, that BF is equal to CL; and since the 
points B, D, G, F, are in a circle, the angle DGF will be equal to 
the exterior and opposite angtc FBH (22. 3.); wherefore their 
halves BGU, HBK will be equal to one another: the right angled 
triangles BGD, HBK will therefore be equiangular, and GD will 
be to BD, as BH to HK. and (he rectangle contained by GD, HK 
will be equal to the rectangle DBH or BFC ; but since AH is to 
HK, as AD to DO, the rectangle HAD {2'i. 6.) will be to the rect- 
angle contained by HK, DG, or the rectangle BFC, (as the square 
of AD is to the square of DG, that is) us the square of the radius 
to the square of tiie tangent of the angle DAG, that is, the half of 
BAC : but HA is half the perimeter of the triangle ABC, and AD 
Is the excess of the same above HD, that is, above the Iwse BC : 
but BF or CL is the excess of HA or AL above the side AC ; and 
FC, or HB, is the excess of the same HA above the side AB; there- 
fore the rectangle contained by half the perimeter, and the excess 
of the same above the base, viz. the rectangle HAD, ^s to the rect- 
angle contained by the straight lines by which the half of the peri- 
meter exceeds the other two sIiIpr, that is, the rectangle BFC, is 
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SfHOLIUM. 

OF the six parts of a plane triangle (the three aides and three 
angles) any three being given, to find the other three is the business 
of plane trigonometry; and [he several cases of that problem maybe 
resolvcJ by means of the preceding proposition, as in the two follow- 
tng, wilh Ihe tables annexed. In these, the solution is expressed bjr 
c fourth proportional to three given lines; but if the given parU 
be expressed by numbers from trigopomelricfll tables, it may b* 
obtained arithmetically by the common Rule of Three. 



Note. In lbs taUoi, tiie ibllowing ibbreiHlians nrfl naed : R is put lor tb* 
tUdiix; T fbr Ttngeni; and S for Sine. DegrEon, niinulw, «eeutnl«, &«. ut 
wriUen in lliii maaner ; 30° 35' 13", iti.. which signiliei 3Q icgnx; 2i minuUs, 
IS wconda. Stc 
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SOLUTION OF THB CABE8 OF RIGHT ANGLED TRIANGLES. 

GENERAL PROPOSITION. 

In a riffht angled triangle, of the three sides and three angles, 
any two being given besides the right angle, the other three may 
be found, except when the two acute angles are given; in which 
case the ratios of the sides are only given, being, the same with 
the ratios of the sines of the angles opposite to them. 

It is manifest from 47, 1, that if of the two sides and hypothe- 
nuse any two be given, the third may also be found. It is also 
manifest from 32, 1, that if one of the acute angles of a right angled 
triangle be given, the other is also given, for it is the complement of 
the former to a right angle. 

If two angles of any triangle be given, the third is also given, 
being the supplement of the two given angles to two right an- 
gles. 

The other cases may be resolved by help of the preceding propo- 
sitions, as in the foUowing table : 



GIVEN. 



■OUGHT. 



Two 



AB,AC. 



The 
gles B, C. 



AB : AC : : R : T, B, of which C is 
the complement 



AB, BC, a side and 
the hypotlienuse. 



The an- 
gles B, C. 



BC : BA : : R : S, C, of which B is 
the complement 



S AB, B, a side and an 
angle. 



The other 
side AC. 



ABand B, a side and 
an angle. 



Thehypo- 
thenuseJBC. 



R : T, B : : BA : AC. 



S, C : R : : BA : BC. 



51 BC, and B, the hvpo- The side 
thenuse and an angle. AC. 



R : S, B : : BC : C A 



These five cases are resolved by prop. 1. 



M 






pi.«m TMoonoiinTii?. 



F OBLianE AUCLBD T 



GENERAL PROPOSITION. 



In an oblique angled triangle, of the three sides and thrM 1 
angles, any three being given, Ihe other three may be found, ' 
except when the three angles are given; in which case the ratios 
of the aides arc only given, being the same with tbe ratios of 
the sines of the angles opposite to ihem. 



S,C:8. A:: AB : BC. and alio, 
S, C : H, B : : AB : AC. C2-) (F* 
16. 17.) 



AB, AC, and B, l- 

(ides and an angle oppo-gl 



AC : AB : ; 8. B : S, C, (2.) ThJi 

case admits of Iwo Eolutionaj for C | 
maj t>e grettter or lees Umd a tjoad- 
not. (Cor. to def. 4.) 



AB, AC, and A, two| ' 
lides and tlie included gle 



AB+AC : AB— AC : : T, C+B : 

i B and^T, C— B : (3.) the sum and difference 



□r Lhc angles C, B being given each 
uf them is given. (7.) Olhencuie. Fig. 
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GIVBN. 



SOnOHT. 



AB, BC, CA, the 
three sides. 



A, B, C, 

the three 
ftDglea 



2 AC X CB : ACa + CBq-- 
ABo : : R : Co S, C. If AB^ 
+ CBq be greater than ABq. Fig. 
16. 

2 AC X CB : ABg— AC^— 
CB9-h : : R : Co S, C. If AB^ 
be greater than AC^xCB^. Fig. 
17. (4.) 

Othenoiie. 
Let AB+BC + AC =2 P. P 4- 



F— AB : P— AC -f P— BC : 
R^ : To. i C, and hence C is 
known. (5.) 

OfneriDue. 
Let AD be perpendicular to BC. 
L If ABq be less than AC^-hCB^. 
Fig. 16. BC : BA + AC : : BA— 
AC : BD— DC, and BC the sum of 
BD, DC is given ; therefore each of 
them is given. (7.) 

2. If AB^ be greater tlian AC^ 
+CBg. Fig. 17. BC:BAH-AC:: 
BA— AC : BD+DC ; and BC the 
difference of BD, DC is given, 
therefore each of them is given. (7.) 

AndCA : CD : : R : CoS,C.(l.) 
and C being found, A and B are 
found by case 2, or 8. 



I 



SPHERICAL TRIGONOMETRY. 



DEFINITIONS. 



Trb pole or a circle of the sphere Is a point in the superlides of 

the sphere, from which all straight lines drawn to the circurDfer- 

ence of the circle are equal. 

11. 
A great cirnle of ^he sphere is any whose plane passes through the 

centre of the sphere, and whose centre therefore Is the same with 

that of the sphere. 

Ul. 
A epherical triangle is a figare upon the superficies of s spherv 

comprehended by three arches of three great circles, each of 

which is leas than a semicircle. 

IV. 
A spherical angle is that which on the superfictes of B sphere U coo- 

lained by two arcltes of great circles, and is the same with the 

inclination of ihe plane.'* of these great circles. 
PROP. I. 

Great circles bisect one another. 

As they have a common centre, their common section will be a 
diameter of each which will bisect them. 

PROP. IL FIG. 1. 

The arch of a great circle betwixt the pole and the circumfer- 
ence of another is a quadrant. 

Let ABC be a great circle, and D its pole; if a great circle 
DC pa,ss throngh D, and meet ABC in C, the arch DC will be a 
quadrant. 

Let the great circle CD meet ABC again in A, and let AC be 
the common section of the great circles which will pass through 
E the centre of the sphere: join DE, DA, DC: by def. 1, DA 
DC are equal, and AE, EC are also equul, and DE is common; 
therefiii-e (S. I.) the .ingles DEA, DEC are equal; wherefore the 
arches D.\, Di' are eqiuil, and consequently each of them is a 
quadrant, Q. E. D. 

PROP. HI. FIG. 2, 

If a great circle be described ineciing two great circles A8, 
AC passing through its pole A in B, C, the angles al the centre 
of the sphere upon the circumference BC, is the same with the 
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spherical angle BAG, and the arch BC is called the measure of 
the spherical angle BAG. 

Let the planes of the great circles AB, AC intersect one another 
in the straight line AD passing through D their common centre; 
join DB, DC. 

Since A is the pole of BC, AB, AC will be quadrants, and the 
angles ADB, ADC right angles; therefbre (6. def. 11.), the angle 
CDB is the inclination of the planes of the circles AB, AC : that is» 
(def 4.) the spherical angle BAC. Q. E. D. 

Cor. If through the point A, two quadrants AB, AC be drawn, 
the point A will be the pole of the great circle BC, passing through 
their extremities B, C. 

Johi AC, and draw AE a straight line to any other point E in 
BC ; join DE : since AC, AB are quadrants, the angles ADB, ADC 
are right angles, and AD will be perpendicular to the plane of BC : 
therefore the angle ADE is a right angle, and AD, DC are equal to 
AD, DE, each to each ; therefore AE, AC are equal, and A is the pole 
of BC, by def 1. O. E. D. 

PROP. IV. FIG. 3. 

Ill isosceles spherical triangles, the angles at the base are 
equal. 

Let ABC be an isosceles triangle, and AC, CB the equal sides; the 
angles BAC, ABC, at the l)ase AC, are equal. 

Let D be the centre of the sphere, and join DA, DB, DC; in 
DA take any point E, from which draw, in the plane ADC, the 
straight line EF at right angles to ED, meeting CD in F, and 
draw, in the plane ADB, EG at right angles to the same ED; 
therefore the rectilineal figure FEG is (6. def. II.) the inclination 
of the planes ADC, ADB, and therefore is the same with the 
spherical ang^e BAC: from F draw FH perpendicular to DB, 
and from H draw, in the plane ADB, the straight line HG at 
right angles to HD, meeting EG in G, and join GF. Because 
DE is at right angles to EF and EG, it is perpendicular to the 
plane FEG (4. ll.X and therefore the plane FEG, is perpendicu- 
lar to the plane ADB, in which DE is (18. U.): in the same man- 
ner the plane FHG is perpendicular to the plane ADB, and there- 
fore GF the common section of the planes FEG, FHG, is per- 
pendicular to the plane ADB (10. II.); and because the angle 
FHG is the hidination of the planes BDC, BDA, it is the same 
with the spherical angle ABC ; and the sides AC, CB of the sphe- 
rical triangle being equal, the angles EDF, HDF, which stand 
npon t)iem at the centre of the sphere, are equal ; and in the tri- 
angles EDF, HDF, the side DF is common, and the angles DEF, 
DHF are right angles ; therefore EF, FH are equal, and in the 
triangles FEG, FHG the side GF is common, and the sides EG, GH 
•will be equal by the 47. 1. and therefore the angle FEG is equal to 
VUQ (8. 1.); that is, the spherical angle BAC is equal to the sphe- 
rical angle ABC. 
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PROP. V. FIO. 3. 

Ir, in a spherical triangle ABC, Iwo of the angles BAC. 
ABC, be equal, the sld»s BG, AC, uppusite to them, are equal. 

Read Ihe conslmction and domonslralion of the preceding pn> 
posilion, unto the words " and tlie sides AC. CB," &c. and the rest 
of the demonstration will be as follows, viz. 

And the spherical angles BAC, ABC, being equal, the rectU 
lineal angles FEG, FHG, which are the same with iheni, are 
equal;, and in the trianfiles FGE, FOH the angles at are right 
angles, and the side FG opposite to two of the equal angles t« 
common^ therefore (26. 1.) EF is equal to FH; an.1 Id llic rigid 
angled triangles DEF, DHF the side DF is comraoa; wherefore 
(47. I.) ED is equal to DH. and the angles EDF, HDP.are therefor* 
equal {4, I.), and consequently the aides AC, BC of the upbetial 
triangle are equal. 

PROP. VI. FIG. 4. 

Anv two sides of a spherical triangle are greater than the 
third. 

Let ABC be a spherical triangle, aoy two sides AB, BC will be 
greater than the other side AC, 

Let D be the centre of the sphere ; join DA, DB, DC. 

The solid anorle at D, is contained by three plane angles ADB, 
ADC, BDC; and. by 20. II. any two of lliem ADD. BDC are -rreat- 
er than the third ADC ; that is, any two sides AB, BC of the spher- 
ical triangle ABC, are greater than the third AC. 

PROP. VU. FIG. 4. 

The three sides of a spherical triangle are less than a circle. 

Let ABC be a spherical triangle as before, the three sides AB, BC, 
AC, are Jess than a circle. 

Let D be the centre of the sphere : the solid angle at D is con- 
tained by- three plane angles BDA, BDC, ADC. which together 
are less than four right angles (21. l\.); therefore the sides AB, 

BC, AC together, will be less than four quadrants; that is, less 
tlian a circle. 

PROP. VIII. PIG, 5, 

Is a spherical triangle the greater angle is opposite to the 
greater side; and conversely. 

Let ABC be a spherical triangle, tJje greater angle A is opposed to 
(he t'rcalcr side BC. 

l*t Ihe iinglc BAD be made equal to the angle B, and then* 

BD, DA will be equal, (5. of this,) and therefore AD, DC are 
equal to BC, but AD, DC, are greater than AC. (6. of this), 
therefore BC is greater than A(,', that is, the greater angle A is 
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opposite to the greater side BC. The converse is demonstrated as 
prop. 19. 1. £1. O. £. D. 

PROP. IX. FIG. 6. 

In any spherical triangle ABC, if the sum of the sides AB, 
BC, be greater, equal, or less than a semicircle, the internal 
angle at the base AC will be greater, equal, or less than the ex- 
ternal or opposite BCD ; and therefore the sum of the angles A 
and ACB will be greater, equal, or less, than two right angles. 

Let AC, AB produced meet in D. 

1. If AB, BC be equal to a semicircle, that is, to AD, BQ, BD will 
be equal, that is (4. of this), the angle D, or the angle A wiU be equal 
to the angle BCD. 

2. If AB, BC together be greater than a semicircle, that is, 
greater than ABD, BC will be greater than BD; and therefore 
(8. of this) the angle D, that is, the angle A, is greater tlian the 
angle BCD. 

8. In the same manner it is shown, that if AB, BC together be 
less than a semicircle^ the angle A is less than the angle BCD. 
And since the angles BCD, BCA are equal to two right angles, 
if the angle A be greater than BCD, A and ACB together will 
be greater than two right angles. If A be equal to jSl^D, A and 
ACB together will be equal to two right angles; and if A be 
less than BCD, A and ACB will be less than two right angles. 
O. £. D. 

PROP. X. FIG. 7. 

Ir the angular points, A, B, C, of the spherical triangle ABC 
be the poles of tnree great circles, these^eat circles by their 
intersections will form another triangle FDE, which is called 
supplemental to the former ; thai is, the sides FD, DE, EF are 
the supplements of the measures of the opposite angles C, B, A 
of the trianffle ABC, and the measures of the angles F, D, E of 
the triangle FDE, will be the supplements of the sides, AC, BC, 
BA in the triangle ABC. 

Let AB produced meet DE, £F in G, M, and AC meet FD, FE in 
K, L, and BC meet FD, DE in N, H. 

Since A is- the pole of FE, and the circle AC passes through A, 
EF will pass through the pole of AC (13. 15. 1. Th.), and since 
AC passes through C, the pole of FD, FD will pass through the pole 
of AC ; therefore the pole of AC is in the point F, in which the 
arches DF, EF intersect each other. In the same manner, D is the 
pole ol[ BC, and E ttie pole of AB. 

* And since F, £ are the poles of AL, AM, FL and EM are 
quadrants, and FL, EM together, that is, FE and ML together. 



are equal to a semicircle. But since A is the pole of ML, ML. is the 
measure of the angle BAC, consequently FE is the supplement of 
the measure of the angle BAC, In Uie same manner. ED, DF are 
the supplements of the measures of the angles ABC, BCA. 

Since lllcewise CN, BH are quadrants, CN, BH together, that is 
NH. BC together are eijual to a semicircle ; and since D is the pole 
of NH, NH is the measure of the angle FDli, therefore the measure 
of the angle FDE is the supplement of the side BC. In the same 
manner, it is shown that the oieasurea of the angles DEF, EIFD are 
the supplements of the sides AB, AC in the triangle ABC. d. G. 



PROP. XI. FIG. 7. 



^ 



The three aneles of a spherical triangle are greater ihaa two 
right angles, and less than six right angles. 

The measures of the angles A, B, C, in the triangle ABC, together 
%rith the three sides of the supplemental triangle OEF, are (10. <rf 
this] equal to three semicircles ; but the three sides of the triangle 
FDE, are (7. rf this) leas than two semicircles ; therefore the mea- 
sures of the angles A, B, C are greater than a semicircle ; and hence 
the angles A. B, C are greater than two right angles. 

All the external and internal angles of any triangle are equal to 
six right angles i therefore all the internal angles are less than six 
right angles. 

PROP. XU, FIG. 8. 

Ir from any point C, which is not the pole of the great circle 
ABD, there be drawn arches of great circles CA, CD, CE, 
CF, &c., the greatest of these is CA, which passes through H 
the pole of ABD, and CB the remainder of ACB is the least, 
and of any others CD, CE, CF, &C.CD, which is nearer to CA, 
is greater than CE, which is more remote. 

Let the common section of the planes of the great circles ACB, 
ADB be AB ; and from C, draw CG perpendicular to AB, which will 
also be perpendicular to the plane ADB (4. def 1 1.) ; join GD, GE, 
GF, CD, CE, CF, CA. CB. 

Of all the straight lines drawn from G to the circumference ADB, 
GA is the greatest, and GB the least (7. 3.) ; and GD, which is nearer to 
GA, is greater than GE, which is more remote. The triangles CGA, 
COD are right angled at G, and they have the common sideCG: there- 
fore the squares C<;,GA together, that is, the square of C A, is greater 
than the squares ofCG, GD together, that is, the square of CD ; and 
CA is greater than CD, and therefore the arch CA is greater than CD. 
In the same manner, since GD is greater than GE, and GE than GP, 
Ac. it is shown that CD is greater than CE, and CE than CF, &c. i and 
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consequently the arch CD greater than the arch CE; and the 
arch CE greater than the arch CF, &c. And since GA is the 
greatest, and GB the least of all the straight lines drawn from G 
to the circumference ADB, it is manifest that CA is the great- 
est, and CB the least of all the straight lines drawn from C to the 
circumference: and therefore the arch CA is the greatest, and 
CB the least of all the circles drawn through C, meeting ADB. 

aKD. 

PROP. Xni. FIG. 9. 

Ill a right angled spherical triancle, the sides are of the same 
affection with the opposite angles ; that is, if the sides be greater 
or less than quadrants, the opposite angles will be greater or less 
than right angles. 

Let ABC be a spherical triangle right angled at A ; any side AB, 
wUl be of the same affection with the opposite angle ACB. 

Case 1. Let AB be less than a quadrant, let AE be a quadrant, and 
let EC be a great circle passing through E, C. Since A is a right 
angle, and AE a quadrant, E is the pole of the great circle AC, and 
ECA a right angle : but ECA is greater than BCA, therefore BCA is 
less than a right angle. Q. E. D. 

Fig. 10. — Case 2. Let AB be greater than a quadrant, make AE a 
quadrant, and let a great circle pass through C, E ; ECA is a right 
angle as before, and BCA is greater than ^A, that is, greater than 
a right angle. Q. E. D. 

PROP. XIV. 

If the two sides of a right angled spherical triangle be of the 
same affection, the hypotnenuse will be less than a quadrant: 
and if they be of different affection, the hypothenuse will be 
greater than a quadrant. 

Let ABC be a right angled spherical triangle ; if the two sides 
AB, AC be of the same or of different affection, the hypothenuse 
BC will be less or greater than a quadrant. 

Fig. 0. — Case 1. Let AB, AC be each less than a quadrant. 
Let AE, AG be quadrants; G will be the pole of AB, and E the pole 
of AC, and EG a quadrant ; but by prop. 12, CE is greater than CB, 
since CB is farther off from CGD than CE. In the same manner, it 
is shown that CB, in the triangle CBD, where the two sides CD, BD 
are each greater than a quadrant, is less than CE2, that is, less than 
a quadrant Q. R D. 

Fig. 10. — Case 2. Let AC be less, and AB greater than a quad- 
rant; then the hypothenuse BC will be greater than a quadrant; for 
let AE be a quadrant, then E is the pole of AC, and EC will be a 
quadrant But CB is greater than CB by prop. 12, since AC passes 
through the pole of ABD. Q. E^ D. 

51 




Ir the hypothenuse of a right angled iriangle be greater Of 
less ihnn a ijuadranl, ihe sides will bo of diflereat or ihe sams 
nflcclion. 



PROP. XVI. 

In any spherical triangle ABC, if the perpendicular AD from 
A on ihe bnsc BC, fall within the iriangle, the angles B and C at 
the bnse will be of the sannc aflection; and if the perpendicuUr 
fail without the triangle, the tingles B and C will be of difTeieot 
atTection. 

Fig. 11.— 1. Let AD fell within the triangle; then (13. of this), 
since ADB, ADC are right angled spherical triangles, Ihe angles B, 
C, must each be of Ihe same affection as AD. 

Fig. 12.— 2. Let AD fall without the triangle ; then (13. of thi*), 
the angle B is of the same afieclion as AD ; and by the same tha 
angle ACD is of the same affeclion as AD ; therefore the angles 
ACB and AD aie of Jifferent affection, and the angles B and ACB 
of different afiectioo. 

Cor. Hentie if the angles B and C t>e of tlie same aSeetion. (ht 
perpendicular will fall within the base ; for. if it did not (16. of this), 
B and C would be of different affection. And if the angles B aad 
C be of opposite uRection, the perpendicular will fall without the 
triangle; for, if it did not (16. of this), Ihe angles B and C would 
be of the same affection, contrary to the supposition. 

PROP. XVII. FIG. 13. 

In right angled spherical triangles, the sine of either of the 
sides about the right angle, is lo the radius of ihc sphere, as the 
tangent of the remaining side is to the tangent of the angle op- 
posite to that side. 

Let ABC be a triangle, having the right angle at A ; and let AB 
be either of the sides; the sine of the side AB will be to the radius, 
as the tangent of the other side AC to the tangent of the angle 
ABC, opposite lo AC. Let D be the centre of the sphere; }c«n 
AD, BD, CD, and Irt AE be drawn perpendicular to BD, which 
therefore will be the sine of the arch AB, and from the point E, let 
there be drawn in the plane BDC the straight line EF at right an- 
gles to BD, meeting DC in F, and let AF be joined. Since there- 
fore the straight line DE is at right angles to both £A and EF, it 
wilt also be at right angles to the plane AEF (4. 11.); wherefore 
the plane ABD, which passes through DE, is perpendicular to the 
plane AEF (18, 11.) and the plane AEF perpendicular to ABD; 
the plane ACD or AFD is also perpendicular to the same ABD : 
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therefore the common section, viz. the straight line AF, is at right 
angles to the plane ABD (19. ll.)« and FAB, FAD are right angles 
(3. def. 11.); therefore AF is the tangent of the arch AC ; and in the 
rectilineal triangle AEF, having a right angle at A, AE will be to 
tlie radius as AF to the tangent of the angle AEF (I. PI. Tr.); but 
AE is the sine of the arch AB, and AF the tangent of the arch AC, 
and the angle AEF is the inclination of the planes CBD, ABD (6. 
def. 11.), or the spherical angle ABC: therefore the sine of the arch 
AB is to the radius, as the tangent of the arch AC, to the tangent of 
the opposite angle ABC. 

CoR. 1. If therefore of the two sides, and an angle opposite to 
one of them, any two be given, the third will also be given. 

CoR. 2. And since by this proposition the sine of the side AB is 
to the radius, as the tangent of the other side AC to the tangent of 
the angle ABC opposite to that side ; and as the radius is to the co- 
tangent of the angle ABC, so is the tangent of the same angle ABC 
to the radius (Cor. 2. def PI. Tr.) ; by equality, the sine of the side 
AB is to the co-tangent of the angle ABC adjacent to it, as the tan- 
gent of the other side AC to the radios. 

PROP. XVUI. FIG. 13. 

In right angled spherical triangles, the siife of the hypothenuse 
is to the radius, as the sine of either side is to the sine of the 
angle opposite to that side. 

Let the triangle ABC be right angled at A, and let AC be either 
of the sides ; the sine of the hypothenuse BC will be to the radius, 
as the sine of the arch AC is to the sine of the angle ABC. 

Let D be the centre of the sphere, and let CG be drawn perpendi- 
cular to DB, which will therefore be the sine of the hypothenuse BC ; 
and from the point G let there be drawn in the plane ABD the 
straight line GH perpendicular to DB, and let CH be joined : CH 
will be at right angles to the plane ABD, as was shown in the pre- 
ceding proposition of the straight line FA ; wherefore CHD, CHG 
are right angle^ and CH is the sine of the arch AC ; and in the 
triangle CHG, having the right angle CHG, CG is to the radius, as 
CH to the sine of the angle CGH (1. PI. Tr.) ; but since CG, HG are 
at right angles to DBG, which is the common section of the planes 
CBD, ABD, the angle CGH will be equal to the inclhiation of these 
planes (6. def. 11.); that is to the spherical angle ABC. The sine 
therefore of the hypothenuse CB is to the radius, as the sine of the 
side AC is to the sine of the opposite angle ABC. Q,, £. D. 

CoR. Of these three, viz. the hypothenuse, a side, and the angle 
opposite to that side, any two being given, the third is also given 
by prop. 2. 

PROP.XDC FIG. 14. 

In right angled spherical triangles, the co-sine of the bypothe- 
mae is to the radius, as the co4angent of either of the angles is 
to the tangent of the remaining angle. 



Let ABC be a spherical triangle, having a right angle at A; the 
co-sine of the hypolheniispBC will be to the radius, as the co- tangent 
of the angle ABC to [he tangent of the angle AOB. 

Describe the circle DE. of which B is the pole, and let il meet AC 
in F, and the circle BC in E; and since the circle BD passes through 
the pole B of the circle DF. DP will also pass through the pole BD 
(13. le. 1, Theod. sph.). And since AC is perpendicular to BD. AC wiB 
also pass through the pole of BD ; wherefoie the pole of the circte 
BD will be found in the point where the circles AC, UE meet, that ii, 
in the point F : the arches FA, EF are therefore quadrants, and like- j 
wise the arches BD, BE ; in the triangle CEF, right angled at the 
point E, CE is the complement of the hypothenuse BC of the triangle 
ABC, BF is the complement of the arch ED, which is the me.isure 
of the angle ABC, and FC the hypothenuse of the triangle CEF, is 
the complement of AC; and the arch AD, which is the measure of 
the angle CFB^ is the complement of AB. 

But (17. of this) in the triangle CEF. the sine of the side CE is to 
the radius, as the tangent of the other side is to the tangent of the 
angle ECF opposite to it, that is, in the triangle ABC, the co-sine of 
the hypothenuse BC is to the radius, as the co-tangent of the angle 
ABC is to the tangent of the angle ACa Q. E. D. 

Cob. I. Of these three, viz. the hypothenuse and the two angles, 
any two being given, the third will also be given. 

CoB, 2, And since by this proposition the co-sine of the hypothe. ^ 
nuse BC is to the radius as the co-tangent of the angle ABC to the 
tangent of the angle ACR ; but as the radius is (o (he cotan|;ent of 
the angle ACB, so is the tangent of the same to the radius (Cor. 2. 
def. PI. Tr.) ; and ex ffiquo, the co-sine of the hypothenuse BC is to 
the cotangent of the angle ACB, as (he co-tangent of the angle ABC 
to the radius. 

PROP. XX. FIG. H. 

In right angled spherical triangles, the co-sine of an angle is 
to the radius, as the tangent of the side adjacent W that angle is 
to the tangent of the hypothenuse. 

The same construction remaining; in the triangle CEF (17. of 
this), the sine of the side EF is to the radius, as the tangent of the 
other side CE is to the tangent of the angle CFE opposite lo it; that 
is, in the triangle ABC, the co-sine of the angle ABC is to the radius, 
as (the co-tangent of the hypothenuse BC to the co-tangent of the side 
AB, adjacent to ABC, or as) the tangent of the side AB to the tangent 
of the hypothenuse, since the tangents of two arches are reciprocally 
proportional to their co-tangenls. (Cor. 1 def PI. Tr.) 

Cor. And since by this proposition the co-sine of the angle ABC 
is to the radius, as the tangent of the side AB is to the tangent of 
the hypothenuse BC; and as the radius is to the co-tangent of BC. 
so is the tangent of BC to the radius; by equality, the co-sine of the 
angle ABC will be to the co-tangent of the hypothenuse BC, as the 
tangent of the side AB, adjacent to the angle ABC, to the radius. 
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PROP. XXI. FIG. 14. 

In right angled spherical triangles, the co-sine of either of the 
sides is to the radius, as the co-sine of the hypothenuse is to the 
co-sine of the other side. 

The same construction remaining; in the triangle CEF, the sine 
of the hypothenuse CF is to the radius, as the sine of the side CE 
to the sine of the opposite angle CFE (18. of this); that is, in the 
triangle ABC, the co-sine of the side CA is to the radius, as the 
co-sine of the hypothenuse BC to the co-sine of the other side BA. 
Q. R D. 

PROP. XXIL FIG. 14. 

Ill right angled spherical triangles^ the co-sine of either of the 
sides is to the radius, as the co-sine of the angle opposite to that 
side is to the sine of the other angle. 

The same construction remaining ; in the triangle CEF, the sine 
of the hypothenuse CF is to the radius, as the sine of the side 
£F is to the sine of the angle £CF opposite to it ; that is, in the 
triangle ABC, the co-sine of the side CA is to the radius, as the 
co-sine of the angle ABC opposite to it, is to the sine of the other 
angle. Q. R D. 



OP THE CIRCULAR PARTS. 
Fig. 15. — In any right angled epbertcal triangle ABC, fl» ^imd- 
plement uf the hypothcnuae, tlie complenienta of the angles, Bnd 
the two s\ilei, are called 7'Ae circular parts of the Iriangh, aa if it 
were fbilowinR each other in a circular order, from wliatewer part 
we beiifn: thjs, if we begin at the complement of the hypoihemiae, 
and proceed towards the side BA, the pans following in order 
will be the complement of the hypothenuse, Ihe complement of tl)« 
ongle B, the side BA, the side AQ, (for the right angle at A is not 

Erockoned among the parts.) and, lastly, the complement of the ■ 
angle C. And thus at whatever [wrt we begin, if any three of 
these five be taken, they eitiier will \x all contiguous or adjacent, 
or one of them will not be eonti$;uctus to either of Ihe other two: 
in the first case, the part which is between the other two is csdled 
, the Miihile part, and Ihe other two are called Ailjactnt extrema. 
In the second case, the part which Is not conliguous to either of ' 
the other two is called the MUldle pari, and the other two Opp^- 
tite exlremes. For example, if the three parts be the complement 
of the hypolhenuse BC, the complement of the angle E, and the 
side BA ; since these three are contiguous to each other, the cotOr 
plemcnt of the angle B will be the middle part, and the comple- 
ment of the hypothenuse BC and the side BA will be adjacent ex- 
tremes : but if Ihe complement of the hypothenuse BC, and the 
sides BA, AC be talccn; since the complement of the bypotfaenose " 
is not ailjncent to cither nf the siJes, viz. on account of the com- 
plements of the two angles B and C intervening between it and 
the sides, the complement of the hypothenuse BC will be the mid- 
dle part, and the aides BA, AC opposite extremes. The most acute 
and ingenious Baron Napier, the inventor of Logarithms, contrived 
the two following rules concerning these parts, by means of which 
all the cases of right angled spherical triangles are resolved with Ihe 
greatest ease. 

RULE I. 
The rectangle contaiiieil by Ihe radius and the sine of the niiJdle 
part, is equal to the rectangle contained by the tangents of the 
adjacent parts. 

RULE 11. 
The rectangle contained by Ihe radius and the sine of Ihe middle 
part. Is equal to the rectangle contained by the co-sines of the 
opposite parts. 

These rules are demonstrated jn Ihe following manner : 
Fig, 111. l''irst. Let either of tlie sides, as ]i:\, be the middle part, 
and ilien'l^jre the complement of the angle B, and the side AC will 
be arljieent extroines. And by Cor. 3. prop. 17. of this, S, BA is to 
Ihe Co-T. I'., as T, AC i,; to the radius, and therefore B x S. 
B.\ = Co-T, B X T, AC. 

The .same side BA, being Ihe middle part, Ihe complement .if 
the hypothenuse, and the complement of the angle C. are opposite 
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extremes ; and by propi 18* S, B C is to the radius, as S, BA to S, C; 
therefore R x S, BA = S, BC x S, C. 

Secondly, Let the complement of one of the angles, as B, be the 
middle part, and the complement of the hypothenuse, and the side 
BA will be adjacent extremes: and by Cor. prop. 20. Co-S, B Is 
to Co-T, BC, as T, BA, is to the radius; and therefore R x €k>-S, 
B = Co-T, BCxT, BA. 

Again, Let the complement of the angle B be the middle part, and 
the complement of the angle C, and the side AC will be opposite 
extremes : and by prop. 22, Co-S, AC is to the radius, as Co-S, B is 
to S, C : and therefore R x Co-S, B = Co-S, AC x S, C. 

Thirdly, Let the complement of the hypothenuse be the middle 
part, and the complements of the angles B, C, will be adjacent 
extremes : but by Cor. 2. prop. 19, Co-S, BC is to Co-T, B, as Co-T, 
C to the radius : therefore R x Co-S, BC = Co-T, C x Co-T, A. 

Again, Let the complement of the hypothenuse be the middle part, 
and the sides AB, AC, will be opposite extremes: but by prop. 2L 
Co-S, AC is to the radius, as Co-S, BC, to Co-S, BA; therefore 
R X Co-S, BC = Co-S, BA x Co-S, AC. O. E. D. 



m 



SOLUTION or THE HIZTEBN C 



THIGOMOIimiT. 
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GENERAL PROPOSITION. 

Ih a right angled spherical triangle, of the three sides and 
three angles, any two being given, besides the right angle, the 
other three may be found. 

In the following Table the solutions are derived from the preceding 
propositions. It is obvious that (he same solutions may be de- 
rived from Baron Napier'^ two rules above demonslrated, which, 
as they are easily remembered, are commonly used in practice. 



Cue. 


Qiven. 


So't. 




1 


ACC 


B 


R : Co-S, AC : : S, C : Co-S, B : and B ia of 
the Bome itpecies with CA, by 32, and 13. 


2 


AC,B 


C 


C>S, AC : R : : Co-S, B : 8, C : by 22. 


3 


B,C 


AC 


S, C : Co-S, B : : R : Co-S, AC : by ^3. >jri 

AC is of tlie same speciea with B. 13. 


4 


BA, AC 


BC 


R : Co-S, BA : : Co-S, AC : Co-S, BC, 21. wid 
if both BA, AC be grearer or leas than a quad- 
mat, BC will he leas than a qimiimnL But if 
they be of difiercnl atTections, BC will he greater 
than a quadranL 14. 


5 


BA, BC 


AC 


Co-S. BA : R : : Co-S. BC : Co-S, AC, 21. 
and if BC bt! greater or lees than a quadrant, 
BA, AC will be of different or the same nffec- 
tion: by 1.^. 


6 


BA. AC 


B 


S, BA : R : : T, CA : T. B. 17, and B is ofihe 
Bamo affection with AC, 13. 


7 


BA, B AC 


il : S, BA r : T, B r T, AC. 17, And AC is 
of the same affection with B. 13. 


S 


AC, B 


BA 


T, B : R : : T. CA : S, BA. 17. 
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• 

Case 


Given. 


So't 


• 





BC,C 


AC 


R : Co^ C : ; T. BC : T, CA. 20. If BC be 
Ie« or greater than a quadrant, C and B will be 
of the same or different aflfectioo. 15. 13. 


10 


AC,C 


BC 


Co^ C : R : : T, AC : T, BC. 20. And BC 
is less or gpreater than a quadrant, accordinf as 
C and AC or C and B are. of the same or diSer- 
ent afiection. 14. 1. 


11 


BC,CA 


C 


T,BC : R :: T,CA : Co-S,C.20. If BC be 
less or grreater than a quadrant, CA and AB, and 
therefore CA and C, are of the same or difierent 
affection. 15. 


12 


BC,B 


AC 


R : S, BC : : S, B : S, AC. 18. And AC is 
of the same affection with B. 


13 


AC,B 


BC 


:S, B : S, AC : : R : S. BC. la 


14 


BC/y AC 


B 


S, BC : R : : S, AC : S, & 18. And B is of 
the same affection with AC. 


15 


B.C 


BC 


T, C : R : : Co-T, B : Co-S, BC. 19. And ac- 
cording as the angles B and C are of different or 
the same affection, BC will be greater or less 
than a quadrant 14. 


16 


BC| C 


B 


R : Co43, BC : : T, C : Co-T, R 19. If BC 
be less or greater than a quadrant, C and B will 
be of the same or different affection. 15. 



The second, eighth, and thirteenth caaes, which are commonly 
called ambigaooa, admit of two aolationa : for in these it is not 
determined whether the side or measure of the angle sought be 
greater or less than a quadrant 

« PROP. XXm. FTO. 10. 
Ill spherical triangles, whether right angled or obliciue angled, 
the sines of the sides are proportional to die sines of the angles 
opposite to them. 

First, Let ABC be a right angled triangle, having a right angle 
at A ; therefore by prop. 18, the sine of the hypothenuse BC Is to 
the radius (or tlie sine of the right angle at A) as the sine of the 
side AC to the sine of the angle B. And in like manner, the sine 



of BC is to tiie sine or the angle A as the sine of AB to the sine of 
tbeangleC; wherefore (11. 5.) the sine of the side AC is tn the sitie 
of tlie angle B, as the sine of Ali to the sine of the angle C. 

Secondly, Let BCD be an oblique angled triangle, the sine of dlher 
olUie sides BC, will be to the sine of either of the other two CD, an 
the sine of the angle D opposite to BC is to the sine of the angle B 
opposite to the side CD. Tlirough the point C, let there be drawn 
an arch of a great circle CA [lerpendicular upon BD ; and in tht 
right angled triangle ABC (18. of this) tlie sine of BC is to the radius. 
as the sine of AC to the nine of the angle B ; ami in tlie triangle 
ADC (by 18. of tliis) : and. by inversion, the radius is to the sine of 
DC as the sine of the angle U to the sine of AC : therefore, ex asquo 
perturbale, the sine of BC Is to the sine of DC, as the sine of the 
angle D to the sine of the ang]c B. O. K. D. 



PROP. XXIV. FIG. 17. 19. 

In oblique angled spherical triangles, having dfKwn a perpen- 
dicular arch from any of the angles upon tlie opposite side, the 
co-sines of the angles at the basa are proportional to the sines of 
the vertical angles. 

Let BCD be a triangle, and the arcta CA perpendtcnlar to the bam 
BD; the co-sine oftheangleB will be to the co-sine of the angle D, aa 

the sine of the angle BCA to the sino of the Linple DCA. 

For, by 22, the co-slne of the angle B is to the sine of the angle 
BCA as (the co-sine of the side AC is to the radius; that is, by 
prop. 22, as) the co-sine of the angle D to the sine of the angle 
DCA ; and, by permutation, the co-sine of the angle B is to the 
co-sine of the angle D, as the sine of the angle BCA to the sine of 
the angle DCA. a E. D. 

PROP. XXV. FIG. 17. 16. 

The same things remaining, the co-sines of the sides BC, CD, 
are proportional to. the co-sines of the bases BA, AD. 

For. by 21, the co-sine of BC is to the co-sine of BA, as (the co-sine 
of AC to the radius; that is, by 21, as) the co-sine of CD is to the 
co-sine of AD ; wherefore, by permutation, the co-sines of the sides 
BC, CD are proportional to the co-sines of the bases BA, AD. Q. 
K D. 

PROP. XXVI, FIG. 17. 18. 

The same conslruction remaining the sines of the bases BA, 
AD are reciprocally proportional lo the tangents of" the angles 
B and D at the base. 
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F6r, by 17, the sine of BA is to the radhu, as the tangent of AC 
to the tangent of the angle B; and by 17, and inversion, the radius 
is to the sine of AD, as the tangent of D to the tangent of AC : there- 
fore, ex aequo perturbate, the sine of BA is to the sine of AD, as the 
tangent of D to the tangent of B. 

PROP. XXVn. FIG. 17. 18. 

The co-sines of the vertical angles are reciprocally proportional 
to the tangents of the sides. 

For, by prop. 20, the co-sine of the angle BCA is to the radios as 
the tangent of CA is to the tangent of BC ; and by the same prop. 20, 
and by inversion, the radius is to the co-sine of the angle DCA, as 
the tangent of DC to the tangent of CA : therefore, ex aequo pertur- 
bate, the co-sine of the angle BCA is to the co-sine of the angle DCA, 
as the tangent of DC is to the tangent of BC. Q. £. D. 

LEMMA. FIG. 19. 20. 

In rieht angled plane triangles, the hypothenuse is to the radi- 
us» as the excess of the hypoUienuse aI)ove either of the sides to 
the versed sine of the acute ansle adjacent to that side, or as the 
sum of the hypothenuse, and eiuier of the sides to the versed sine 
of the exterior angle of the triangle. 

Let the triangle ABC have a right angle at B ; AC wiU be to the 
radius as the excess of AC above AB, to the versed shie of the angle 
A adjacent to AB; or as the sum of AC, AB to the versed shie of the 
exterior angle CAK. 

With any radius DB, let a circle be described, and from D the 
centre, let DF be drawn to the circumference, making the angle EDF 
equal to the angle BAC, and from the point F, let FG be drawn per- 
pendicular to DE; let AH, AK be made equal to AC, and DL to DE: 
DG therefore is the co-sine of the angle EDF or BAC, and GE its 
versed sine; and because of the equiuigular triangles ACB, DFG, 
AC or AH is to DF or DE, as AB to DG: therefore (19. 5.) AC is to 
the radius DE as BH to GE, the versed sine of the angle EDF or 
BAC : and since AH is to DE, as AB to DG (12. 5.), AH or AC will 
be to the radius DE as KB to UG, the versed sine of the angle LDF 
or KAC. €t E. D. 

PROP- XXVm. FIG. 21. 22. 

Ill any spherical triangle, the rectangle contained by the sines 
of two sidesv is to the square of the radius, as the excess of the 
versed iiiies of the third side or base, and the arch, which is tiic 
excess of the sides, is to the versed sine of the angle opposite to 
the base. 
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Let ABC be a uphertcal Irlaiigle ; the rectangle conl^ned by the 
sines of AB. BC will be to the stjuare of the radios, as the excess of the 
vwaed sinea of the base AC, and of the arch, which is the excess of 
AB, CC, lo the versed sine of the angle ABC opposite to the base. 

I*t D be the centre of the sphere, and let AD, BD, CD be joined, 
ond let the sines AE, CF, CG of the arches AB. BC, AC be drawn ; 
let the side BC be greater than BA. and let BH be made equal Ui 
BC ; AH will therefore be the excess of the sides BC, BA ; let HE be 
drawn perpendicular to AD, and since AG is the versed sine of the 
base AC, and AK the versed sine of the arch AH, KG is the excess 
of the versed sines of the base AC. and of the arch AH, which is the 
excess of the sides BC.GA: let GL likewise be drawn parallel lo KH. 
and \et it meet FH in L : let CL, DH be joined, and lei AD, FH meet 
each other tn M. 

Since therefore in the triangles CDF, HDF, DC, DH are equal. DF 
is common, and the angle FDC equal to the angle FDH ; because of 
the equal arches BC, BH, the base HF will tx equal to the base FC. 
and the angle HFD equal to the right angle CFD : the straicht line 
DF therefore (4. 1 1.) is at right angles to tlie plane CFH : wherefore 
the plane CFH is at right angles to the plane BDH, which passea 
through DF (18. II.). In like manner, since DO Is at right angles 
to both GC and GL. DG will be perpendicular to the plane COL; 
therefore the plane CGL is at right angles lo the plane BDFL which 
passes through DG : and It was shown, that the plane CFH or CFL 
was perpendicular to the same plane BDH; therefore the common 
section of Hit planes CFL, CGL, viz. the straight line CL is perj>(n- 
dicular lo the plane BDA (19. 11.), and therefore CLF Is a right an- 
gle: in the triangle CFL having the right angle CLF, by the lemma, 
CF is to the radius, as LH, the excess, viz. of CF or FH above FL. 
is to the versed sine of the angle CFL ; but the angle CFL is the in- 
clination of the planes BCD, BAD, since FC, FL are drawn in them 
at right angles to (he common section BF : the spherical angle ABC 
is therefore the same with the angle CFL ; and therefwe CF is to the 
radius as LIl to the veraed sine of the spherical angle ABC ; and 
since the triangle AED is equiangular (to the triangle MFD, and 
therefore) to tiie triangle MGL, AE will be to the radius of the sphere 
AD, as (MG to ML ; that is, because of the parallels, as) GKto LH : 
the ratio therefore wliich is compounded of the ratios of AE to (he 
radius, and of CF to the same radius; that is, (23. 6.) the ratio of 
the rectangle contained by AE, CF to the square of the radius, is the 
same with the ratio compounded of the ratio of GK to LH, and the 
ratio of LH to the versed sine of the angle ABC ; that is, the same 
with the ratio of GK to the versed sine of the angle ABC ; there- 
fore, the rectangle contained by AE, CF, the sines of the sides AB, 
BC, is to the square of the radius, as GK the excess of the versed 
sines AG, AK, of the base AC, and the arch AH, which is the excess 
of the sides, to the versed sine of the angle ABC opposite to the 
base AC. Q. E. P. 
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PROP. XXIX. FIQ. 28. 

The rectangle contained by half of the radius, and the excess 
of the versed sines of two arches, is equal to the rectangle con- 
tained by the sines of half the sum, anci half the difference of the 
same ^arches. 

Let AB, AC be any two arches, and let AD be made equal to AC 
the less ; the arch DB therefore is the sum, and the arch CB the 
diffn^ence of AC, AB : through E the centre of the circle, let there 
be drawn a diameter DEF, and AE joined, and CD likewise perpen- 
dicular to it in G ; and let BH be perpendicular to AE, and AH will 
be the versed sine of the arch AB, and AG tbe^rsed sine of AC, 
and HG the excess of these versed sines : let BD, BC, BF be joined, 
and FC also meeting BH in K. 

Since therefore BH, CQ are parallel, the alternate angles BKC, 
KCG will be equal ; but KCG is in a semicircle; and therefore a 
right angle ; therefore BKC is a riff ht angle ; and in the triangles, 
DFB, C^ the angles FDB, BCK, in the same segment are equal, 
and FBD, BKC are right angles ; the triangles DFB, CBK are there- 
fore equiangular ; wbei^efore DF is to DB, as BC to CK, or HG ; 
and therefore the rectangle contained by the diameter DF and HG, 
Is equal to that contained by DB, BC ; wherefore the rectangle con- 
tained by a fourth part of the diameter, and HG, is equal to that 
contained by the halves of DB, BC : but half the chord DB is the 
sine of half the arch DAB, that is, half the sum of the arches AB, 
AC; and half the chord of BC is the sine of half the arch BC, which 
is the difference of AB, AC. Whence the proposition is manifest. 

PROP. XXX. FIG. 19. 24. 

The rectangle contained by half of the radius, and the versed 
side of any arch, is equal to the square of the sine of half the 
same arch. 

Let AB be an arch of a chx^le, C its centre, and AC, CB,'BA being 
joined; let AB be bisected in D, and let CD be joined, which will be 
perpendicular to BA, and bisect it in E (4. 1.)* BE or AB therstee 
is the sine of the arch DB or AD, the half of AB : let BF be perpen- 
dicular to AC, and AF will be the versed sine of the arch BA ; but, 
because of the similar triangles CAE, BAF, CA is to AE, as AB, that 
Is, t¥rloe AE, to AF; and by halving the antecedents, balf of the 
radius CA Is to AE, the sine of the arch AD, as the same AE, to AF 
the versed sine of the arch AB. Wherefore by 16, 0, the proposition 
is manifest 

PROP. XXXL FIG. 25. 

Iif a spherical triangle, the rectangle contained by the sines of 
the two sides, is to the square of the radius, as the rectangle con- 
tained by the sine of the arch which is half the sum of the base. 



I 

I 



and the excess of tlie side^, and ihe sine of _llie arcli, which U 
half the dilference of the same, to the s(|uare of the sine of half 
the angle opposite to the base. 

Let ABC be a spherical triangle, of which the two sides are AB, 
BC, and base AC. and lei l})e less side BA be produced, so that BD 
sliall be equal to fiC : AD therefore is the excess of BO. BA ; and it 
is to be shown, that the rectangle coatained by the sines of EC, BA 
is to the square of Ihe radius, as the rectangle contained by the sine 
of half the euni of AC, AD, and the sine of half the differeoce of the 
same AC, AD to the square of the sine of half the angle ABC, oppo- 
site to Ihe base AC. 

Since by prop. 28. the redaoflle contained by the sines of the ridc« 
BC, BA is to the square of the radius, as the excess of the versed 
sines of the base AC and AO. to the versed sine of the angle B ; thai 
is, (I. (J.) as the rectangle contained by half of the radius, and that 
excess, to the rectangle contained by half the radius, and the versed 
sloe of B ; (thoroforc 29. 30. of this) the rectangle contained by Ibt 
sines of the sides BC, BA is to the stitiare of the radius, as Die red- 
angle contained by the sine of the arch, which is half the sum of 
AC, AD, and the sine of the arch which is half the diRi!tr<:mce of the 
■ame AC, AD is to the square of the sine of half the angle ABC. 
a. B.D. 
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SOLUnOIl OP THE TWELVE CA8E8 OP OBLIQUB AlfOLEO SPHERICAL TRI- 
ANGLES. 



GENERAL PROPOSITION. 



Ill an oblk 
and three angl 
found. 



angled spherical triangle, of the three sides 
any three being given, the other three may be 



1 



Given. 



B, D, and 
BC,twoan- 
g^les and a 
side oppo- 
site ono ot 
them. 
FiGr.afi,27. 



iB, C and 
BC,twoaii- 
ffles and 
the side 
between 
them. 



BC, CD, & 

a 



BC,DB,& 
& 



Sought 



C. 



D. 



BD. 



CD. 



Co-S, BC : R : ; Co-T, B : T, BCA. 19. 
Likewise by 21 Co-S, B : S, BCA : : Co-S, 
D : S, DCA ; whcrctbre BCD is the sum or dit- 
ference of the angles DCA, BCA according as the 
perpendicular CA falls within or without tlic 
triaiigle BCD ; that' is (16. of this,) according ai< 
the angles B, D are of the same or different af- 
fection. 



Co^ BC : R : : Co-T, B : T, BCA. la and 
also by 24. S, BCA : S, DCA : : Co-S, B : Co- 
S, D ; and according as the angle BCA is leas or 
greater than BCD, the perpendicular CA &Us 
within or without the triangle BCD ; and there- 
fore (16. of thif,) the uigles B, D will be of the 
same or difierent afiection. 



R : Co-S, B : : T, BC : T, BA. 20. and CaS, 
BC : Co-S, BA : : Co-8, DC : Co-S, DA. 25. and 
BD is the sum or difference of BA, DA. 



R : Co^ B : : T, BC : T, BA. 20. and Co-S, 
BA : Co-S, BC : : Co-S, DA : Co-S, DC. 25. and 
aeeording as DA, AC are of the same or differ- 
ent afferaoa, DC will be less or greater than a 
quadrant 14. 



5,B, D, and 
BC. 



6|BC, BD4d 
B. 



DB. 



7^BC,DC& 
R 



C. 



R : Co4 B : : T, BC : T, SA. 2a and 
T, D : T, B : : S, BA : S, DA. 26. and BD is the 
sum or difference of BA, DA. 



R : Co-S, B : : T, BC : T, BA. 20. and 
S, DA : S, BA : : T, B : T, D ; and according as 
BD is greater or less than BA, tiie angles B, D 
are of the same or different affection. 16. 



Co-S, BC : R : : Co-T, B : T, BCA. 10. and 
T, DC : T, BC : : Go4i. BCA : Co-S, DCA. 27. 
the sum or diflbrenoe of the angles BCA, DCA is 
equal to the angle BCD. 



BBC, CD 

iTiiia 



IBC. BA, 
AC. 

Vig. 26. 



Co^ BC : R : : Co-T. B : T. BCA. 19. «1» Iw 
27. Co-S, CDA : Co-S, DCA : : T, BC : T. DCW. 
if DCA ud B be of the same aflection; tliAn i 
(13.) if AD and CA bo Bimilar, IH; will be lea 
than A quadrant U. and if AD, CA be not of the ' 
BflectloD, DC ia grestei Uiaa a quoiitanL 11. 



S, CD; 



I, BC : S. D. 



J, D : S, BC : : S. B : B, Da 

i. AB X 8. BC : R? ! i S. AC + A 

AC— AP : Sq. ABC. See Fig. IS. ' AU beii« 

the difTercnce of the aides BC, BA. 

Sec Fig. 7. 
In the triansle DEF. DE, EF, PD are respci:- 
tively tlie supptemeota of the meawircE of the Bi 
anglei B, A, C. in th« triangle BAC i the side 
the trioqilB DEF are therelbre gtrm, and by tb< 
precedM^ case the ant^les D. G. F maf be tband. 
and the eidea BC, BA, AC an; the supplemenls of 
leee angles. i 



The 3d, 8th, 7th, 9th, 10th cases, which are commonly called 
ambiguous, admit of two solutions, either of which will answer the 
conditions required ; for, in these cases, the measure of the angle 
or aide sought, may be etiher greater or less than a quadrant, and 
the two solutions will be rapplemaots to each other. (Cor. to deT. 
4. 6. PI. Tr.) 

If from an; of the angles of an oblique angled spherical triangle, 
a perpendictilar arch be drawn upon the opposite side, most of the 
cases of oblique angled triangles may be resolved by means of Na- 
pier's rules. 
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